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ScROLiUM.  AH  quantifies  may,  in  practicc,  bc  considc 
commensurable,  since  ail  qnantities  arc  exprossible  by  m 
either  accnrately,  or  witb  an  crror  Icss  than  any  assi|>^nable  qi 

!!•  Définition.    Multiplication  is  thc  adding 

ther  80  many  numbers  equal  to  thc  multiplicand  as 

are  units  in  the  multiplier,  into  one  sum,  cailed  th 

duct 

ScHOLlUM.  Multlplicatiun  is  exprcsscd  by  an  oblique  cros 
point,  or  by  simple  apposition  ;  a  x  hzza,b^.alf. 

12.  Définition.     Division   is  the  subtraction 
number  from  another  as  oflen  as  it  is  contained  in 
thc  finding  of  that  quotient,  whicli,  when  multiplied 
given  divisor,  produces  a  jçiven  dividcnd. 

ScHOLlUM.  DiTision  is  dcnotcd  by  plafnng-  thc  dividcnd  bcf 
aign  -T-  or  ; ,  and  the  di\isor  after  it;  as  a-r-bina  :  b, 

13.  AxiOM.  When  no  différence  can  be  sho^ 
imagined  between  two  quantities,  they  are  equal. 

14.  AxiOiM.     Quantities,   cqual  to  the  same  qui 

are  equal  to  each  other. 
If  azih  and  czzby  thcn  a:^c, 

15.  AxiOM.  Tf  to  equal  quantities  equal  quai 
bc  added,  the  wholes  will  be  equal. 

If  az:6,  ihen  a-fmô+c;  if  a— iizc,  thcn  adding  b,  azzh 
fl-f  6 — czz.dy  tJien  adding  r,  a-^-b'^.c-^d. 

16.  AxiOM.  If  from  equal  quantities  equal  quai 
be  subtracted,  tlie  remainders  will  be  cqual. 

If  a'Zihi  a — ezzb — c,  if  a'\-bzzb-\-c^  a'=ic. 

17.  AxiOM.  If  equal  quantities  bc  multiplied  by 
nombersy  the  products  will  bc  cqual. 

If  QZlb,  da=:3&  ;  if  azzb  ;  3,  3ûz::6  ;  and  if  azz/>,  ra^icb. 

18.  AxiOM.  If  equal  quantities  be  divided  by 
nambers.  the  nuotients  will  br  pnnnl. 
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Or.  :  i-=«  :  h;  iota  :  ±=a  :  f».— )=(a  :  b)  :  i.  =(«  :  »)^ 
(21),  =tfr  :  *. 

ScHOLiUM.  A  begiuner  may  perfaaps  render  thèse  demonstratioiif 
more  intelligible,  by  substituting  any  numbers  at  pleasure  for  tfae  oha- 
racters.  For  example,  the  démonstration  of  the  uni  theorem  may 
be  written  thns.  Twelve  fourths,  ^,  are  eqnal  tô  12  divided  by  4  ; 
for,  by  the  deGnition  of  a  multiple  fraction,  ^izzl2,\,  and  mnltiplying 
tiicse  eqoals  by  4, 4.^^=4.12.}  ;  bat  by  the  définition  of  a  simple  frac- 
tion 4.i=:l,  tiiereforc  4.12.^=12,  whence  4J/:=]2y  and  by  the  défini- 
tion of  division,  12  :  4=:!|'.  But,  in  fact,  the  proposition  is  too  évi- 
dent to  admit  mnch  démonstrative  confirmation. 

24.  Theorem.  A  positive  number  or  qnantity  being 
multiplied  by  a  positive  one,  the  prodoct  is  positive. 

For  the  repeated  addition  of  a  positive  qnantity  must  make  the 
resnlt  actually  gpi^ater.  What  is  trae  of  nnmbers  may  practically 
be  affirmed  of  quantities  in  gênerai  (10). 

25.  Theorem.  A  négative  number  or  qnantity  being 
multiplied  by  a  positive  one,  the  product  is  négative. 

For  since  adding  a  négative  quantity  is  équivalent  to  subtracting 
a  positive  one,  the  more  of  such  quantities  that  are  added,  the 
greatcr  will  the  vrholc  diminution  be,  and  the  snm  of  the  vrhole»  or 
the  product,  must  be  négative. 

26.  Theorem.  A  négative  number  or  quantity  being 
multiplied  by  a  négative  one,  the  product  is  positive. 

Or  —  a. — bzzah.  For  a. — 6=— a^2ô):  that  is,  whon  the  positive 
qnantity  a  is  multiplied  by  the  négative  b,  the  product  indicates  that 
a  must  be  subtracted  as  often  as  there  are  units  in  b:  but  when  a  is 
négative,  its  subtraction  is  équivalent  to  the  addition  of  an  eqnal 
positive  number;  therefore  in  this  case  an  equal  positive  nnmber 
must  be  added  as  often  as  there  are  units  in  b, 

27.  Définition.  If  the  quotients  of  two  pairs  of 
numbers  are  equal,  the  numbers  are  prçportional,  and  tbe 
first  is  )to  the  second,  as  the  third  to  the  fourtb  ;  and  any 
qnantities,  expressed  by  sucb  nambers,  are  also  propor- 
tional. 
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AlTHOUGH  it  is  intended  that  thèse  Illustrations, 
if  they  be  found  useful  to  the  British  student,  should 
be  extended  not  only  to  the  wbole  of  the  Celestial 
Mechanics  of  Laplace,  but  possibly  to  some  other 
Works  relating  to  astronomy  and  the  higher  mathe- 
matics  ;  yet  they  may  be  considered  as  forming,  even 
in  their  présent  state,  a  work  completely  independent 
of  ail  others  :  and  the  separate  publication  of  eacb 
part  bas  been  considered  as  possessing  the  advantage 
of  dividing  a  long  journey,  into  stag^  of  a  less  for-> 
midaUe  appearance,  for  the  convenience  both  of  the 
traveller  and  of  bis  çonductor»  so  that  if  either  party 
should  discontinue  the  undertaking,  before  the  whole 
toiir  b  çomplQted)  the  part  actually  travelled  over 
may  be  considered  as  making  a  whole  within  itself, 
and  affbrding  sufficient  information  and  improvement 
to  repay  the  labour  of  the  joumey,  even  without  any 
ulterior  view  to  the  completion  of  the  remaining  part 
The  translator  having  beea  accustomed  to  consider 
the  elementi^ry  doctrines  of  motion,  and  some  other 
parts  of  tlie  ^ubjects  discussed,  in  a  pobt  of  view, 
whicb  h9s   from   ï\9^\t  becQiiQe    iiK>ire  familiar  to 
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him,  and  which  he  is,  perbaps  on  that  account,  invo- 
luntarily  disposed  to  think  more  natural  and  satisfac- 
tory,  he  bas  extraiCteçl,  frora  his  ow^  former  publica- 
tions, sucb  parts  as  he  bas  felt  himself  compelled  to 
^ubstitute  for  Mr.  Laplace's  introductory  investiga- 
tions, but  without  omitting,  as  collatéral  illustrations, 
sucb  of  Mr.  Laplace's  démonstrations  as  appear  to  be 
the  most  ingénions  and  satisfactory.  In  thèse  earlier 
parts,  he  bas  found  ît  most  convenient  to  adopt  the 
order  and  arrangement  of  bis  own  elementary  works, 
inserting  any  of  Mr.  Laplace's  remarks  in  the  form 
of  Scholia  or  otherwise  :  but  in  the  principal  part  of 
the  book  he  bas  foUowed  the  order  of  the  original 
sections,  introducing  any  additions  of  his  own  in  the 
form  of  Lemmas  or  Scholia,  besides  the  explanatory 
remarks,  and  détails  of  démonstration,  which  are  dis- 
dnguished  by  being  included  in  crotchets.  The  text 
is,  however,  throughout  the  whole,  divided  into  dis- 
tinct propositions,  enunciated  at  the  beginning  of  each 
investigation,  which  is  perbaps  a  departure  from  a 
strict  analytical  order,  but  which  afibrds  the  memory, 
as  well  as  the  appréhension  of  the  student,  a  very 
material  advantage.  The  steps  required  for  each 
démonstration  are  filled  up  by  a  récurrence  to  the 
fondamental  principles  of  mathematics  and  mecha- 
nics,  without  référence  to  any  other  introductoiy  work, 
which  indeed  would  hâve  been  insufficient  for  the 
information  of  the  mère  English  reader  :  but  thèse 
^mmary  démonstrations  must  not  be  understood  a^ 
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intended  to  be  fiiUy  comprehended  by  a  mère  begin* 
ner,  or  as  calculated  to  supersede  the  necessity  of  the 
study  of  many  other  works,  od  the  différent  branches 
of  mathematical  science.  The  translator  flatters 
bimself,  however,  that  he  has  not  expressed  the 
author's  meaning  in  English  words  alone,  but  that  he 
has  rendered  it  perfectly  intelligible  to  any  person,  who 
is  conversant  with  the  English  mathematicians  of  the 
old  school  only,  and  that  his  book  will  serve  as  a  Con- 
necting link  between  the  geometrical  and  algebraical 
modes  of  représentation.  A  Mosaic  work  of  this 
kind  may  perhaps  possess  less  of  perfect  harmony, 
tban  if  it  had  been  more  regularly  modelled  into  a 
continuons  System  :  but  the  want  of  strict  method  is 
in  part  compensated,  by  the  greater  interest,  which 
naturally  anses  from  a  mixture  of  the  direct  applica- 
tion to  the  phenomena  of  nature,  with  the  abstract  in- 
vestigation of  purely  mathematical  tniths.  To  the 
illustrions  author  of  the  work,  however,  some  apology 
is  certainly  due,  for  having  ventured  to  départ  from 
the  original  symmetry  of  his  design;  and  the  best 
excuse,  that  can  be  assigned,  will  perhaps  be  the 
universal  acquaintance  of  ail  judges  of  the  higher 
mathematics,  with  the  Mécanique  Céleste  in  its 
original  form,  which  will  enable  them  at  once  to  attri- 
bute  to  the  translator  any  want  of  analytical  refirîe- 
ment,  that  may  hâve  been  admitted  by  the  altérations. 
To  those  who  are  désirons  of  confining  their  atten- 
tion to  whatever  is  absolutely  new  and  original,  or 


iT  PRBPACB. 

jdaced  in  a  decidedly  new  light,  it  may  be  proper  to 
point  ont  the  extrême  simplicity  which  is  ^ven,  at 
the  end  of  the  book,  to  the  theory  of  waves  and  of 
sounds,  and  the  still  greater  novelty  of  that  of  the 
cohésion  of  fluids,  which,  it  is  presumed,  will  be 
allowed  to  be  deduced  in  a  nK)st  unexceptionable 
manner  from  the  gênerai  principle  of  virtud  veloci* 
ties.  There  are,  also,  some  remarks  on  the  api^ica^- 
tion  of  Taylor's  theorem,  which  may  be  found  of 
considérable  utility  in  Computing  the  forms  of  the 
snrfaces  of  fluids,  and  which  are  still  more  im*» 
portant  on  account  of  the  great  assistance,  which 
may  be  derived  from  them,  in  calculations  respecting 
the  figmre  of  the  earth,  as  connected  with  its 
compressibility. 

It  is  almost  superfluous  to  add,  that  any  correc- 
tions, which  may  occur  to  the  mathematical  rçader, 
whether  of  errors  of  the  press,  or  of  more  serions 
mistakes,  will  be  gratefuUy  received,  and  candidly 
acknowledged,  by  the  author  of  thèse  illustrations. 

London,  28  Feb.  1831. 
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INTRODUCTION. 


RUDIMENTS  OF  THE  MATHEMATICS. 


SBCTiON   I.      OP   QUANTITY   AND   NUMBER. 

1.  Définition.  The  Ictters  of  the  alphabet  arc  em- 
ployed  at  pleasure  for  depoting  any  quantities,  as  algëbrai- 
cal  symbols  or  abbreviations.  But,  in  c^eneral,  the  first 
Ictters  in  order  are  uscd  tojdenqte  known  quantities,  and 
the  last  to  dénote  unknown  quantities  ;  and  constaojt  quan- 
tities  are  oflen  distlnglITshed  from  variable  quantities  in 
the  same  manner. 

2.  Définition.    Quantities  arc  equal  when  they  are 

of  the  àame  magnitude. 

ScHOLiUM.  The  abbreviation  a  zz  6  implies  tliat  a  is  equal  to  b; 
a>h  that  a  is  grcater  than  h  ;  and  a<h  that  a  is  Icss  tlian  h, 

3.  Définition.  Addition  is  the  joiniug  of  magnitudes 
into  one  su  m. 

ScHOLiUM.  The  symbol  of  addition  is  an  erect  cross:  a  +&  im* 
plies  the  sum  of  a  and  h,  and  is  called  a  more  h, 

4.  Définition.  Subtraction  is  the  taking  as  much 
from  one  quantity  as  is  equal  to  another. 

ScHOLiVM.  SubtractioD  is  denoted  by  a  single  linc,  as  a— 4,  or 
a  tes»  &,  which  is  tiic  part  of  a  romaiuin^,  when  a  part  equai  to  h  bas 
been  takeu  from  it. 
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5.  Définition.  A  négative  quantity  is  of  an  oppo- 
site nature  to  a  positive  one,  with  respect  to  addition  or 
subtraction  ;  the  condition  of  its  détermination  being  sucb, 
that  it  must  be  subtracted  where  a  positive  quantity  would 
be  added,  and  the  reverse. 

ScHOLiUM.  A  négative  quantity  is  denoted  by  the  sign  of  sub- 
traction  :  thus  if  a  -f  6=:a — c,  hzz  —  c  and  czz  —2».  A  debt  is  a 
négative  kiod  of  property,  a  loss  a  négative  gain,  and  a  gain  a  néga- 
tive lOftS. 

6.  Définition.    A  unit  is  a  magnitude  considered  as 

a  whole  complète  within  itself. 

ScHOLiUM.  Wnen  any  quantities  are  cnclosod  in  a  parenthesis, 
or  hâve  a  line  drawn  over  them,  they  are  considered  as  one  quantity 
with  respect  to  other  symbols  ;  thus  a  —  (^-f  c),  or  a  —  6-f  <?>  impUes 
the  excess  of  a  above  the  sum  of  h  and  c. 

7.  Définition.    A  whole  number  is  a  number  com- 

posed  of  units  by  continued  addition. 

Thus  one  and  one  compose  two,  2+1=3,  d-flrz4,  or  2+2=4. 
Snch  numbers  are  also  called  multiples  of  unity. 

6.  Définition.  A  simple  fraction  is  a  number  which 
by  continuai  addition  composes  a  unit,  and  the  number  of 
such  fractions,  contained  in  a  unit,  is  denoted  by  the  deno* 
minator,  or  number  below  the  line. 

Thu»  i+i+i=I. 

9.  Définition.  A  number  composed  of  such  simple 
fractions,  by  continuai  addition,  may  properly  bc  termed  a 
multiple  fraction;  the  number  of  simple  fractions  compos- 
ing  it  is  denoted  by  the  upper  figure  or  numerator. 

In  tbis  seusc  },  i,  },  are  multiple  fractions,  and  §=1,  }z:]+^=:l+J, 
or  IJ. 

10.  Définition.  Such  quantities  as  are  cxpressible 
by  the  relations  denoted  by  whole  numbers,  or  fractions, 
are  called  commensurable  quantities. 
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ScHOLiUM.  AH  qaantities  maj,  in  praotice,  be  considercd  as 
comraensnrable,  since  ail  qnaDtities  are  expressible  by  numbera, 
either  accnrately,  or  witb  an  crror  less  than  any  assignable  quantity. 

11.  Définition.    Multiplication  is  the  adding  toge- 

tlier  so  many  numbers  equal  to  the  multiplicand  as  therc 

are  units  in  the  multiplier,  into  one  sum,  called  the  pro- 

duct 

ScHOLiUM.  Multiplication  is  exprcssed  by  an  oblique  cross,  by  a 
point,  or  by  simple  apposition  ;  axh^ia.bi:zab, 

12.  Définition.  Division  is  the  subtraction  of  a 
number  from  another  as  oflen  as  it  is  contained  in  it  ;  or 
the  finding  of  that  quotient,  which,  when  multiplied  by  a 
given  diviser,  produces  agiven  dividend. 

ScHOLiUM.  Division  is  denoted  by  placing  the  dividend  before  the 
sJg^n  TT  or  : ,  and  the  divisor  after  it;  as  a-f-6=a  :  b. 

13.  ÂxiOM.  When  no  différence  can  be  shown-or 
imagined  between  two  quantities,  they  are  equal. 

14.  AxiOM.  Quantities,  equal  to  the  same  quantity, 
are  equal  to  each  other.  » 

If  azuh  and  c=:&,  then  a^c. 

15.  AxiOM.      If  to  equal  quantities  cqual  quantities 

be  added,  the  wholes  will  be  equal. 

If  azzb,  ihen  aH-c=6+c;  if  a — 6=:c,  thcn  adding  6,  azzb-\-c;  if 
a-^b — ciZLd,  tlien  adding  c,  a+6z=c+dL 

16.  AxiOM.  If  from  equal  quantities  equal  quantities 
be  subtracted,  tlic  remainders  will  be  equal.  - 

If  azzbi  a — cr:6— c,  if  a^^b^b-^c,  azro. 

17.  AxiOM.  If  equal  quantities  be  multiplied  by  equal 
numbers,  the  products  will  be  equal. 

If  azzb,  3az=3b  ;  if  aizb  ;  3,  3azlb  ;  and  if  a=6,  ca^cb, 

18.  AxiOM.  If  equal  quantities  be  dîvided  by  equal 
numbers,  the  quotients  will  be  equal. 

If  ôa=:106,  ar=2&;  and  if  carzcb,  azzb. 
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order  tb&th  x  li  maymakc  £"=«*.  So  tliftt  ■impie  fnctional  nam- 
ben  serve  «s  indices  of  the  namber  ot  times  tlut  Uie  quantit;  inust 
be  inultiplied  togcther,  in  order  that  the  product  may  bc  Uie  com- 
inoii  multiplier  of  Uie  seriei,  or  the  limplc  nunibcr  h. 

ScHoLiUM.  Fnctional  powers  aro  Bometibct  dcnoted  by  Iho 
mark  ^,  meaning  root  :  tbiu  ^  a^ai,  n/  a^nn.  Tbc  second  powcr  - 
of  m  numbei  a  being  called  iti  iquare,  and  tlie  third  ils  cube,  the 
fractionftl  powers  are  callcd  square  and  cobe  roots. 

The  snms  of  geomctrical  pn^reisions  maiy  be  thiis  coraputcd,  i( 
m+ab+ai'  .  .  .  +ab—t=x,  ab+ali'+ah'  .  .  .  +ah»~bx,  and  sob- 
tracliiigtliefonner  équation  from  the  Uttcr  ofr"— a:=&iN~z,  thcrcfun: 
ar=-7— —  :    which,  wbon  (<I  and  K^O),  or    infinité,  bectHnes 


^lie  binomia]  theorem,  for  involnlfon,  ia  (i 
ma;  be  diown  by  induotion.    Sec  344. 


b+M. 

In  simple  cases,  its  Inith 
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5.  Définition.  A  négative  quantity  is  of  an  oppo- 
site nature  to  a  positive  one,  with  respect  to  addition  or 
subtraction  ;  the  condition  of  its  détermination  being  sucb, 
that  it  must  be  subtracted  where  a  positive  quantity  would 
be  added,  and  the  reverse. 

ScHOLiUM.  A  négative  quantity  is  denoted  by  the  sign  of  sub* 
traction  :  thus  if  a  +  &=:a — c,  hiz  —  c  and  czz  —2».  A  dfrbt  is  a 
négative  kiod  of  property,  a  loss  a  négative  gain,  and  a  gain  a  néga- 
tive lOftS. 

6.  Définition.    A  unit  is  a  magnitude  considered  as 

a  whole  complète  within  itself. 

ScHOLiUM.  When  any  quantities  are  cncloscd  in  a  parenthesis, 
or  hâve  a  line  drawn  over  them,  they  are  considered  as  one  quantity 
with  respect  to  other  symbob  ;  thus  a  —  {h-^c),  or  a  —  6+c,  implics 
the  excess  of  a  above  the  sum  of  b  and  c. 

7.  Définition.    A  whole  number  is  a  number  com- 

posed  of  units  by  continued  addition. 

Thus  one  and  one  compose  two,  2+1=3,  d-f  lr:4,  or  2-|-2=4. 
Such  numbers  are  aiso  called  multiples  of  unity. 

6.  Définition.  A  simple  fraction  is  a  number  which 
by  continuai  addition  composes  a  unit,  and  the  number  of 
such  fractions,  contained  in  a  unit,  is  denoted  by  the  deno- 
minator,  or  number  below  the  line. 

Thus  H-i+J=l. 

9.  Définition.  A  number  composed  of  such  simple 
fractions,  by  continuai  addition,  may  properly  be  termed  a 
multiple  fraction;  the  number  of  simple  fraotions  compos- 
ing  it  is  denoted  by  the  upper  figure  or  numerator. 

In  tbis  seusc  §,  J,  j,  are  multiple  fractions,  and  J=:l,  i=:J-|-^:=l-hJ, 
or  li. 

l        10.  Définition.      Such  quantities  as  are  expressible 
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by  the  relations  denoted  by  wholo  numbers,  or  fractions, 
are  called  commensurabie  quantities. 
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ScHOLiUM.  Ail  qaantities  maj,  in  praotice,  be  considered  as 
comraensnrable,  since  ail  qnantities  are  expressible  by  numbeni, 
eithcr  accurately,  or  witb  an  crror  less  than  any  assif^nable  qnantity. 

11.  Définition.    Multiplication  is  the  adding  toge- 

tlier  so  many  numbers  equal  to  the  multiplicand  as  therc 

are  unîts  in  the  multiplier,  into  one  sum,  cailed  the  pro- 

duct. 

ScHOLiUM.  Multiplication  is  exprcBscd  by  an  oblique  cross,  by  a 
point,  or  by  simple  apposition  ;  axhz2a.bzzah, 

12.  Définition.  Division  is  the  subtraction  of  a 
number  from  another  as  oflen  as  it  is  contained  in  it  ;  or 
the  finding  of  that  quotient,  whicb,  when  multiplied  by  a 
given  diviser,  produces  a  given  dividend. 

ScHOLiUM.  Division  is  denotcd  by  placing  the  dividend  before  the 
sJg^n  -h  or  : ,  and  the  divisor  after  it;  as  a-^biza  :  b, 

13.  ÂXIOM.  When  no  différence  can  be  shownor 
îmagined  between  two  quantities,  they  are  equal. 

14.  AxiOM.  Quantities,  equal  to  the  same  quantity, 
are  equal  to  each  other.  * 

If  azzb  and  c=:&,  then  azzc. 

15.  AxiOM.  If  to  equal  quantities  equal  quantities 
bc  added,  the  vrholes  will  be  equal. 

If  azzb,  ihen  a-^czzb-^c;  if  a — 6=:c,  then  adding  6,  a:=&H-<^  ;  if 
a  +i— c:r</,  tlien  adding  c,  a+bzzc+d. 

16.  AxiOM.  If  from  equal  quantities  equal  quantities 
be  subtracted,  tlie  remainders  will  be  equal.  ■ 

If  azzbi  a — cr:5— c,  if  a-{-brzb-{-Cy  azzc. 

17.  AxiOM.  If  equal  quantities  be  multiplied  by  equal 
numbers,  the  products  will  be  equal. 

If  «=*,  3az=3b  ;  if  a=*  ;  3,  3azlb  ;  and  if  azuby  caz=.cb, 

18.  AxiOM.  If  equal  quantities  bc  divided  by  equal 
numbers,  the  quotients  will  be  equal. 

If  ôai=106,  azzTb  ;  and  if  ca:z:ch,  azzb, 
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/  SBGT.   II.      OF   THB   COMPARI80N   OP   VARIABLE 

QUANTITIE8« 

44.  Définition.  Tlie  quantities  by  which  two  varia- 
ble magnitudes  are  increased  or  decreased,  in  the  same 
time,  are  called  their  incréments  or  décréments,  or  their 
incréments  positive  or  négative. 

ScHOLiUM.  They  aresometimes  denoted  by  an  aoccnt  placed  over 
the  variable  quantity  ;  thos  ^  and  ^  are  the  simultaneous  incre- 
mentBof  a;and  jf. 

45.  Définition.  The  ratio,  which  is  tbe  limit  of  the 
ratios  of  the  incréments  of  two  connected  quantities,  as 
they  are  taken  smaller  and  smaller»  is  called  the  ratio  of 
the  velocities  of  their  inc'rease  or  decrease. 

ScHOLiUM.  It  woold  be  dîfBcaU  to  give  any  other  sufficient  défi- 
nition of  velocity  tiian  this.  If  both  the  qaantities  vary  in  the  same 
proportion,  the  ratio  of  af  %vAy  will  be  constant  (18),  and  may  be 
detennined  without  considenng  them  as  evanei cent  ;  bot  if  they 
vary  according  to  différent  laws,  that  ratio  must  vary,  accord  ingly  as 
the  time  of  comparison  is  longer  or  shorter:  and  sinoe  the  degreo  of 
variation,  at  any  instant  of  time,  does  not  dépend  on  the  change  pro- 
duced  at  a  finite  interval  before  or  aftcr  that  instant,  it  is  necessary, 
for  the  comparison  of  this  variation,  that  the  incréments  should  be 
considered  as  diminished  without  limit,  and  their  ultimate  ratio  de- 
tennined ;  and  it  is  indiffèrent  whether  thèse  evanescent  incréments 
be  taken  before,  or  after  the  given  instant,  or  whether  the  mean  be- 
tween  both  results  be  employed. 

46.  Définition.  Any  finite  quantities»  in  the  ratio  of 
the  velocities  of  increase  or  decrease  of  two  or  more  mag- 
nitudes, are  the  fluxions  of  those  magnitudes. 

ScHOLiUM.    They  are  denoted  by  placing  a  point  over  ^fi  variable 

quantity,  thos,  Xyj.    And^  is  always  ultimately  equal  to-r-     Tlie 

y  y 

variable  qnantity  is  called  a  fluent  with  respect  to  its  fluxion,  as  or  is 
thefluentc3rjr,or  a::=:/a:.    Ou  the  continent  the  tenu  fluxion  is  not 
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usedy  bot  ihe  eTanescont  incrcmeiit  is  called  a  difforenoe,  aad  de» 
noted  by  d  or  hj  and  tbe  variable  qaantity  û  conceiyed  to  contist  of 
tfae  entire  sum  or  inte^ial  of  sach  différences,  and  marked  A  bb 

/dbr,  ot/^x.  This  mark  bas  the  advantage  of  diffcring  in  form  from 
tbeahoit  «,  which  is  oaed  as  a  literal  oharacter.    See220. 

47.  Theorbm.  When  the  flaxions  of  two  qnantities 
are  in  a  constant  ratio^  their  fioite  incréments  are  in  the 
same  ratio. 

For  If  it  be  denied,  let  the  ratios  hâve  a  fiuite  différence  ;  then  If 
the  timCy  in  which  the  incréments  are  produced,  be  continnally  dl- 
videdy  tbe  ratio  of  the  parts  may  approaoh  nearer  to  the  ratio  of  the 
fluxions  than  any  assignable  différence,  for  that  ratio  is  their  limit 
(46),  and  this  is  tnie,  by  the  supposition,  in  each  part;  therefiore  the 
snms  of  ail  the  incréments  will  be  to  each  other  in  a  ratio  nearer  to 
that  of  the  flaxions  than  the  assigned  différence  (35). 

48.  Theorbm.  The  fluxion  of  the  product  of  two 
quantities  is  eqaal  to  the  sum  of  the  prodacts  of  the 
fluxion  of  each  into  the  other  qnantity. 

Or  {^y^yx+xf.  Let  the  quantities  increase  fît>m  x  and  y  to 
x+^  sud  y-ijf  then  their  product  will  be  first  xy  and  afterwaids 
^+Jf^+^+^y  »  of  which  the  différence  ÎByx'+xy+xY,ugkd  the  ratio 
of  tbe  incréments  of  x  and  xy  is  that  of  x*  to  y^  -j-^+scfy';  or,  when 
the  incréments  yanish,  to  yx'+^9  since  in  this  case  a^y'  yanishes  in 
oomparison  with  xf»  But  a^  :  (ys^-^-açf):  Ix  :  (yx+xy),  and  the  fluxion 

is  rij^itly  determined  (46);  for  since .:L=  il-,    .^^  (18)  ;   but 

X  X         X         X 

i2'=2î  (i8),M.dî!î:±â^±t2(i6> 

XX  af  X 

ScHOLiUM.  It  is  also  obTious,  that  the  fluxion  of  any  quantity  xy 
is  equal  to  the  sum  of  the  résulta  obtained  by  multiplying  it  by  the 
fluxion  of  each  variable  quantity,  and  di\iding  it  by  that  quantity: 

fb^(xyy=xy  (4  +i.)  ;  («:)-=a«(4  +4)=^'- 
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49.  Theorrm.  The  fluxion  of  any  power  ôf  a  varia- 
ble qaaDtity  is  equal  to  the  fluxion  of  that  quantity  mnlti- 
plied  by  tbe  index  of  tbe  power,  and  by  the  quantity  raised 
to  the  same  power  diminislied  by  unity. 

Or  (ap»)-=:war«-»*.  Lct  n=2,  then  {xx)'::ixx^-xx  (48)=:2a:i=: 
«a:»— >a:.  If  fCnB,  ar»»=(ara:)^,  and  its  fluxion  U  x  {xx)' -\-(xx)xzz,^xx 
'\-xxxzzZx^xzi'nx!'*^^x^,  And  the  same  may  be  proved  of  any  whole 

nomber.    If  nis  a  fraction,  as  —,  put  yzzx^y  tlien  xzzyv^  and  xn 

•     P 

X  \  1 

pyP— ivjvr:— =: — .  yi-*^i(38)=: — y,  y-î'izznx»— ix,  as  bcfore  ; 

pyV — 1        p  p 

and  in  tho  same  manncr  the  proof  may  be  extended  to  ail  possible 
cases. 

50.  Thborem.  When  the  iogarithm  of  a  quantity 
TaricB  equably,  the  quantity  varies  proportionally. 

Or  if  1  acry,  JLz:— .    For  :rz:&9  (42),  and  when  y  becomcs  y+ 


J^-^x':=Jr^'^^zzh9,bfrzx.by,  andx'=x.6r'— x=x.  (fty*— l);  butj?  bc- 
ing  constant,  by  the  supposition,  hif' — 1  is  consf  ant,*and  may  bo  called 

2.^  and  x'zrS^  ;  therefore  ;vi=2L,  and—  iz^. 
a  a  axa 

ScHOLiUM.  Numerical  logarithms  do  nut,  striclly  speaking,  vary 
by  evanescent  incréments  ;  but  other  quantities  may  flow  continually, 
and  be  alwa3's  proportional  to  logaritbms  :  in  eltber  case  the  propo- 
sition is  true.  In  Briggs's  logarithms,  commonly  used,  h  is  10,  and  a, 
fhe  modulus,  is  .4342944819  ;  dividing  ail  the  system  by  a,  or  multi- 
plyiug  by  2.302685093,  wc  bave  Napier's  original  hyperbolical  loga- 

rithms,  where^  becomes  i=— ,  and  azzl, 

X 

51.  Theorbm.  The  fluxion  of  any  power  of  a  quan- 
tity, of  which  the  exponent  is  variable,  is  equal  to  the 
flnxion  of  the  same  power  considered  as  constant,  toge^ 
ther  with  the  fluxion  of  the  exponent  multiplied  by  the 
power  and  by  the  hyperbolical  Iogarithm  of  the  quantity. 

Ifa:l'=z,  i=yary--ii+(hl  x),  x^y-,   for  hl  r=:y.  (hl  x),  (42);  now 
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m  • 

<U  z)-=i,  (50)  ;  and  i=z.  (hl  ;r)-=ir.  (y.  hl  *>=:z.  (?f  +  (W  x).iX 
ar  ar 

52.  Theorbm.  When  a  variable  quantity  is  greatest 
or  least,  its  fluxion  vcmishes. 

For  &  quantity  is  greatest  wben  it  ccases  to  inoreue,  and  beforo  it 
I>egiii8  to  decreaso  ;  tliat  is,  when  it  has  neither  incrément  nor  décré- 
ment ;  and  it  is  least  when  it  has  ceased  to  hâve  a  décrément  and 
lias  not  yet  an  incrément. 

53.  Problem.  To  solve  a  numerical  équation  by 
approximation. 

The  most  gênerai  and  usefnl  mode  of  solving  ail  numerical  équa- 
tions is  by  approximation.  Substitute  for  the  unknown  quantity  a 
nnmber,  found  by  trial,  which  nearly  answers  to  the  conditions  ; 
then  Hie  error  will  be  a  finitc  différence  of  the  whole  équation  ;  wliidi, 
when  small,  will  bc  to  the  error  of  the  quantity  substituted,  nearly  in 
tfao  ratio  of  the  evancscent  différences,  or  of  the  fluxions  ;  and  this 
ratio  may  be  casily  determined. 

TTius,  if  a:»— ar»H-4ar=;6699,  caU  6G99,y.  tlien  3x«x— 12ri+4i=J, 


andiz: ^ ,  and  x'zz ^ nearly  ;  now  assume  am 

ar«— 12x+4  3x«— 12a:-h4  "^ 

20,  dicny=zô680,  and  ^=1019,  whencc  ar'  1.05,  and  x  corrcctcd  is 

21.06  ;  by  repeating  tlie  opération  we  may  approach  still  nearer  to 

the  true  value  21. 

If  x^fy,  xzz  -^ — ,  whencc  the  common  rulc  for  the  extraction  of 

roots  is  dcrivcd.  In  order  to  find  tlic  nearest  iutcgcr  root,  the  digits 
must  bc  divided,  bcginning  witii  tho  units,  into  parcels  of  as  many  as 
there  are  units  in  the  index,  and  the  nearest  root  of  the  last  or  high- 
est  parccl  being  found,andits  power  subtraetcd,  the  remaindcr  must 
^be  divîded  by  its  next  inferior  powcr  multiplicd  by  the  given  index, 
in  order  to  find  the  next  figure,  adding  the  next  parccl  to  the  rc- 
maiuder  before  the  division.  Tliero  are  also,  in  particular  cases, 
other  more  compendious  metliods. 

It  is,  however,  often  more  couvenient  to  8ol\  e  an  oquation  by  the 
mie  of  double  position,  taking  two  apprnxinialo  values  of  the  root, 
and  finding  a  third  which  diffcrs  from  onc  uf  them  by  u  quantity  bcar- 
ing  the  same  proportion  to  thcir  différence  a»  the  error  of  that  one 
bears  to  the  différence  of  the  two  error». 
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ScHotiUM.  Articles  16^  17,  18,  might  hâve  been  dednoed  from 
art  15,  but  they  are  ail  easily  admitted  as  axioms.  We  must  how- 
ever  observe  that  this  proposition  does  not  extend  to  tbe  case  of 
0  for  a  divisor. 

19*  Thborbm.  a  multiple  fraction  is  equal  to  the 
qaotient  of  the  numerator  divided  by  the  deDominator. 

Or,  4-=«  :  h  f«r  4-=4-«  (9);   and  h~z=h2^  (17);   but 

b  0  0  0  0 

Il  M 

h» — :=1  (8);  and  h, — .a=l.a=a,  therefore  &.--•=:«  (14),  and  a  :  hzz. 
b  à  b 

^(12). 

ScHOLiUM.    Hence  -r-  is  a  common  syinbol  for  a  :  b. 

20.  Theorem.  a  quantity,  mulliplied  by  a  simple  frac- 
tion, is  equal  to  the  same  quantity  divided  by  its  denomi- 
nator. 

Or  tL^-zza  :  ft;fora.-L=4^9),  and  -Lna  :  b  (19),  therefore  aJL 
b  b        b  b  b 

=«  :  h  (14). 

21.  Theorem.  A  quantity,  divided  by  a  simple  frac- 
tion, is  equal  to  the  same  quantity  multiplied  by  ils  deuo- 
minator. 

Or  a  :  4-=  ab,  for  if  a  :  4-=c,a=c.-L(12)=— =:c  :  b  (20),  and 
b  bob 

niultiplying  by  6,  abzzczza  l  -— . 

22.  Theorem.  A  quantity  multiplied  by  a  multiple 
fraction  is  equal  to  the  same  quantity  multiplied  by  tlie 
numerator,  and  then  divided  by  the  denominator. 

Or  a, — zzab  :  c  ;  for  a — =a.6.— =a^.— -.=:a6  :  c  (20). 
c  c  c  c 

23.  Theorem.  A  quantity  divided  by  a  multiple  frac- 
tion is  equal  to  the  same  quantity  multiplied  by  tlic  de- 
nominator, and  divided  by  the  numerator. 


•-9*t9bf 


.•.-^4i 


■  * 
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Ora  :  L=zac  :  h;  fora  :  -i=:a  :  fô.i.)=(a  :  h)  :  —  =(«  :  h)x 

(21),  =ac  :  h. 

ScHOLiUM.  A  begitiner  may  perhaps  render  thèse  deoionstratioiis 
more  intelligible,  by  substituting  any  numbers  atpleasure  forthe  cba- 
racters.  For  example,  the  démonstration  of  the  finit  tbeorem  may 
be  written  thus.  Twelve  fourths,  ^{,  are  equal  tb  12  divided  by  4  ; 
for,  by  the  deGnition  of  a  multiple  fraction,  V=12.),  and  mnltiplying 
thèse  equals  by  4, 4. '^=4.12.)  ;  but  by  the  définition  of  a  simple  frac- 
tion 4.i=:l,  thereforo  4.12.^=12,  whence  4.!f=12y  and  by  the  défini- 
tion of  division,  12  :  4=']*.  But,  in  fact,  the  proposition  is  too  évi- 
dent to  admit  much  démonstrative  confirmation. 

24.  Theorbm.    a  positive  number  or  quantity  heing 

multiplied  by  a  positive  one,  the  product  is  positive. 

For  the  repeated  addition  of  a  positive  quantity  muj;t  make  the 
resnlt  actnally  greater.  What  is  true  of  numbers  may  practically 
bo  affirmed  of  quantitics  in  gênerai  (10). 

25.  Thborem.  a  négative  number  or  quantity  being 
multiplied  by  a  positive  one,  the  product  is  négative. 

For  since  adding  a  négative  quantity  is  équivalent  to  subtracting 
a  positive  one,  the  more  of  snch  quantities  that  are  added,  tho 
greatcr  will  the  wholc  diminution  bc,  and  the  som  of  the  whole»  or 
the  product,  must  be  négative. 

26.  Th£OREM.  a  négative  number  or  quantity  being 
multiplied  by  a  négative  one,  the  product  is  positive. 

Or  —  a. — bzuah.  For  a. — bzz — ah(25):  that  is,  when  the  positive 
quantity  a  is  multiplied  by  the  négative  h,  the  product  indicates  that 
a  must  be  subtracted  as  often  as  there  are  units  in  b  :  but  when  a  is 
négative,  its  subtraction  is  équivalent  to  the  addition  of  an  equal 
positive  number  ;  therefore  in  this  case  an  equal  positive  nnmber 
must  be  added  as  often  as  there  are  units  in  b. 

27.  Définition.  If  the  quotients  of  two  pairs  of 
numbers  are  equal,  the  numbers  are  proportional.  and  the 
first  is  to  jkhe  second,  as  the  third  to  the  fourth  ;  and  any 
quantities,  expressed  by  sucb  numbers,  are  also  propor* 
tional. 


! 


I 
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If  a  :  hczc  l  d,  a  Ui  to  h  a$  c  to  d,  or  a  l  by.e  l  d. 

28.  Theorem.     Of  four  proportionals,  the  product  of 

the  extrêmes  is  oqual  to  that  of  the  means. 
..^ ......    .  .-•■         **.•     • -...^  .     ..,„, 

Since  a  :  &:=:c  ;  d^  a  ib,  bdzzc  l  d,  bd.  (17),  or  ad^ieb. 

29.  Theorem*  If  the  product  of  the  extrêmes  of 
four  numbers  is  equal  to  that  of  the  means,  the  numbers 
are  proportional. 

If  ad=icb,ad:  bdzzcb  :  bd(lS\  and  a  :  fc=c  :  d;  aiso  ad  :  ec^cft  : 
ed^  and  a  :  ezib  :  d. 

30.  Theorem.  Four  proportionals  are  proportional 
altemately. 

If  a  :h::e:d,  oifcrftc  (28),  therefore  a  :  d'.b  :  rf(29> 

31.  Theorem.  Four  proportionals  are  proportional 
by  inversion. 

If  a:  h:  :e  :  d,  ad^hc,  ad  ;  nt=ibc  ;  oe,  and  d  :  t=ih  :  a. 

32.  Theorem.    Four  proportionals  are  proportional 

by  composition. 

If  a  :  &:  :c  :  d;  «+&  :  ll  :c+d  :  d;  for  since  ad±be^  ad-j^bdribe+bd 
(15),  or  (a-f  6>  d!;=(c+d).  h,  tlierefore  a+6  :  b:  le-^d  :  d(29). 

83.  Theorem.  Four  proportionals  are  proportional 
by  division* 

If  a  iblleldj  Or-h  :  6::c— d  :  d;  fbr  since  ad=.bc,  ad-4fd=he-^ 
bd  (16),  (»-6>  d=(iî— d).  b,  and  4f-A  :  b:  :c-d  :  d  (29> 

34.  Theorem.  If  any  number  of  quantities  are  pro* 
portional,  the  sum  of  tlie  antécédents  is  in  the  same  ratio 
to  the  sum  of  the  conséquents. 

If  «  ;  ft:  :c  :  d;  a  :  ft:  :a+e  :  &+d;  for  aince  adzzbe,  ab+adzzab-^ 
be,  a.  (&+d)  =&.  {a+€%  and  a  ;  b:  :a+e  :  b+d  (29). 

35.  Theorem.  If  any  number  of  antécédents  and  any 
number  of  conséquents  be  added  together,  the  ratio  of  the 
Bums  will  bc  less  than  the  greatest  of  the  single  ratios, 
when  those  ratios  are  unequal. 


%ïi*  •  >.  " 
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(34);  coii8equently-->--l-v    The  same  démonstration  may  beex- 
tended  to  any  number  of  ratios. 

36.  Définition.  A  séries  of  numbers,  fonned  by  the 
continuai  addition  of  the  same  number  to  any  given  num- 
ber, Is'caDed  an  anttiÔQeticàl  progression. 

2,       ô,        8,       Tu        ïél        ÎtT"*  20,  by  adding  3. 
20,      17,      14,        11,  8,  5,  2,  by  adding— S. 

a,     a+b,a+2b,  a+3&, a+(it — 1).&,  in  gênerai. 

ScHOLiCM.  It  may  be  obserred  that  the  sum  of  each  pair  of  the 
numbers  of  thèse  equa]  progressions  is  22z:2+20=a+a+  (n — l).6r: 
2a+{n-'l)Jt  ;  the  whole  snm  22x  7=(2a+  («-*!)•  &)•  n,  and  the  som 


of  eacb,  iia  -f  .  h^  a  being  the  first  term,  b  the  différence,  and  n 

the  nmnber  of  terms. 

37.  Définition.  A  séries  of  numbers»  formedby  oon- 
tinual  multiplication  by  a  given  num&er,^îs  caOecTa  geome- 

^        I        »■  I     I     |.        Il         I       I     1. 1   Ti    ■■■■—    >■■■     ,1,  •*        ** 

trical  progression. 

Ai    2,    6,    18,    54  ;  maltiplying  2  continoally  by  8. 
a,  o^,  oM,  11&6&  ;  mnltiplying  a  by  &. 

38.  Définition.  If  one  of  the  terms  of  a  geometri« 
cal  progression  is  unity,  the  other  terms  are  called  powers 
of  the  common  multiplier. 

As  jy,  ^^  \t },  1, 1, 2, 4,  8, 16, 32.    Each  term  is  denoted  by  pladng 
obliqnely  over  the  common  multiplier  a  number  expressiye  of  its  dis 
tance  finom  unity,  as  8=2^  :  négative  numbera,  implying  a  contrar j 
situation  to  positive  ones,  dénote  that  the  term  précèdes  instead  of  folr 
lowing  the  unit,  as  {n2^'. 

By  reversing  the  séries  it  is  obvions  that  i^d)*,  and  8=:(})'''. 

It  appears  that  the  addition  of  the  indices  denoting  the  places  of 
any  terms  will  point  out  a  term  whicfa  is  their  prodnct,  as  2*x  2^=:2*, 
or  8x4=32;  and  that  the  subtraction  of  the  index  is  équivalent  to 
division  by  the  term.    Hencc  if  a'n&^i&S  a*  must  be  equal  to  6s  in 
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ordet  tiMt  ii  X  M  in»]i  nukc  Cru*.  So  that  ainplc  fnctional  niini- 
ben  Hrve  m  indices  of  the  nninbeT  of  timei  that  Ihc  quantity  must 
be  viultiplicd  togctber,  in  otdcT  that  tbe  product  may  bc  tha  codi- 
mon  multiplier  of  Ihe  scriri,  or  the  iimpic  numbcr  b. 

ScHOLiUM.  Fractional  powera  arc  ■ometiinci  dcDoted  by  the 
mufc  V>  meaning  root  :  Ibiu  ^  in=(3,  ^  a~ai.  Tbo  iccond  powcr  ' 
of  a  number  a  being  calted  it(  aquarc,  and  tlie  tliird  its  cnbo,  ibc 
fraction»]  powera  aro  callod  aqiiare  and  cub«  roots. 

Tbe  ining  of  gcometrical  progressionï  may  be  thiia  compnlcd,  if 
«+a4+ai»  .  .  .  +«4'^i=ii,  ai+of+oft'  .  .  .  +oi"=fcr,  and  anb- 
tracdng  tlie  former  cquation  from  the  latlcr  abn-^iizzbx—z,  Ihcrcforc 


-T=r 


whicb,  whon  t<I  aad  ii=o: 


infinité,  becomca 


The binomial  Ibeorem,  for  inTolation,  is  (a +ï)'>=:ii" +«.«"— >  b+n. 
In  «mplo  caacB,  it«  trulh 


3  3  3 

ma;  be  ibown  by  induction.    Seo  344. 


POWER8   OF  NUHHBSa. 
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32 
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S 
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78125 

390625 

«a 
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12iKi 
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1079016 
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Mt 
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16807 

117649 
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4096 

;i276S 

262144 
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WJ 

(>3(il 

50049 

531441 

4782969 

43046721 

3^=1.414213;  3Î,t.733;  £^  3.336;  61,2.440;  Tt,  2.646;  8^,3.838; 

loi,  3.162. 

2i=1.26;   3J,   1.442:    4*,  1JW7;    ûî,  1.71;   6».  1.817;    7i,  1.913; 

9s.  2m-,   llA,  3.1M. 
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39.  Définition.  In  décimal  arithmetic,  each  figure 
18  sapposed  to  be  multiplied  by  that  power  ôf  10,  positive 
or  négative»  which  is  expressed  by  ita  distance  from  tfae 
fignrc  before  the  point. 

Thu»  672,53  mcans  6x  10»+7x  10» +2  x  10°,  or  2x  1,  +6x  10"», 
or  TO  or  ^+3  X 10"*»,  or  tJ,,  togetlier  672^. 

ScHOLiUM.  On  some  occasions  other  numbers  are  substituted  for 
10  in  calcnlations  :  particnlarly  12,  which  has  many  advantages,  and 
fai  nscd  in  opérations  respecting  carpenter's  work  ;  and  sometioics 
the  nnmber  2  facilitâtes  computations  ;  and  it  may  be  employée 
whcre  it  is  inconvénient  to  multiply  charactcrs  ;  sinco  two  dijQferent 
marks,  or  a  mark  and  a  vacant  place,  are  sufficient,  when  contânn- 
ally  rcpcated,  to  express  ail  numbers.  The  powers  of  60  are  also 
nsed  in  the  subdivisions  of  lime,  and  of  angles. 

40.  Définition.  The  reciprocal  of  a  nnmber  is  the 
quotient  of  a  given  unit  divided  by  that  nnmber. 

ScHOLiUM.  Mr.  Barlow  has  inserted  an  ample  table  of  reclprocalf 
in  his  very  usefnl  collection  of  Tables. 

41.  Définition.  The  harmonie  mean  of  two  quanti- 
tés is  the  quantity  of  which  the  reciprocal  is  the  half  sum 
of  their  reciprocals. 

Thus,  the  harmonie  mean  of  3  and  6  is  4  ;  for  i  (i+B)=l*  ^^  ^o 
harmonie  mean  is  equal  to  the  product  divided  by  the  half  sum. 
Thasf=4. 

42.  Définition.  The  common  logarithm  of  a  num- 
ber  is  that  power  of  10  which  expresses  it. 

For  instance,  1  1000=:3,  sinco  10^1000.  1  2=.30103,  for 
lO&Ss:z2,  The  principal  use  of  logarithms  is  derived  from  that^ro- 
perty  of  indices,  by  which  their  addition  and  subtraction  is  équivalent 
to  the  mnltiplicatioii  and  division  of  thé  ré^ëcISvë  nambera'. 

43.  Problem.    To  solve  a  quadratic  équation. 
Reduce  the  équation  to  the  form  xx±:jaQtzzb,  add  the  square  of  half 

a;  then  xx±ax+ii=:h+^,  whence «±4"=  ±  'J  (*+t)  "*^  '^ 

4  4  *  ^4 


±^^(»+t)-t- 
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8BGT.   II.      OP   THB   G0MPAR180N    OP   VARIABLE 

QUANTITIB8. 

44.  Dbfinition.  The  quantities  by  which  two  varia- 
ble magnitudes  are  increased  or  decreased,  in  the  same 
lime,  are  called  their  incréments  or  décréments,  or  their 
incréments  positive  or  négative. 

ScBOLiUM.  They  aresometimes  denoted  by  an  aocont  placed  over 
tbe  variable  quantity  ;  thos  ^  and  ^  are  the  simultaneons  inoro- 
mentBofop  andy. 

45.  Dbpinition.  Tbe  ratio,  which  is  tbe  limit  of  the 
ratios  of  the  incréments  of  two  connected  quantities,  as 
they  are  taken  smaller  and  smaller,  is  called  the  ratio  of 

tbe  velocities  of  their  increase  or  decrease. 

ScHOLiUM.  It  woold  be  difficnlt  to  give  any  other  sufficient  défi- 
nition of  velocity  tfaan  thÎB.  If  both  the  quantities  vary  in  the  same 
proportion,  the  ratio  of  af  and^  will  be  constant  (18),  and  may  be 
determined  witbont  considenng  them  as  evanescent  ;  but  if  they 
vary  aocordlng  to  difierent  laws,  that  ratio  most  vary,  accordingly  as 
the  time  of  oomparison  is  longer  or  shorter:  and  sinoe  the  degree  of 
variation,  at  any  instant  of  time,  does  not  dépend  on  the  change  pro- 
daced  at  a  finite  interval  before  or  aftcr  that  instant,  it  is  necessary, 
for  the  comparison  of  this  variation,  that  the  incréments  should  be 
considered  as  diminished  witbont  limit,  and  their  ultimate  ratio  de- 
termined ;  and  it  is  indifierent  whether  thèse  evanescent  incréments 
be  taken  before,  or  after  the  given  instant,  or  whether  the  mean  be- 
tween  both  results  be  empioyed. 

46.  Dbpinition.  Any  finite  quantities»  in  the  ratio  of 
the  velocities  of  increase  or  decrease  of  two  or  more  mag- 
nitudes, are  the  fluxions  of  those  magnitudes. 

ScHoLiUM.    They  are  denoted  by  placing  a  point  over  Ihc  variable 

quantity,  thns,  x^y,    And-^  is  always  ultimately  equal  to---.     The 

y  y 

variable  quantity  is  called  a  flnent  with  respect  to  its  fluxion,  as  ar  is 
thefluentoïjr,orx:=:/x.    Ou  tbe  continent  the  term  fluxion  is  ooi 
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U0ed,  but  tbe  oTanescont  incrcmeiit  is  called  a  differenoe,  and  do- 
noted  by  d  or  2,  and  tbe  variable  quantity  is  conceiTod  to  oonsist  of 
tbe  entire  smii  or  intégral  of  snob  différences,  and  marked  /^aa  x=: 

^dx,  oxj^x.    This  mark  bas  tbe  advantage  of  dlffcring  in  form  from 
tiie  short  ê^  wbioh  is  nsed  as  a  literal  cbaracter.    See  22a 

47.  Thborbm.  When  the  fluxions  of  two  quantities 
are  îd  a  constant  ratio,  their  fioite  incréments  are  in  the 
same  ratio. 

For  if  it  be  denied,  let  the  ratios  hâve  a  fiuite  différence  ;  then  If 
the  time,  in  which  the  incréments  are  produced,  be  continnally  di- 
vided,  the  ratio  of  the  parts  may  approaoh  nearer  to  the  ratio  of  tho 
fluxions  than  any  assignable  différence,  for  that  ratio  is  their  limit 
(46),  and  this  is  true,  by  the  supposition,  in  each  part;  therefore  tlio 
sums  of  aJl  the  incréments  will  be  to  each  other  in  a  ratio  nearer  to 
that  of  the  fluxions  than  the  asdgned  différence  (35). 

48.  Thborbm.  The  fluxion  of  the  product  of  two 
quantities  is  equal  to  the  sum  of  the  products  of  the 
flu:ûon  of  each  into  the  other  quantity* 

Or  {^BJfY^jfx-^-Ty.  Let  the  quantities  increase  fi!t>m  x.  and  y  to 
x+^  uid  y-^Jf  then  their  product  will  be  first  xy  and  aflerwards 
^"fj^+^+^y»  of  which  the  différence  isyx'+^r^+zy  ,and  the  ratio 
of  the  incréments  of  x  and  xy  is  that  of  ar'  to  ^-{•xf+s^y';  or,  when 
the  incréments  vanish,  to  yxf-^xf^  since  in  this  case  afy'  vanishes  in 
oomparîson  with  sef.  But  a^  ;  (ya/+x^:  \x  :  (yx+^)>  and  the  fluxi<Mi 

is  rigfathr  determined  (46);  for  8inceiL=iL,    SLzz^  (18)  ;   but 

af       X       txf      X 

J2'=ïj    {18),«ndî2:±^^i±S(16> 
XX  af  X 

ScHOLiUM.    It  is  also  obvions,  that  the  fluxion  of  any  quantity  xy 

is  equal  to  the  sum  of  the  results  obtained  by  multiplying  it  by  the 

flnxionof  each  variable  quantity,  and  dividing  it  by  that  quantity: 
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49.  Theorrm.  The  fluxion  of  any  power  ôf  a  varia- 
ble qaantîty  is  equal  to  the  fluxion  of  that  quantity  mnlti- 
plied  by  tbe  index  of  the  power,  and  by  the  quantity  raised 
to  the  same  power  diminished  by  unity. 

Or  (apif)-=:war»-ï;c.  Lct  «=2,  then  (xx)'::zxx'\'xx  (48)=:2ari=i 
«or»— ix.  If  nzz3t  x**zz(xx)a:,  and  its  fluxion  is  x  {xx)' -{'{xx)x=.2xxx 
'{-xxx:iz3x^xzznxf^^x^.  And  the  same  may  be  provcd  of  any  whole 

nomber.    If  n  is  a  fraction,  as  — -,  put  yzzx^,  tbcn  xzzyp,  and  xzz 

'     P 

X  \  1 

pyP—lv^yr:  -      ■  zz — .  y^—Px{3S)zz — y,  y-Txzzrixf^^x,  as  before  ; 
pyp-l       p  p 

and  in  the  same  manner  the  proof  may  be  extended  to  ail  possible 
cases. 

50.  Thborem.  When  the  logarithm  of  a  quantity 
Taries  equably,  the  quantity  varies  proportionally. 

Or  if  I  xzzyy  JL'ZL'"-'.    For  xzzhv  (42),  and  when  y  becomcs  y-f- 
a        X 

j^'{'xfzi}?^^zzh9,hf::zxJ>v%  andx'zzar.Ji''— ar=ur.  (&/— l);  but^  be- 
ing  constant,  by  the  supposition,  W — 1  is  constant,'and  may  be  called 

2^  and  x'zz^  ;  therefore  x=:— ,  and—  zz,^. 
a  a  axa 

ScHOLlUM.  Numerîcal  logarithms  do  nut,  strictiy  speaking,  vary 
by  evanescent  incréments  ;  but  other  quantities  may  flow  coutinually, 
and  be  always  proportional  to  logarithms  :  in  either  case  the  propo- 
sition is  true.  In  Briggs's  logarithms,  commonly  used,  h  is  10,  and  a, 
the  modulus,  is  .4342944819  ;  dividing  ail  the  System  by  a,  or  multî- 
plying  by  2.302685093,  wc  hâve  Napier's  original  hyperbolical  loga- 

rithms,  irherej  becomes  zz— ,  and  a=l. 

X 

51.  Theorbm.  The  fluxion  of  any  power  of  a  quan- 
tity»  of  which  the  exponent  is  variable,  is  equal  to  tlie 
fluxion  of  the  same  power  considered  as  constant,  toge^ 
ther  with  the  fluxion  of  the  exponent  multiplied  by  the 
power  and  by  the  hyperbolical  logarithm  of  the  quantity. 

Ifxrzzz,  iizyxy-ii'+O»!  a-),  x^i;   for  hl  zzzy.  (hl  x\  (42);  now 
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(hl  z)-=i,  (50)  ;  and  r=zz.  (hl  zyziz.  (y.  h\  *)-=:z.  (^  -f  (hl  x).y\ 

X  X 

(48,  &0)=yx9-ix+{h\  x)  zy. 

52.  Theorbm.  When  a  variable  quantity  is  greatest 
or  least,  its  fluxion  vanishes. 

For  &  quantity  is  greatest  when  it  ceases  to  inorease,  and  beforo  it 
begins  to  decrease  ;  that  is,  when  it  bas  neither  incrément  nor  décré- 
ment ;  and  it  is  least  when  it  bas  ceased  to  bave  a  décrément  and 
iias  not  yet  an  incrément. 

53.  Problem.  To  solve  a  numerical  équation  by 
approximation. 

Tbe  most  gênerai  and  useful  mode  of  solving  ail  numerical  équa- 
tions is  by  approximation.  Substitute  for  tbe  unknown  quantity  a 
nnmber,  found  by  trial,  which  nearly  answers  to  tbe  conditions  ; 
then  tbe  error  wiJl  be  a  finitc  différence  of  tbe  whole  équation  ;  which, 
when  small,  will  be  to  tbe  error  of  tbe  quantity  substituted,  nearly  in 
tiio  ratio  of  the  evanescent  différences,  or  of  tbe  fluxions  ;  and  tbii 
ratio  may  be  easily  dctermined. 

TTius,  if  a:»— ei:»+4ar=6699,  call  6G99,y.  then  3x«x— 12rx-h4i=:i, 


andi^ ^ ,  and  x'zz nearly  ;  now  assume  am 

3x«— 12X+4  3jr*— 12a:-h4  "^ 

20,  then  yizô680,  and  ^=1019,  wbence  ar'  1.05,  and  x  corrcctcd  is 

21.06  ;  by  repeating  tbe  opération  we  may  approach  still  nearcr  to 

the  true  value  21. 


If  x>»v,  xzn  '^ — ,  wbence  tbe  common  rulc  for  the  extraction  of 
fix»—* 

roots  is  dcrived.    In  order  to  flnd  tlie  nearcst  intcgcr  root,  tlie  dîgits 

mnst  bc  di\ided,  bcginning  witli  the  units,  into  parcels  of  as  many  as 

there  are  units  in  tbe  index,  and  the  nearcst  root  of  the  last  or  high- 

est  parccl  being  found,  and  its  power  subtractcd,  tlic  remainder  must 

,be  divided  by  its  next  inferior  power  multiplied  by  the  given  index, 

in  order  to  find  the  next  figure,  adding  the  next  parcel  to  the  re- 

mainder  before  tbe  division.    There  arc  also,  in  particular  cases, 

other  more  compendious  methods. 

It  is,  however,  often  more  conveuient  to  solvc  an  équation  by  tbe 

mte  of  double  position,  takiug  two  approximatc  values  of  the  root, 

and  finding  a  third  which  differs  from  one  of  them  by  a  quantity  bear- 

ing  tbe  same  proportion  to  thcir  différence  ais  the  error  of  that  one 

bean  to  tbe  différence  of  tbe  two  errors. 
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56.  Définition. 
hl.  Définition. 


section   m.      OF  SPACB. 

54.  Définition.    A  solid  is  a  portion  of  space  limitetï 
in  magnitude  on  ail  sides. 

ScHOLiUM.    Space  is  a  mode  of  existence  incapable  of  définition, 
and  sapposed  to  be  understood  by  tradition. 

55.  Définition.    A  surface  is  thc  limit  of  a  solid. 

A  line  is  the  limit  of  a  snrface. 
A  point  is  the  limit  of  a  line. 

ScHOLiUM.  The  paper,  of  whîch  this 
figure  coTers  a  part,  is  an  example  of  a 
solid,  the  shaded  portion  reprcsents  a 
portion  of  surface  :  thc  bonndaries  of  that  snrface  arc  fines,  and  the 
three  terminations  or  intersections  of  those  lines  are  points.  In  con- 
formity  with  this  more  correct  conception,  thèse  définitions  arc 
îUnstrated  by  représentations  of  the  respective  portions  of  space  of 
whîch  the  liraits  are  considered  ;  and  also  by  thc  more  usual  method 
of  denoting  a  line  by  a  narrow  surface,  and  a  surface  by  such  a  Une 
surronnding  it. 

58.  Définition.  A  line  joining  two  points  is  called 
their  distance. 

69.  Définition.  When  the  distance  of  any  two  or 
more  points  remains  unchanged,  they  are  said  to  be  at 
rest;  and  a  space  of  which  ail  the  points  are  at  rest,  is 
a  quiescent  space. 

60.  Définition.    A  line  which 


must  be  wholly  at  rest,  with  respect  to  any  quiescent  space, 
when  two  of  its  points  are  at  rest  in  that  space,  is 
a  straight  line. 

61.   Définition. 


A    line 

which  is  neither  a  straight  line,  nor  composed  of  straight 
lines,  is  a  curvc  line. 


OF    SPACE. 
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62.  Définition.  A  plane  is  a  surface,  in  wkich  if  any 
two  points  be  joined  by  a  straight  Une,  the  wkole  of  the 
8traight  line  witi  be  in  the  surface. 

63.  Définition.    An  angle  is  the 

inclination  of  two  Unes  to  each  other. 

ScHOLiUM.  An  aDglc  is  sometimes  denoted  by  ibis  maik  Z.,  and 
is  described  by  thrce  Ictters  placed  near  the  Unes,  the  middle  letter 
at  the  angular  point 

64.  Définition.  When  a  straight 
line  standing  on  another  straight  Une 
makes  the  adjacent  angles  equal, 
they  are  called  right  angles. 

65.  Définition.  A  straight  Une  between  two  right 
angles  is  called  a  perpendicular  to  the  line  on  which  it 
stands. 

66.  Définition.  Whenaplane 
surËu^e  is  contained  by  a  circum- 
ference,  such  that  ail  straight  lines 
drawn  to  it  from  a  certain  point  in 
the  plane  are  equal,  the  surface  is  a  circle. 

67.  Définition.  The  point,  eqnally  distant  from  the 
circumference,  is  called  the  centre. 

68.  Définition.  Any  straight  line,  drawn  from  the 
centre  to  the  circumference,  is  caUed  a  radius. 

69.  Définition.  The  term  circle  also  often  implies 
the  circumference,  and  not  the  circular  surface. 

70.  Définition.  A  portion  of  the  circumference  of 
a  circle  is  caUed  an  arc. 

71.  Définition.  A  straight  line,  joining  the  ex- 
tremities  of  an  arc,  is  its  chord. 
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66.  Définition. 
57,  Définition. 
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54.  Définition.    A  solid  is  a  portion  of  space  limiteiï 
in  magnitude  on  ail  sides. 

ScHOLiUM.    Space  is  a  mode  of  existence  incapable  of  définition, 
and  sapposed  to  be  undentood  by  tradition. 

55.  Définition.    A  surface  is  thc  limit  o(  a  solid. 

A  line  is  the  limit  of  a  surface. 
A  point  is  the  limit  of  a  Une. 

ScHOLiUM.  The  paper,  of  which  this 
figure  coTers  a  part,  is  an  example  of  a 
solid,  the  shaded  portion  represents  a 
portion  of  surface  :  tiie  boundaries  of  that  surface  are  Unes,  and  the 
three  terminations  or  intersections  of  those  lines  are  points.  In  con- 
formity  with  this  more  correct  conception,  thèse  définitions  arc 
illnstrated  by  représentations  of  the  respective  portions  of  space  of 
which  the  iiraits  are  considered  ;  and  aiso  by  the  more  usnal  method 
of  denoting  a  linc  by  a  narrow  surface,  and  a  surface  by  such  a  Une 
iurrounding  it. 

58.  Définition.  A  line  joining  two  points  is  called 
their  distance. 

59.  Définition.  When  the  distance  of  any  two  or 
more  points  remains  unchanged,  they  are  said  to  be  at 
rest;  and  a  space  of  which  ail  the  points  are  at  rest,  is 
a  quiescent  space. 

60.  Définition.    A  line  which 


must  be  whoUy  at  rest,  with  respect  to  any  quiescent  space, 
when  two  of  its  points  are  at  rest  in  that  space,  is 
a  straight  line. 

61.   Définition. 


A    line 

which  is  neither  a  straight  line,  nor  composed  of  straight 
lines,  is  a  curvc  linc. 


OF    SPACE* 


16 


62.  Définition.  A  plane  i&  a  surface,  in  whichif  any 
two  points  be  joined  by  a  straight  Une,  the  whole  of  tke 
straight  Une  wiU  be  in  the  surface. 

63.  Définition.    An  angle  is  the 

inclination,  of  two  Unes  to  each  other. 

ScHOLiUM.  An  angle  is  sometimes  denoted  by  ibis  maik  Z.,  and 
ia  described  by  thrce  letters  placed  near  the  iines,  the  middle  letter 
at  the  aDgular  point 

64.  Définition.  When  a  straight 
line  standing  on  another  straight  Une 
makes  the  adjacent  angles  equal, 
they  are  called  rîght  angles. 

65.  Définition.  A  straight  Une  between  two  right 
angles  is  caUed  a  perpendicular  to  the  line  on  whicli  it 
stands. 

66.  Définition.  Whenaplane 
surface  is  contained  by  a  circum- 
ference,  such  that  ail  straight  lines 
drawn  to  it  from  a  certain  point  in 
the  plane  are  equal,  the  surface  is  a  circle. 

67.  Définition.  The  point,  equally  distant  from  the 
circumference,  is  called  the  centre. 

68.  Définition.  Any  straight  line,  drawn  from  the 
centre  to  the  circumference,  is  called  a  radius. 

69«  Définition.  The  term  circle  also  often  implies 
the  circumference,  and  not  the  circular  surface. 

70.  Définition.  A  portion  of  the  circumference  of 
a  circle  is  caUed  an  arc. 

71.  Définition.  A  straight  Une,  joining  the  ex- 
tremities  of  an  arc,  is  its  chord. 
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72.  Définition.    The  surface, 
contained  between  an  arc  and  it» 
chordy  is  called  a  segment  of  a  circle. 

73.  Définition.  A  chord 
passing  through  tfae  centre  is 
a  diameter. 

jâ  ^L  /]  /v  74.  Définition.  A  trian- 
MÊÊ  iflHL  L I  Z. A  gle  is  a  surface  contained  be- 
tween three  Unes  ;  and  thèse  Unes  are  understood  to  be 
straight,  unless  the  contrary  is  expressed. 

76.  Définition.  When  two 
straight  lines,  lying  in  the  same 
plane,  may  be  produced  both  ways  indefinitely,  without 
meeting,  they  are  paraliel. 

ScHOLiUM.  llie  parallelism  of  lines  Ls  somctimes  denoted  by  this 
mark  ||. 

76.  PosTULATB.  It  is  required  that  the  length  of 
a  straight  line  be  capable  of  being  identified,  whether  by 
the  effect  of  any  object  on  the  sensés»  or  merely  in 
imagination,  so  that  it  may  remain  invariable. 

ScHOLiUM.  This  is  practJcally  pcrrorn.ed  by  raaking^  visible  marks 
on  a  material  surface  ;  allhough,  strictiy  spcaking,  no  such  marks 
remain  at  distances  absolutcly  invariable,  on  account  ofc^juiges  of 
température,  and  of  other  circumstances. 

77.  PosTULATE.  That  a  straight  line  of  indefinite 
length  may  be  drawn  through  auy  two  given  points. 

78.  PoSTULATK.  That  a  circle  may  be  described  on 
any  given  centre  with  a  radius  equal  to  any  given  straight 
line. 

79.  AxiOM.  A  straight  line  joining  two  points  is  the 
shortest  distance  between  them. 
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ScnoLiUM •  Widi  r8q>ect  to  ail  ttraight  line»,  thU  axiom  is  a  de- 
moDstrable  propoâtien  ;  but  since  the  démonstration  docs  not  extend 
to  ctirve  lines,  it  beoomes  necessary  to  assume  it  as  an  axiom. 

80.  Axiom.  Of  any  two  figures  meeting  in  the  endaof 
a  atraîght  Une,  that  whiclAs  nearer  the  line  has  the  shorter 
circumference,  provided  there  be  no  contrary  flexure, 

81.  Axiom.  Two  straight  Unes,  coineiding  in  two 
points,  coïncide  in  ail  points. 

ScHOLiuM.  If  they  did  not  coïncide  in  ail  points,  the  two  points  of 
ooincidence  being  at  rest,  and  ono  of  tbe  lincs  being  madothe  axis  of 
motion,  the  other  mnst  revolve  round  it,  contrarily  to  the  définition 
of  a  straight  line.  Althongh  this  is  snfficiently  obvious,  it  can  scarcely 
be  called  a  formai  démonstration. 

82.  AxiOM.    AU  right  angles  are  equal. 

83.  Axiom.  A  straight  Une,  cutting  one  of  two  parallel 
Unes,  may  be  produced  till  it  eut  the  other. 

84.  Problbm.  From  the  greater  of  two  right  Unes, 
AB,  to  eut  ofi^  a  part  equal  to  the  less,  CD. 

On  the  centre  A  describe  a  circle  with  a  radins  \ 

equal  to  CD  (78),  and  it  wiU  out  off  A£=CD  (66).     ^  ^^  ^ 


85.  Problbm.  On  a  given  right  Une,  AB,  to  describe 
an  equilateral  triangle. 

On  the  centres  A  and  B  draw  two  circles,  with 
radii  equal  to  AB,  and  to  their  intersection  C,  draw 
AC  and  BC  ;  then  AB=:AC=BC  (66^  and  the  tri- 
angle ABC  b  equilateral. 

A 

86.  Thborbm.  Two  triangles,  having  two  sides  and 
the  angle  included,  respectively  equal,  hâve  also  the  base 
and  the  other  angles  equal. 
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P  In  the  triangles  ABC,  D£F,  Ici  ACnDF, 
BC=£F,  and  L  ACB=:DF£.  Now  sapposing 
a  triangle  equal  to  DEF  to  be  constmcted  on 
AC,  the  aide  equal  to  F£  moat  coincide  in  po- 
sition with  CB^cause  L  ACBzzDFE,  and 
aiso  in  magnitude,  for  they  are  equa!^  therefore  the  point  B  will  be 
an  angular  point  of  the  supposed  triangle  ;  andsince  the  base  of  both 
triang^  must  be  a  right  Une,  it  must  be  the  same  Une  AB  (81),  and 
the  supposed  triangle  will  coincide  every  where  with  ABC  ;  there- 
fore ABC=D£F,  and  the  angles  at  A  and  B  are  equal  to  the  angles 
àt  D  and  £. 

87.  Theorbm.  If  two  sides  of  a  triangle  are  equal, 
the  angles  opposite  to  them  are  equal. 

A  In  the  sides  AB  and  AC  produced,  take  at  pleasure 

AD=A£, and  join  B£,  CD;  then  since  ADziAE, 
and  AC=AB,  and  the  angle  at  A  is  common  to  tlie 
triangles  ADC,  AEB,  those  triangles  are  equal  (86), 
\^E  and  L  ACDnABB,  Z.  ADC= AEB,  and  CDz:B£  ; 
but  BD=CE  (16),  therefore  L  BCD=CB£  (86), 
and  L  ACD--BCD=ABE— CBE  (16),  or  L  ACB=ABC. 

88.  Theorbm.  If  two  angles  of  a  triangle  are  equal, 
the  sides  opposite  to  them  are  eqaai. 

^^  Let  Z.  ABCnBCD  ;  then  AC=AB.    If  it  be  de- 

nied,  take,  in  the  greater  AC,  CD  equal  to  the  less 
AB;    then,  since  L  ABCziDCB,  AB=:DC,  and 

B^— ^C    BC  is  common,  the  triangle  ABC=DCB  (86),  the 

whole  to  a  part,  which  is  impossible. 

89.  Thborbm.  If  two  triangles  hâve  their  bases  equal, 
and  their  sides  respectively  equal,  their  angles  are  also 
respectively  equal. 

C  F       If  a  triangle  be  supposed  to  be  constrncted 

on  AB,  the  base  df  ABC,  equal  to  DBF,  the 
vertcx  of  the  triangle  must  coincide  with  C,  and 
the  whole  triangle  with  ABC.  For  if  it  be  dc- 
nied,  let  G  be  tlie  vertex  of  the  triangle  so  con- 
structed;  join  CG  ;  then  since  ACrzAG,  L  AGG=:AGC  (87),  and 
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in  tke  M«e  manncr  L  BGC=:]K::G  ;  bat  BOC  >  AOC,  therafore 
BGC  >  ACG  ;  and  ACG  >  BCG,  thercforc  muoh  more  BGC  >  BCG, 
to  whîch  h  wasshown  to  be  eqoal.  And  tlic  samc  may  be  proved 
in  any  othcr  position  of  tbe  point  G  ;  tberefore  tlie  triangle  equal  to 
DBF,  sopposed  to  be  described  on  AB,  coinoides  with  ABC. 

90.  Problkm.    To  bisect  a  g^ven  angle. 
In  the  ri^it  lines  forming^  thc  angle,  take  at  pleasure 

AB:=AC;   on  BC  describe  an   eqnilateral   triangle  ]^ 
BCD,  and  AD  will  bisect  the  angle  BAC.    For  ABr: 
AC,  BD=CD,  and  the  base  AD  is  common,  therefore 
the  triangle  ABDziACD  (89),  and  L  BAD=CAD. 

91.  Problem.    To  bisect  a  given  right  Une,  AB. 
Describe  on  it  two  equHateral  triangles,  ABC, 

ABD  ;  and  CD,  joining  their  verticcs,  will  bisect  AB 
in  E.  For  since  AC=CB,  ADnBD,  and  CD  is 
common  to  the  triangles  ACD,  BCD,  L  ACD= 
BCD  (89);  bat  CE  is  common  to  tlic  triangles  ACE 
aod  BCE,  theroforo  AE=£B  (80). 

92.  Problbm.    To  erect  a  perpendicular  to  a  given 

right  Une  at  a  given  point* 

On  each  sidc  of  the  point  A,  take  at  pleasnre  AB= 
AC,  and  on  BC  makc  an  eqnilateral  triangle,  BCD. 
llien  AD  shall  be  perpendicular  to  BC.  For  the 
sides  of  BAD  and  CAD  arc  respectivcly  equal,  there- 
fore tlio  angle  BAD=::CAD  (89),  and  both  are  right  ^ 
angles  (64),  and  AD  is  perpendicular  to  BC  (65). 

93.  Problbm.    From  a  points  A,  without  a  right  line, 
BC,  to  let  fali  a  perpendicular  on  it. 

On  the  centre  A,  through  any  point  D,  beyond 
BC,  describe  a  circlc,  which  mast  obvionsly  eut  BC 
join  AB  and  AC,  and  bisect  the  angle  BAC  by  tho 
line  AE;  AE  will  be  perpendicular  to  BG.  For 
Z.BAE=:CAE,  AB=AC,  and  AE  is  common  to 
the  triangles  BAE,  CAE;  thercforc  ZAEB=AEC  (86),  and  both 
are  right  angles  (61). 
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94.  THBORBir.  The  angles,  whioh  any  rightHne  makes 
on  one  side  of  another,  are,  togetber,  eqnal  to  two  right 
angles. 

p  Let  AB  be  perpendicular  to  CD,  and  EB  oblique 

to  it,    then   CB£+EBD=:CBA+AB£+EBD=: 
CBA+ABD(14). 


OBI) 

95.  Thborem.  If  two  right  Unes  make  with  a  third, 
at  the  same  point,  but  on  opposite  sides,  angles  together 

eqaal  to  two  right  angles,  they  are  in  the  same  right  Une. 

«» 

j^  If  it  bedenied,  let  AB,  wbich  together  with  AC, 
Q  makes  with  AD,  the  angles  BAD,  DAC  equal  to  two 
^  right  angles,  be  not  in  the  right  Une  CA£.  Then 
BAD+DAC,  being  eqnal  to  two  right  angles,  is 
equal  to  EAD+DAC  (94),  and  BAD=::£AD,  theless  to  the  greatcr, 
which  is  impossible. 

96.  Thborbm.  If  two  right  Unes  intersect  each  other, 
the  opposite  angles  are  equal. 

From  the  equaîs,  ABC-j-ABD  and  ABD+DBE 
(94,  82),  subtract  ABD,  and  tho  remainders,  ABC, 
^^^\     DBE,  are  equal.    In  the  samo  manner  ABDr: 
^    CBE. 

97.  Thborbm.  If  one  side  of  a  triangle  be  produced» 
the  ex.terior  angle  will  be  greater  than  either  of  the  interior 
opposite  angles. 

Bisect  AB  in  C,  draw  DCE  ;  <ake  C£=:CD, 
and  join  BE,  then  the  triangle  ACDi=BC£  (96, 
86),  and  ZCB£=CAD;  but  ABF>CBE,  thcre- 
^j^    fore  ABF>CAD.    And  in  tho  same  manner  it 
may  be  proved,  by  producing  AB,  that  ABF  is 
greater  than  ADB. 

98.  Thborbm.  The  greater  side  of  any  triangle  is 
opposite  to  the  greater  angle. 
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aOO,  Thbobbm.  The  cbord  of  the  circl«  of  «qaal  ear- 
Tataie  witb  an  ellipsU  at  any  point,  passing  throngh  the 
footis.  is  eqaal  to  twice  the  harmonie  mean  of  the  distances 
of  the  foci  trom  the  giveD  point,  or  to  the  prodaot  of  the 
distances  divided  hy  one  foarth  of  the  greater  axis. 

Let  AB  be  kn  oroDoicent  aie  of 
the  ellîpiit,  coincidiDg  vrith  Iha 
tangent,  then  tiie  radias  of  cnrv»- 
tore  bîtectinK  slwijt  tiie  angle 
CAD  or  CBD,  the  point  E,  in  which 
tbn  ladii  A£  and  BE  meet,  will  nl- 
tiiMtely  be  the  centre  of  the  circte 
of  equal  Gunatore.  Let  BF,  BG, 
beparallel  to  AC,  AD:  then  BU. 

libectiug  FBG,  wiU  be  paraltel  lo  AE  :  bnt  EB;i=CBP-f-FBH— 
CBE=CBF+1FBG— iCBD=:CBF— iCBF+lDBG=  1  (CBF+ 
DBG)=!(ACB+ADB).  Now,  in  the  triangles  ABC,  ABD,  M  AC 
n  to  tiie  tino  of  ABC,  «o  i»  AB  to  the  sine  of  ACB,  and  as  AD  ■■  ta 
theiioeof  ABD,  sois  AB  to  the  aine  ofBDA;  but  the  sineHof  ABC 
ind  ABD  are  nltimately  equal  ;  conseqaently  ACB  and  ADB  are 
inienel;  as  AC  and  AD,  <»  as  their  reciprocals,  and  EBH  or  AEB, 
whidiistiiehairBam  of  ACB  kad  ADB,  is  os  the  mean  of  those  r»- 
cipiDcals  :  let  BI  be  the  reciprocal  of  that  mean,  or  the  harmonlo 
mean  of  AC  and  AD,  then  the  angle  AIB::=AEB  ;  for  the  evanes- 
ecnt  angle*  ACB,  AlB,  or  their  sines,  are  reciprocally  as  AC,  AI, 
■iuce  thèse  angles  havo  tho  tome  side  AB  opposite  to  them  in  the 
triangles  ABC,  ABI,  and  their  equals  BC,  BI  are  opposite  to  the 
•ame  angle  BAC  ;  for  the  same  reason,  taking  BK:=3BI,  AKB  îi 
half  irf  AEB  i  coiiseqaently  K  ia  lu  the  cîrolo  of  carraturei  ind  BE 
isita  cbord. 

SOI.  Theosbm.  The  square  of  theperpendicnlar,  fal!- 
tng  on  the  tangent  of  an  ellipsis  Irom  its  focns,  is  to  tbe 
square  of  the  distance  of  tbe  point  of  contact  frem  the  fo- 
ooâ,  as  a  third  proportiooal  to  the  axes  is  to  tbe  focal  cbord 
of  cnrretore. 
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It  has  beeniAiowD  thii^ABq  : 
CDq::A£:£F   (199),    therefore 
ABq  :  AEq:  ".  CDq  :  AE.EF  ;  bot 
^    the  cbord  of  the  circle  of  equal 


carvatare,  EG,  is  =: 


2AE.EF 
CH     ' 


and 

ÇDq 
CH 


AE.EF=iEG.CH,therefore  ABq  :  AEq!  :CDq  :  J  EG.CH:  :  2 

:EG. 

ScHOLiUM.  It  may  easily  be  demonstrated  that  a  peq>endicidftr 
to  the  normal  of  the  curve,  or  to  the  Une  perpcndicalar  to  its  tan- 
gent, imssing  through  tlie  point  where  it  meets  tlie  axis,  bisects  the 
focal  chord  of  carvature,  and  that  a  perpendicular,  falling  from  the 
same  point  on  the  chord,  cuts  off  a  constant  portion  from  it,  equal  to 
the  third  proportional  to  the  semiaxes. 

202.  Theorem.  The  square  of  any  ordinate  of  an 
ellipsis,  parallel  to  the  lesser  axis,  ià  to  the  rectangle  con- 
tained  by  the  segments  of  the  g^eater  axis,  as  the  square 
of  the  lesser  axis  to  the  square  of  the  greatcr. 

On  the  centre  A  describe  the 
circle  BCDE,  passing  through 
the  focns  B  ;  then  EF  :  BF:  : 
CF  :  DF  (138).  Call  HI,«, 
HB,J,  AB,a^,  GH,z,  then  EF=2a, 
BFi=2i,  CF  =  2BH— 2BG= 
2GH=2z,  DF=EF— ED=î 


2r,  and  2a  :  2b:  \2z  :  2a— 2a:,  a  :  h\  \z  :  «— x,  a  ;  a-fJ:  \z  :  z+a~<r 
:  :«4-2'  :  2a— x  +*+^  (32) ;  aiso  a  :  a— J*.  \z  :  z— (a— x):  la— z  :  2a 
— x— (J+z),  and  by  multiplying^  the  terms,  aa  l  aa — bb',  ;(a-f  2). 
(«— z)  :  (2a— x)^J+2)»,  or  Hlq.HKq.IIG.GL  :  AFq— GFq,  or 
AGq. 

203.  Theorem.  The  area  of  an  ellipsis  is  to  that  of 
its  circumscribiDg  circle,  as  the  lesser  axis  to  the  greater. 

For  since  the  square  of  the  ordinate  is  to  the  rectangle  contained 
by  the  segments  of  the  axis,  or  to  the  square  of  the  corresponding 
ordinate  of  the  circle  (137),  as  tlie  square  of  the  lesser  axis  to  that  of 
the  grvater,  the  ordinate  itself  is  to  that  of  the  circle  in  the  constant 
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ratio  of  4lie  Umer  axis  to  the  g^reater.  For  if  four  qnantitîes  are  pro« 
portionaly  their  iquares  are  prc^rtional,  and  the  reverse.  Bat  the 
flaziçnf  of  the  areas  are  eqaal  to  the  rectangles  contained  by  thèse 
ordinales  and  the  same  fluxion  of  the  absciss  (100),  they  are,  there^ 
forSy  in  the  constant  ratio  of  the  ordlnates,  and  the  corresponding 
àreas  are  also  in  the  samc  ratio  (47). 

2Ô4.  Définition.  If  the  square  of  the  absciss  is  equal 
to  the  rectangle  contained  by  the  ordiiiate  and  a  given 
^nantity,  the  cunre  is  a  pafabola»  and  the  given  quantity 
its  pai'ametef . 

SCHOLIUM.  Thus  ABq=:P.BC. 
tf  the  axes  of  an  ellipsis  are  sap- 
posed  infinité,  it  becomes  a  parabola^  ^C 

for  since  — =:    ^     ,  if  a  becomes      /r 


^  ~a»-«r' A    B      B      B 

liiflnite,«r  ranishes  in  comparison  withox,  and  -~  z:^  ,-*  x  =yS  and 


ax  a 


—  is  ^e  parameter  of  the  parabola;  and  the  distance  from  the  focas 

is  in  a  constant  ratio  to  the  square  of  the  perpendicnlar  falling  on 
the  tangent. 

905.  Définition.  When  the  ordinale  is  as  any  other 
power  of  the  absciss  than  the  second,  the  curve  is  still  a 
parabola  of  a  différent  order. 

Tlms  when  the  ordinate  is  as  the  third  power  of  the  absciss,  the 
carre  b  a  cnbio  parabola. 

206.  Thborem.  If  any  figure  be  supposed  to  roU  on 
another,  and  any  point  in  its  plane  to  describe  a  curve,  that 
cnnre  will  alwaysbe  perpendicnlar  to  the  rightline  joining 
the  describing  point  and  the  point  of  contact 

Siqipasa  the  fignres  rectilinear  polyg^ns  $  then  the  point  of  contact 
wflU  always  be  the  centre  of  motion,  and  the  figure  described  will 
oonsist  of  portions  of  circles  meeting  each  other  in  fmite  angles,  so 
tbat  each  portion  will  be  always  perpendicnlar  to  the  radius,  thougfa 
no  two  nuUi  taieot  in  the  point  of  contact    And  if  the  number  of 
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sidM  be  încreMcd  withont  limit,  the  polygoiu  viU  tffVMiA  infi- 
nitely  near  to  cvniea,  and  each  portion  of  the  cnrve  described  witl 
ïtil)  bo  perpendicular  to  the  line  pwuiog  tbiongh  the  point  i^  cou- 
Uet 

207.  Définition.  A  circle  being  supposed  to  roU  on 
a  straight  Une,  Uie  carve  described  by  a  point  in  the  cir- 
cnmfcrence  is  called  a  cycloid. 

S08.  Thboreh.  The  cvolate  of  a  cyoloîd  îb  an  cqual 
cycloid,  and  tbe  length  of  its  arc  is  doable  tbatof  the  por- 
tion of  the  tangent  eut  off  by  the  vertical  tangent. 

Let  two  equal  circle*  AB,  BC, 
rolliog  Ml  Ibe  parallel  haaet  DA  and 
EB,  Kt  the  distance  of  a  distneter 
of  the  circlus,  describe  with  tfce 
pointa  F  and  G  the  cqnal  cycloidi 
EF  and  EG.  Draw  the  diameter 
PH  ;  Iben  H  will  be  tbe  point  tb«t 
coîucidcd  «itb  D,  and  HA~DA= 
EB=:  «rc  BO,  and  the  remaindcn  AF  and  GC  are  cqnal,  Ihercfore 
^.ABF=CBG  (133),  and  FBG  is  a  right  line  (96).  But  FG  ib  pei^ 
pendicntar  to  AF  (134),  thcrefure  it  toncbes  £F  (206),  uid  it  h 
alwayi  perpendicnlar  lo  EG  (206)  ;  tlierefore  EG  v'ûl  coincide  witb 
the  inTotnte  of  £F,  for  thej  set  ont  ti^ether  from  E,  and  are  alwaya 
perpendicular  to  Iho  ssme  line  PG  (193),  which  the;  could  not  be  if 
they  erer  Kparated.  '  Conseqncnllf  the  curve  EF  is  alwajs  eqaal 
to  FG  (192),  or  3FB,  twice  the  portion  ofthe  Ungent  cnt  off  by  EB. 

309.  Thborem.  The  fluxion  of  the  cycloidal  arc  is  to 
that  of  the  basis,  as  the  evolvcd  radias  to  the  diameter  of 
the  genereting  circle. 

p  For  the  incrément  GI=2BK,  and  BK  :  BL:  :BG 
:BC,aiid3BK  :BL::FG  ;  BC, which  il  thorefore 
the  ratio  oftho  fluxions. 

ScHOLiUN.  If  the  fluxion  of  the  base  be  constant- 
that  of  the  curve  will  var?  as  the  dislance  of  tha 
dcscribing  point  frum  tbe  point  of  contact. 
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âlO.  Définition*  If  the  absciss  be  eqaal  to  the  arc 
of  a  given  circle,  and  the  peq)endicular  ordinate  to  the 
correspondiDg  sine,  the  curve  wiU  be  a  figure  of  sines. 

211.  Définition.  If  a  second  figure  of  sines  be 
addedy  by  taking  ordinales  equal  to  the  cosines^  the  pair 
maj  be  called  conjugate  figures  of  sines. 

212.  Thborem.  The  radins  of  curvature  of  the  figore 
of  sines  at  the  vertex  is  equal  to  the  ordinate. 

For  the  fluxion  of  the  base  becoming  ultimately  equal  to  that  of 
fbo  alMcUs  in  the  corresponding  circle,  wliilc  the  ordinatcs  are  alao 
equal,  the  curve  ultimately  coincidcs  with  a  portion  of  that  circle. 

213.  Theoeem.  The  area  of  each  half  of  the  figure  of 
sines  is  equal  to  the  square  of  the  vertical  ordinate. 

For  the  fluxion  of  the  absciss  being  con- 
stant, that  of  the  sine  varies  as  the  cosine 
(142),  tberefore  the  fluxion  of  the  ordinate  of 
the  figure  of  sines  may  always  bc  representcd 
by  the  corresponding  ordinate  of  the  conju- 
gate figure.  Let  AB,  CD,  be  the  conjugate 
figures,  then  EF  will  rcpresent  the  fluxion  of  £G,  and,  since  the  arc 
and  sine  are  ultimately  equal,  tlie  fluxion  of  EG  at  C  wili  be  equal 
to  that  of  the  absciss,  thcrefore  BC  will  always  reprcscnt  the  con- 
stant fluxion  of  the  absciss.  But  the  fluxion  of  the  area  AEF  is  the 
rectangle,  undcr  the  flnxion  of  the  absciss  AE  and  the  ordinate  EF  ; 
thatis,  the  rectangle  undcr  BC  and  the  fluxion  of  EG,  and  the  fluent 
BC.(AD — EG)  is,  therefore,  equal  to  the  area,  which  at  C  becomes 
BCq. 

214.  Définition*  Each  ordinate  of  the  figure  of  sines 
bdng  diminished  in  a  given  ratio,  the  curve  becomes  the 
harmonio  curve. 

ScHOLiUM.  The  ordinates  being  diminished  in  a  constant  pro- 
portion, their  incréments  and  fluxions  are  diminished  in  the  same 
proportion,  the  fluxion  of  the  base  remaiuiug  constant 
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215.  Thborem.    The  radias  of  carvatare  at  the  irertex 

of  the  harmonie  cnrve  is  to  that  of  the  figure  of  sines^  on 

the  same  base,  as  the  greatest  ordinate  of  thé  figure  of 

sines  to  that  of  the  harmonie  eurve. 

'  For»  takiDg  any  equal  evanescent  portions  of  the  vertical  tangents, 
the  radii  will  be  inversely  as  the  sagittae,  which  are  similar  portions 
oftbe  corresponding  ordinates,  and  are  therefore  to  each  otherin 
the  ratio  of  those  ordinates. 

216.  Theorem.  The  figure,  of  which  the  ordinates 
are  the  sums  of  the  corresponding  ordinates  of  any  two 
harmonie  curves,  on  equal  bases,  but  crossing  the  absciss 
at  difierent  points,  is  also  a  harmonie  curve. 

The  absciss  of  the  one  cunre  being  x,  that  of  the  other  wiil  be  «+ 
Xy  and  the  ordinates  willbe  ^sin.  x)  and  c  (sin.  a+^)  ;  now  sin.  a-f 
«:r:(co8«  ap).(sin.  a)  +(cos.  a).(sin.  x)  and  the  joint  ordinate  will  be 
(6-f  c.(cos.  a)).(sin.  x).+c.(8in.  a).(co8.a:);  if,  therefore,  d  be  the  angle 

of  which  the  tangent  is  ■       ;  *   ^     its  sine  and  cosine  will  be  in  the 

6-|-c.(cos.  a) 

ratio,  ofc.(8in.  a.)  to  (+<Kcos.  a),  and  (cos.  if).(sin.  ar)-f-(sin.  cO<(cos.x), 
will  be  to  the  ordinate  in  the  constant  ratio  of  sin.  d  to  c.(sin.  a)  ; 
but  (cos.  «0.(8in.  ap)+(8in.  J).(cos.  or)  is  the  sine  of  rf-fx;  conse- 
qnently  the  newiy  formed  figure  is  a  harmonie  curve. 

The  same  may  be  shown  geometri- 
^B  cally,  by  placing  two  circles,  having 
their  diametcrs  equal  to  the  greatest 
ordinates  of  the  separate  curves,  so  as 
to  intersect  each  otiier  in  an  angle  equal 
to  the  angular  distance  of  the  origin  of 
the  curves  :  then  a  right  line  revolving 
round  their  intersection,  with  an  eqnable  velocity,wi]l  hâve  segments 
eut  off  by  each  circle  equal  to  the  corresponding  ordinate,  and  tbe 
sum  or  difierence  of  the  segments  will  be  the  joint  ordinate  :  and  if 
a  circle  be  described  through  the  point  of  intersection,  touching  the 
common  chord  of  thcftwo  circles,  and  having  its  radius  equal  to  the 
distance  of  their  centres,  this  circle  will  always  eut  off  in  the  re- 
volving line  a  portion  equal  to  the  ordinate.    For  if  AB  be  made 


310.  Définition.  If  the  absciss  be  equal  to  the  arc 
of  a  given  circle,  and  the  perpendicular  ordinate  to  the 
correspondÎDg  sine»  Uie  curve  will  be  a  figure  of  sines. 

211.  Définition.  If  a  second  figure  of  sines  be 
added,  by  taking  ordinales  equal  to  the  cosines,  the  pair 
maj  be  called  conjugate  figures  of  sines. 

212.  Thborem.  The  radius  of  curvature  of  the  figure 
of  sines  at  the  vertex  is  equal  to  tlie  ordinate. 

For  the  fluxion  of  the  base  becoming  ultimatcly  equal  to  that  of 
the  abscUs  in  the  correspond ing  circle,  whilc  the  ordinates  are  aiso 
equal,  the  curve  ultimately  coincidcs  with  a  portion  of  that  circic. 

213.  Theorem.  The  area  of  each  half  of  the  figure  of 
sines  is  equal  to  the  square  of  the  vertical  ordinate. 

For  the  fluxion  of  the  absciss  being  con- 
stant, that  of  the  shic  varies  as  the  cosine 
(142),  therefôre  the  fluxion  of  tlic  ordinale  of 
the  figure  of  sines  may  always  be  representcd 
by  the  corresponding  ordinate  of  the  conju- 
gate fîgare.  Let  AB,  CD,  be  the  conjugale  A  E  C 
figures,  then  EF  will  rcpresent  the  fluxion  of  EG,  and,  since  the  arc 
and  sine  are  ullimately  equal,  the  fluxion  of  EG  ut  C  will  be  equal 
to  that  of  the  absciss,  therefôre  BC  will  always  rcpresent  the  con- 
stant fluxion  of  tlie  absciss.  But  the  fluxion  of  Ihe  arca  AEF  is  the 
rectangle,  under  the  fluxion  of  the  absciss  AE  and  Ihe  ordinale  EF  ; 
that  is,  the  rectangle  under  BC  and  the  fluxion  of  EG,  and  the  fluent 
BC.(AD — EG)  is,  therefôre,  equal  to  the  area,  which  at  C  becoincs 
BCq. 

214.  Définition.  Each  ordinate  of  the  figure  of  sines 
being  diminished  in  a  given  ratio,  the  curve  becomes  the 
harmonie  curve. 

ScHOLiUM.  The  ordinates  being  diminished  in  a  constant  pro- 
portion, their  incréments  and  fluxions  are  dimini.shi  d  in  Ihe  sanic 
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Sbction  I.     Of  undisturbed  motion. 

217-  AxioM.  Lîke  causes  produce  lîke 
effects,  or,  in  similar  circumstances,  similar 
conséquences-  ensue. 

ScHOLiUM  1.  Thi»  axiom  bas  alvrays  been  essentially 
concemed  in  every  improvement  of  natural  pbilosopby»  bat 
it  bas  been  more  and  more  employed»  ever  since  the  revi- 
yal  of  letters,  under  tbe  name  Induction.  It  is  tbe  moat 
gênerai  and  tbe  most  important  law  of  nature  ;  it  is  tbe 
foondation  of  ail  analog^cal  reasoning,  and  it  is  collected 
from  eonstant  expérience»  «by  an  indispensable  and  un- 
avoidable  propensity  of  tbe  buman  mind. 

ScHOLiUM  2.  It  does  not  appear  tbat  we  can  bave  any 
otber  aocurate  conception  of  causation,  or  of  tbe  con- 
■ezion  of  a  cause  witb  its  effect,  tban  a  strong  impression 
of  tbe  observation,  from  uniform  expérience»  tbat  tbe  one 
bas  constantly  followed  tbe  otber.  We  do  not  know  tbe 
intiinate  nature  of  tbe  connexion  by  wbicb  gravity  causes 
a  stone  to  fall»  or  bow  tbe  string  of  a  bow  urges  tbe  arrow 
forwards;  nor  is  tbere  any  original  absurdity  in  supposing 
it  possible,  tbat  tbe  stone  might  bave  remained  suspended 
io  tbe  air,  or  tbat  tbe  bowstring  migbt  bave  passed  tbrough 
tbe  arrow  as  ligbt  passes  tbrougb  glass.     But  ît  is  obvious 
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that  we  cannot  help  concluding  the  stone's  weight  to  bo  the 
immédiate  and  necessary  cause  of  its  fall»  and  that  every 
heavy  body  will  fall  unless  supported  ;  and  the  pressure  of 
the  string  to  be  the  necessary  cause  of  the  arrow's  motion, 
and  that  if  we  shoot,  the  arrow  will  fly  ;  and  if  we  hesitated 
to  make  thèse  conclusions,  we  shoold  often  pay  dear  fcM* 
our  scepticism.  This  explanation  is  sufficient  to  show  the 
identity  of  the  two  expressions,  that  '^like  causes  produce 
like  effects/'  and  that  ^'in  similar  circumstances,  similar 
conséquences  ensue."  And  such  is  the  ground  of  argument 
from  expérience,  the  simplest  principle  of  reasoning,  ailer 
pure  mathematical  truths  ;  which  appear  to  be  so  far  prier  to 
expérience,  as  their  contradiction  always  implies  an  absur- 
dity  répugnant  to  the  imagination. 

Sgholium  3.  In  the  application  of  induction,  the 
greatest  caution  and  circumspection  are  necessary  ;  for  it 
is  obvions  that,  before  we  can  infer  with  certainty  the  «om- 
plete  similarity  of  two  contingent  e vents,  we  must  be  per- 
iectly  well  assured  that  we  are  acquainted  with  every  oir- 
cumstance  which  can  bave  any  relation  to  their  causes. 
The  error  of  some  of  the  ancBmt  schoob  consisted  princi- 
paUy  in  the  want  of  sufficient  précaution  in  this  respect; 
for  although  Bacon  is,  with  great  justice,  considered  as  the 
author  of  the  most  correct  method  of  induction,  yet,  ac- 
cording  to  his  own  statement,  it  was  chiefly  the  g^arded 
and  graduai  appËeation  of  the  mode  of  argument,  that  he 
laboured  to  introduce.  He  remarks,  that  the  Aristoteliana, 
from  a  basty  observation  of  a  few  concurring  facts,  pro- 
eeeded  immediately  to  deduce  universal  principles  of 
science,  and  fundamental  laws  of  nature,  and  then  derived 
firom  thèse,  by  their  syllogisms,  ail  the  particular  cases, 
which  ought  to  hâve  been  made  intermediate  steps  in  the 
inquiry.     Of  such  an  error  we  may  easily  find  a  familier 
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Section  I.     Of  undisturled  motion. 

217-  AxioM.  Like  causes  produce  like 
effects,  or,  in  sîmîlar  circumstances,  sîmilar 
conséquences-  ensue. 

ScHOLiUM  !•  This  axiom  bas  always  been  essentially 
concemed  in  every  improvement  of  natural  philosopby,  but 
it  bas  been  more  and  more  employed,  ever  since  the  revi- 
val  of  letters,  under  the  name  Induction.  It  is  the  most 
gênerai  and  the  most  important  law  of  nature;  it  is  the 
fonndation  of  ail  analogical  reasoning,  and  it  is  collected 
from  constant  expérience,  «by  an  indispensable  and  un- 
avoidable  propensity  of  the  human  mind. 

ScHOLlUM  2.  It  does  BOt  appear  that  we  can  bave  any 
other  accurate  conception  of  causation,  or  of  the  con- 
nexion of  a  cause  with  its  effect,  than  a  strong  impression 
of  the  observation,  from  uniform  expérience,  that  the  oue 
has  constantly  followed  the  other.  We  do  not  know  the 
intimate  nature  of  the  connexion  by  which  gravity  causes 
a  stone  to  fall,  or  how  the  string  of  a  bow  urges  the  arrow 
forwards;  nor  is  there  any  original  absurdity  in  supposing 
it  possible,  that  the  stone  might  hâve  remained  suspendcd 
in  the  air,  or  that  the  bowstring  might  bave  passed  through 
the  arrow  as  light  passes  through  glass.     But  it  is  obvious 
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if  a  single  atom  existed  alone  in  the  nniverse,  it  conld  nei* 
ther  be  said  to  be  in  motion  nor  at  resU  This  may  seem 
in  some  measnre  paradoxical»  but  it  is  the  necêssary  con« 
seqnence  of  admitting  the  définition^  and  the  paradox  ûi 
only  owing  to  the  difficultyof  imagining  the  existence  of  a 
single  atoQi,  uusnrronnded  by  innnmerable  points  of  space 
which  we  represent  to  ourselves  as  immoveable* 

ScHOLiUM  2.  It  bas  been  for  want  of  a  précise  défini-* 
tion  of  the  term  motion,  that  many  authors  hâve  iallen  into 
confusion  with  respect  to  absolute  and  relative  motion. 
For  the  définition  of  motion»  as  the  change  of  rectilinear 
distance  between  two  points,  àppears  to  be  the  définition 
of  what  is  commonly  called  relative  motion  ;  but,  on  a  strict 
examination,  we  shall  find,  that  what  we  usually  call  abso- 
lute motion  is  merely  relative  to  some  space,  which  we 
imagine  to  be  without  motion,  but  which  may  very  often  be 
so  in  imagination  only.  The  space,  which  we  call  quiescent, 
is  in  gênerai  that  which  is  in  the  neighbourhood  of  the 
earth's  surface:  yet  we  well  know,  from  astronomical  con« 
siderations,  that  every  point  of  the  earth's  surface  is  per- 
petually  in  motion,  and  that  the  direction  of  its  motion  is 
even  continually  varying  :  nor  are  there  any  material  objecta 
accessible  to  our  sensés,  which  we  can  consider  as  abso-  ' 
lutely  motionless,  or  even  as  completely  motionless  wilii 
regardHo  each  other,  since  the  continuai  variation  of  tem- 
pérature, to  which  ail  bodies  are  lia^le,  and  the  minute  agi- 
tations, arising  from  the  motions  of  other  bodies  with  which 
they  are  connected,  will  always  tend  to  produce  soma 
imperceptible  change  of  their  distances. 

SoHOLiUM  3.  Thèse  minute  changes  are  neglected  iù 
the  elementary  opérations  of  practical  geometry:  it  must 
not,  however,  be  forgotten  that  they  exist,  and  it  is  right 
to  make  it  one  of  the  postulâtes,  which  are  the  basis  of 
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nathematical  demonstratioD,  ^'tbat  the  length  of  a  straigbt 
line  be  capable  of  being  identifiecl,  wbether  by  tbe  effect 
of  aDy  object  on  the  sensés,  or  merely  in  imagination,  so 
that  H  may  remain  invariable*'  (76):  although  this  postdata 
bas  more  generally  been  tacitly  understood  than  expressed» 
ScHOLlUM  4.  When,  therefore,  we  assert  that  a  body 
is  absolutely  at  rest,  we  only  mean  to  express  its  relation  to 
some  comparatively  large  spaoe  in  wbicb  it  is  contained  :  for 
that  there  exists  a  body,  or  even  a  point,  absolutely  at  rest, 
m  as  strict  a  sensé  as  an  absolutely  slraight  line  may  be 
eonceived  to  exist,  we  cannot  positively  aflirm;  and  if  such 
a  qoiescent  body  or  point  did  exist,  we  bave  no  criterion 
by  which  it  coold  be  distinguished.  Sapposing  a  ship  to 
move  at  the  rate  of  Ihree  miles  in  an  hour,  and  a  person 
on  board  fo  walk  or  to  be  drawn  towards  the  stem  at  the 
same  rate,  he  would  be  relatively  in  motion,  with  respect  to 
Uie  ship,  yet  we  might  very  properly  consider  him  as  abso- 
lately  at  rest  :  but  he  would,  on  a  more  extended  view,  be 
at  rest  only  in  relation  to  the  earth*s  surface  ;  for  he  wonld 
still  be  revolving  round  the  axis  of  the  earth  with  that  sur- 
face, and  with  the  whole  earth  round  the  sun:  and  with  the 
son  and  tbe  whole  solar  system  he  would  perhaps  be  slowly 
moving  among  the  starry  worlds  which  surround  us.  Now 
with  respect  to  any  efTects  wilhin  the  ship,  ail  the  subsé- 
quent relations  to  exterior  objects  are  of  no  conséquence 
whatever,  and  the  change  of  his  rectilinear  distance,  from 
the  Tarious  parts  of  the  ship,  is  ail  that  needs  to  be  consi- 
dered  in  determiniug  those  effects.  In  the  same  manner, 
if  the  ship  appear,  by  comparison  with  the  water  only,  to 
be  moving  through  it  with  the  velooity  of  three  miles  an 
bonr,  and  the  water  be  moving  at  the  same  time  in  a  con- 
trary  direction  at  the  same  rate,  in  conséquence  of  a  tide 
or  carrent,  the  sbip  will  be  at  rest  with  respect  to  the  shore. 
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if  a  single  atom  existed  alone  in  the  nniverse,  it  conld  nei* 
ther  be  said  to  be  in  motion  nor  at  rest.  This  may  seem 
in  some  measnre  paradoxical,  but  it  is  the  necéssary  con« 
seqnence  of  admitting  the  définition,  and  the  paradox  iâ 
only  owing  to  the  difficultjof  imagining  the  existence  of  a 
single  atoQi,  uusnrroanded  by  innumerable  points  of  space 
which  we  represent  to  onrselves  as  immoveable* 

ScHOLiUM  2.  It  bas  been  for  want  of  a  précise  défini- 
tion of  the  term  motion,  that  many  aathors  hâve  fallen  into 
confasion  with  respect  to  absolu  te  and  relative  motion. 
For  the  définition  of  motion,  as  the  change  of  rectilinear 
distance  between  two  points,  àppears  to  be  the  définition 
of  what  is  commonly  called  relative  motion  ;  but,  on  a  strict 
examination,  we  shali  find,  that  what  we  usually  call  abso- 
lute  motion  is  merely  relative  to  some  space,  which  we 
imagine  to  be  without  motion,  but  which  may  very  often  be 
so  in  imagination  only.  The  space,  which  we  call  quiescent, 
is  in  gênerai  that  which  is  in  the  neighbourhood  of  the 
earth's  surface:  yet  we  well  know,  from  astronomical  con« 
siderations,  that  every  point  of  the  earth's  surface  is  per* 
petually  in  motion,  and  that  the  direction  of  its  motion  is 
çven  continually  varying  :  nor  are  there  any  material  objecta 
accessible  to  our  sensés,  which  we  can  consider  as  abso- 
lutely  motionless,  or  even  as  completely  motionless  witii 
regardHo  each  other,  since  the  continuai  variation  of  tem- 
pérature, to  whicb  ail  bodies  are  lia^le,  and  the  minute  agi- 
tations, arising  from  the  motions  of  other  bodies  with  which 
they  are  connected,  will  always  tend  to  produce  soma 
imperceptible  change  of  their  distances. 

Sgholium  3.  Thèse  minute  changes  are  neglected  iù 
the  elementary  opérations  of  practical  geometry:  it  must 
not,  however,  be  forgotten  that  they  exist,  and  it  is  right 
to  make  it  one  of  the  postulâtes,  which  are  the  basis  of 
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Bathematical  demonstratioD,  ^'that  the  length  of  a  straight 
Ifaie  be  capable  of  being  identifiée!»  whetber  by  tbe  effect 
of  any  object  on  the  sensés,  or  merely  in  imagination»  so 
that  ît  may  remain  invariable"  (76)  :  although  this  postulata 
bas  more  generaliy  been  tacitly  understood  than  expressed* 
ScHOLiXJM  4.  When»  therefore»  we  assert  tbat  a  body 
is  absolutely  at  rest»  we  only  mean  to  express  its  relation  to 
some  comparatively  large  spaoe  in  which  it  is  contained  :  for 
that  there  exists  a  body»  or  even  a  point,  absolutely  at  rest» 
m  as  strict  a  sensé  as  an  absolutely  slraight  Une  may  be 
eonceived  to  exista  we  cannot  positively  alBrm;  and  if  such 
a  qoiescent  body  or  point  did  exist»  we  hâve  no  criterion 
by  which  it  coold  be  distinguished.  Supposing  a  ship  to 
move  at  the  rate  of  three  miles  in  an  hour»  and  a  person 
on  board  io  walk  or  to  be  drawn  towards  the  stem  at  the 
same  rate,  he  would  be  relatively  in  motion»  with  respect  to 
Uie  ship»  yet  we  might  very  properly  consider  him  as  abso- 
lutely at  rest  :  but  he  would»  on  a  more  extended  view»  be 
at  rest  only  in  relation  to  the  earth's  surface  ;  for  he  would 
still  be  revolving  round  the  axis  of  the  earth  with  that  sur- 
face» and  with  the  whole  earth  round  the  sun  :  and  with  tbe 
son  and  tbe  whole  solar  system  he  would  perhaps  be  slowly 
moving  among  the  starry  worlds  which  surround  us.  Now 
with  respect  to  any  efTects  within  the  ship»  ail  the  subsé- 
quent relations  to  exterior  objects  arc  of  no  conséquence 
whatever»  and  the  change  of  his  rectilinear  distance»  from 
the  Tarions  parts  of  the  ship»  is  ail  that  needs  to  be  consi- 
dered  in  determiniug  those  efTects.  In  the  same  manner» 
if  the  ship  appear»  by  comparison  with  the  water  only»  to 
be  moving  through  it  with  the  velooity  of  three  miles  an 
bonr»  and  the  water  be  moving  at  the  same  time  in  a  con- 
trary  direction  at  the  same  rate»  in  conséquence  of  a  tide 
or  carrent»  tbe  sbip  will  be  at  rest  with  respect  to  the  shore» 
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but  the  mataal  actions  and  relations  of  the  ship  and  thcr 
water  will  be  the  same»  as  if  the  water  were  actually  at  reet, 
and  the  ship  in  motion.  Laplace  (§1.  P*  3.)  viows  this 
sobject  in  the  more  popnlar  light,  and  employa  much  matbe* 
matical  reasoning,  to  deduce  from  it  the  principles,  hère  laid 
down  as  fondamental.    (§  4.  P.  14.  §.  5.  P.  15.) 

219.  Définition.  A  space  or  surface, 
of  which  ail  the  points  remain  spontaneously 
at  equal  distances  from  each  other,  is  said  to 
be  quîescent,  or  at  rest  within  itself. 

ScuoLiUM.  The  term  '^  spontaneonsly"'  is  introduced, 
in  order  to  exclade,  from  tho  définition  of  a  qoiescent 
space,  any  surface,  of  which  the  points  are  only  retained 
at  rest  by  means  of  a  centripetal  force,  while  they  revolve 
round  a  common  centre  ;  for,  with  respect  to  such  a  re- 
Tolving  space  or  surface,  the  motions  of  any  body  will  de- 
Tiate  from  the  laws  which  govern  thcm  in  other  cases. 

220.  Définition.  When  a  point  is  con- 
sidered  as  in  motion  with  respect  to  a  quies* 
cent  space,  the  rîght  line,  joinîng  any  two  of 
its  proximate  places,  is  called  its  direction, 
and  such  a  point  is  often  simply  denominated 
a  moving  point. 

SOHOLIUM.  Supposing  the  point  to  remain  continually 
in  one  right  line  drawn  in  the  quiescent  space,  that  line  is 
always  the  line  of  its  direction  ;  if  it  describes  several  right 
Unes,  each  line  is  the  line  of  its  direction  as  long  as  ît 
continues  in  it;  but  if  its  path  becomes  curved,  we  can  no 
longer  consider  it  as  perfectly  coinciding  at  any  time  with 
a  right  line,  and  we  must  recur  to  the  letter  of  the  défini- 
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tion,  by  sapposiog  a  rigbt  Une  to  be  drawn  through  two 
saccessive  point»  in  which  it  is  foand  ;  and  then  if  thèse 
prâiti  be  coDceived  to  approach  each  other  without  limita 
we  shall  bave  the  line  of  its  direotion.  Now,  sach  a  line 
18  oalled  in  geometry  a  tangent,  for  it  meets  the  earve,  but 
does  not  ont  it,  provided  that  the  cnrvatnre  be  continaed 
without  contrary  flexnre  (126). 

221.  Théo  REM.  A  movîng  point  never 
qaits  the  line  of  its  direction  without  a  new 
disturbing  cause. 

A  right  line  being  the  same  with  respect 
to  ail  sidês,  sînce  it  must  remain  wholly  at 
rest  if  it  be  supposed  to  tum  round  any  two 
of  its  points  (60),  there  can  be  no  imaginable 
reason  wtiy  the  point  should  incline  to  one 
iide  more  than  to  another.  Let  AB  be  the  direction  of  the 
motion  of  A  in  the  plane  ABC,  and  let  CB  and  DB  be  equal 
andperpendicular  to  AB,  then  the  triangles  ABC  and  ABD 
are  equal  (86),  and  A  is  similarly  related  to  C  and  D.  But 
if  A  départ  from  AB,  and  be  found  in  anji*  point  out  of  it, 
as  £,  £D  will  be  greater  than  EC  (103),  and  A  will  be  no 
longer  si^^ilarly  related  to  C  and  D,  contrarily  to  the  gê- 
nerai law  of  induction  (217). 

ScHOLiUM.  This  argument  appears  to  be  sufficiently 
satisfactory  to  g^ve  us  ground  for  asserting,  that  the  law 
of  motion,  hère  laid  down,  may  be  considered  as  inde- 
pendent  of  expérimental  proof.  It  was  once  proposcd  as 
aprize  question  by  the  Acadcmy  of  Sciences  at  Berlin,  to 
détermine  whether  the  laws  of  motion  were  necessary  or 
accidentai;  that  is,  whether  they  were  to  be  considered  as 
mathematical  or  as  physical  truths.  Maupcrtuis,  then 
président  of  the  academy,  endeavoured  to  dcduce  them 
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from  a  metaphysical  principle  of  the  minimam  of  actioa^ 
which  is  of  a  very  complicated  and  almost  fanciftil  natnre  ; 
and  tbe  intricacy  of  bis  theory  tends  only  to  envelope  the 
sal^ect  in  nnnecessary  obscarity  ;  while  tbe  fondamental 
laws  of  motion  appear  t^  be  easily  demonstrable  from  the 
simplest  mathematical  truths,  çranting  only  the  bemoge* 
neity  or  similarity  of  matter  with  respect  to  motion,  and 
allowing  the  gênerai  axiom,  that  like  causes  produce  like 
efiects.  Ify  bowever,  any  person  thioks  difierently,  he  is 
at  liberty  to  call  thèse  laws  expérimental  axioms»  coUeoted 
from  a  comparison  of  various  phenomena  :  for  we  cannot 
easil}  reduce  them  to  direct  experiments,  since  we  can 
neyer  remove  from  our  apparatus  the  action  of  ail  disturb- 
ing  causes  ;  for  either  gravitation,  or  the  contact  of  sur- 
rounding  bodies,  will  interfère  with  ail  the  motions  which 
we  can  examine. 

222.  Définition.  The  times,  in  which 
a  point,  moving  withoutdisturbance,  describes 
equal  parts  of  the  line  of  its  direction,  are 
called  equal  times. 

223.  Theorem.  The  equality  of  times 
being  estimated  by  any  one  undisturbed  mo- 
tion, ail  other  points,  moving  without  disturb- 
ance,  will  describe  equal  portions  of  their 
lines  of  direction  in  equal  times. 

ACE       BDP  G         JLet  A  and  B  be  moving 

'     *     *         •  •  •  in  the  same  line,  and  while 

A  describes  AC,  let  B  describe  BD  ;  then  whilo  A  de- 
scribes CE=AC,  B  will  describe  DF=BD.  For  sup- 
pose  AC=2BD,  and  let  A6=:2AB,  then  AB  and  BG 


OF   UUDISTURBED    MOTION.  05 

have  heen  eqvally  decreased  in  one  instance,  and  the  rela- 
tions remaining  the  same,  they  wili  still  be  equally  de- 
creased (217):  the  relative  motion  of  A  and  B  being  equat 
to  that  of  B  and  6,  and  any  absolute  motion  being  no  way 
determinable,  there  can  be  no  reason  why  the  one  should 
be  otherwise  affected  tban  the  other  ;  therefore  CE  will  be 
twice  DF  :  and  a  similar  mode  of  reasoning  may  be  ex- 
tended  to  ail  other  cases,  where  the  proportion  of  the  mo- 
tions is  less  simple. 

SoHOLiUM  1.  Having  estabHshed  the  permanency  of 
the  rectilinear  direction  of  undistarbed  motion,  we  corne 
to  consider  its  aniformity.  Hère  the  idea  of  tinae  enters 
into  oor  snbject;  and  we  must  have  some  measure  of 
eqnal  times,  whicb  cannot  be  merely  intellectnal,  and  must 
therefore^  bejartimated  by  some  changes  in  extemal  ob- 
jects.  Of  thèse  changes,  the  simplest  and  mostconvenient 
uTtlie  apparent  motion  of  the  snn,  or  rather  of  the  stars, 
derived  tromthe  actnal  rotation  of  the  earth  on  jte  axis, 
which  is  not,  indeed,  an  nndistorbed  rectilinear  motion, 
bnt whicEjseqnaily  applicable  to  every'pracïïcÎBÏpurpôse: 
and  hence  we  obtain,  by  astronomical  observations,  the  j 
well  known  measures  of  the  duration  of  time,  implied  by  i 
the  terms  day,  honr,  minute,  and  second. 

SCHOLIUM  2.  Now,  the  eqnality  of  times  being  thus 
estimated  from  any  one  motion,  ail  other  bodies,  moving  jf 
withont  distarbance,  will  describe  equal  successive  parts  ^ 
of  theirlines  of  direction  in  equal  times.  And  this  is  the  ** 
second_law  of  motion,  which,  with  the  former  law,  con- 
stittites  Newton's  first  axiom  or  law  of  motion;  **  that  ^ 
every  body  persévères  in  its  state  of  rest  or  uniform  rectili-  i 
netf^otion,  except  so  far  as  it  is  compelled  by  some  force  ' 
to  change  it."  This  second  law  appears  to  be  strictiy  ' 
deducible  firom  the  axioms  and  définitions  which  have  been 
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premisedy  and  principally  from  the  coDsideration  of  the 

I  relative  nature  of  motion,  and  the  total  deficiency  of  any 

'  criterioD  of  absolote  motion  :  it  is«ai8o  confirmed  by  its 

perfect  agreement  witb  ail  expérimental  obseryationa,  al- 

I  thoDgh  it  is  too  simple  to  admit  of  an  immédiate  proof. 

For  we  oan  never  place  any  body  in  sucb  circumstances,  as 

to  be  totally  exempt  firom  tbe  opération  of  ail  acceferatini; 

or  retarding  causes;  and  the  deduc^onflTfiHQimsucb  expe- 

nments,  as  we  can  make,  would  requûrey  in  gênerai^  for 

the  aocurate  détermination  of  the  necessary  corrections,  a 

prerious  assumption  of  the  law  which  we  wish  to  démon- 

strate. 

ScHOLiUM  3.  When,  indeed,  we  consider  tbe  motion 
of  a  projectile,  we  bave  only  to  allow  for  the  disturbing 
force  of  gravitation,  which  so  modifies  the  effect,  that  the 
body  déviâtes  firom  a  right  Une,  but  remains  in  the  same 
vertical  plane;  whence  we  may  infer,  that,  in  the  absence 
of  the  force  of  gravitation,  the  body  would  continue  to 
move  in  every  other  plane  in  which  its  motion  began,  as 
well  as  in  the  vertical  plane,  since  in  that  case  ail  planas 
would  be  indiffèrent  to  it  ;  it  would,  therefore,  necessarily 
remain  in  their  conunon  intersection,  which  could  only  be  a 
straight  Une  :  so  that,  by  thus  combining  argument  with 
observation,  we  may  obtain  a  confirmation  of  the  law  of 
the  rectilinear  direction  of  undis^urbed  motion,  founded  in 
great  measure  on  direct  experiment.  The  uniformity  of 
undisturbed  motion,  is,  however,  still  less  subjected  to 
inunediate  examination  ;  yet,  from  a  considération  of  the 
nature  of  friction  and,  résistance,  combined  with  the  laws 
of  gravitation,  we  may  ultimately  show  the  perfect  coinci- 
dence  of  the  theory  with  experiment. 

ScHOLlUM  4.  The  tendency  of  matter  to  persévère  in 
tbe  State  of  rest,  or  of  nniform  rectilinear  motion,  is  called 
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its  inertia,  or  sometimes»  very  improperly,  it3  vu  imtOo^.  \ 
Bat  theproperties  of  matter»  as  such,  belong  to  pbysical 
rather  thaD  to  mathematical  science  :  and  we  are,  at  prê- 
tât, considering  the  motions  of  a  supposed  inert  point 

224-  Th  £0  r  £  m  .  If  any  number  of  points 
move  in  parallel  Unes,  describing  equal  spaces 
in  equai  times^  they  are  quiescent  with  respect 
to  each  other  ;  and  if  ail  the  points  of  a  plane 
move  in  tnis  manner  on  another  plane,  either 
plane  will  be  in  rectilinear  motion  with  re- 
spect to  the  other. 

Let  A,  By  and  C  describe  in  a  given 
time  tbe  equal  parallel  Unes  AD,  BE, 
CF,  then  AB=D£,  EF=BC,  and 
DF=:AC  (109),  and  the   points   are  c  p 

matoally  quiescent  (218,  219).  It  is  aiso  obvions,  that  if 
two  points  bave  equal  and  parallel  motions,  the  whole  of 
the  plane  will  also  bave  a  similar  motion. 

225.  Définition.  If  a  plane  be  in  rec- 
tilinear motion  with  respect  to  another  plane, 
in  contact  with  it,  and  if,  besîdes  this  gênerai 
motion  of  the  plane,  any  point  be  supposed 
to  hâve  a  particular  motion  in  it,  this  point 
win  hâve  two  motions  with  respect  to  the 
other  plane,  one  in  common  with  its  plane, 
and  the  other  peculiar  to  itself  ;  and  the  joint 
effect  of  thèse  motions,  with  respect  to  the 
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other  plane,  is  called  the  resuit  of  the  two 
motions. 

226.  Theoeem.  The  resuit  of  two  mo- 
tions, with  respect  to  a  quiescent  space,  is  the 
diagonal  of  the  parallelogram  of  which  the 
two  sides  would  be  described  by  the  separate 
motions  ;  and  any  motion  may  be  considered 
as  the  resuit  of  any  other  motions  thus  com- 
posing  it. 

XB  c  ^^  ^*  ^'  ^^^  ^  ^^  three  qaiescent 
points»  and  let  Z,  T,  and  X  be  three 
points  in  another  plane  which  moves  in 
the  direction  AZ,  or  BY  ;  theh  the  point 
A  has  a  rectilinear  motion  ZA  with  respect  to  the  plane 
ZYX.  Now,  while  AZ  is  described  by  Z,  let  A  hâve  a 
motion  in  its  own  plane  equal  to  AB  ;  then  it  will  bave 
two  motions  with  respect  to  ZYX,  by  the  joint  effect  of 
which  it  will  arrive  at  X  in  that  plane  ;  and  if  the  motions 
are  both  equable,  it  may  be  shown,  by  the  properties  of 
similar  triangles»  that  it  describes  the  diagonal  ZX.  Bnt 
it  is  of  no  conséquence  to  the  relative  motion  of  A  and 
ZXY  which,  or  whether  either,  be  imagined  to  be  abso- 
lutely  at  rest:  therefore,  in  gênerai,  the  resuit  of  two  mo- 
tions, in  a  quiescent  space,  is  the  diagonal  of  the  parallelo- 
gram of  which  the  sides  would  be  described  by  the  sepa- 
rate motions  :  and  the  motion,  tbus  produced,  is  precisely 
the  same  as  if  it  were  derived  irom  a  simpler  cause. 

ScHOLlUM  1.    The  existence  of  two  or  more  motions 
at  the  same  time,  in  the  same  body,  is  not  at  first  compre- . 
hended  witbout  some  difficalty.    But  it  is,  in  fact,  only  a 
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oombination  or  séparation  of  relations  that  is  considered  ; 
in  tfae  same  manner  as  by  combining  the  relation  of  son  to 
&tber,  and  brother  to  brother»  we  obtain  the  relation  of 
nephew  to  onde,  so  by  oombining  the  motion  of  a  man 
walking  in  a  ship,  with  the  motion  of  the  ship,  we  déter- 
mine the  rebtive  velooity  of  tho  man  with  respect  to  the 
earth's  sor&ce. 

ScHOLlUM  2.  When  an  arm  is  made  to  slide  npon  a 
bar,  and  athread,  fixed  to  the  bar»  is  made  to  pass,  over  a 
pniley  at  the  end  of  the  arm  next  the  bar,  to  a  slider 
which  is  moveable  along  the  arm,  the  slider  moves  on  the 
arm  with  Ae  same  velooity  as  the  arm  on  the  bar  ;  bat  if 
the  thread,  instead  of  being  fixed  to  the  slider,  be  passed 
again  over  a  poUey  attached  to  it,  and  then  brought  back 
to  be  fixed  tothe  arm,  the  motion  of  the  slider  will  be  only 
lialf  that  of  the  arm  ;i  and  this  will  be  true  in  whatever  po- 
sition the  arm  be  fixed.  Hère  we  bave  two  motions  in  the 
slider,  one  in  common  with  the  arm,  and  the  other  pecu« 
liar  to  itself,  which  may  be  either  equal  or  unequal  to  the 
first;  and  by  tracing  a  line  on  a  fixed  plane,  with  a  point 
attached  to!  the  slider,  we  may  easily  examine  the  joint 
resnlt  of  both  the  motions. 

ScHOLiUM  3.  The  line  described  by  the  tracing  point 
of  this  i^paratns  will  be  precisely  the  same,  whether  it  is 
simply  drawn  along  by  the  hand  in  the  given  direction,  or 
made  to  move  on  the  arm  with  a  velocity  eqnal  to  that  of 
the  ann,  or  when  the  arm  is  in  a  difièrent  position,  with 
only  half  that  velooity.    The  line  AB,  for  example,  may 

be  either  simply  drawn  in  the  f      P _B 

directibn  AB,  or  it  may  be 

traoed  by  the  eqnal  motions 

AC  and  AD  of  the  arm  and  its    f^  C 

slider,  or  by  tfae  nneqnal  motions  AE  and  AF. 


1**^      V-T'   - 
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ScHOLiUM  4.  There  is  some  difiBicnlty  in  imaginiiig  a 
slower  motioD  to  coDiain,  as  it  were,  within  itself,  two  more 
rapid  motions  opposing  each  other  :  but,  in  &ct,  we  hâve 
only  to  suppose  ourselves  adding  or  subtracting  maâie- 
matioal  quantities,  «nd  we  must  relioquish  tbe  prejadice, 
derived  from  our  own  feelings,  whiob  associâtes  the  idea  of 
effort  with  that  of  motion.  When  we  conçoive  a  state  of 
rest  as  the  resuit  of  equal  and  contrary  motions,  we  use  the 
same  mode  of  représentation,  as  when  we  say,  that  a  dpher 
is  the  sum  of  two  equal  quantities  with  opposite  signs  ; 
for  instance,  pins  ten  and  minus  ten  make  nothing. 

Sgholiuh  5.  The  law  of  motion,  hère  established, 
differs  but  little,  in  its  enunciation,  from  tbe  original  words 
of  Aristotle,  as  they  stand  in  bis  Mechanical  Problema. 
He  says,  that  ''  if  a  moving  body  bas  two  motions,  bear- 
ing  a  constant  proportion  to  each  other,  it  must  neoessaiîly 
describe  the  diameter  of  a  parallélogram,  of  which  the 
sides  are  in  the  ratio  of  the  two  motions/'  It  is  obvions, 
that  this  proposition  includes  tbe  considération  not  only  of 
nnifoim  motions,  but  also  of  motions  which  are  similariy 
acoelerated  or  retarded:  and  we  should  scarcely  hâve  ex- 
pected,  that,  from  the  time  at  which  thé  subject  began  to 
be  so  clearly  understood,  an  interval  of  two  thoosand  years 
wonld  faave  elapsed,  before  the  law  began  to  be  applied  to 
the  détermination  of  the  velocity  of  bodies  actuated  by  de- 
flecting  forces,  which  Newton  bas  so  simply  and  elegantly 
dedueed  firom  it 

ScHOLiUM  6.  In  the  lawa  of  motion,  which  are  the 
chief  foundation  of  the  Principia,  their  great  anthorintro- 
duces  at  once  the  considération  of  forces;  and  the  first. 
corollary  stands  thus  :  ''  a  body  describes  tiie  diagonal  of 
a  parallëlogram  by  two  forces  aoting  conjointl^,  in  the  sâme 
time,  in  whi(£it  wonld  deseribeits  sides,*  by  the  eame  fofeas 
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acting  8q>arate1y."  It  appears,  faowever»  to  be  more  na- 
tural  and  perspicuous  to  defer  the  considération  of  force 
until  the  simpler  doctrine  of  motion  has  been  separately 
examined. 

227.  Théo  RE  M.  Any  equable  motions, 
represented  by  the  sides  of  a  triangle  or  poly- 
gon,  supposed  to  take  place  in  the  same 
moveable  point,  in  directions  parallel  to  those 
sidès,  and  in  the  order  of  going  round  the 
figure,  destroy  each  other,  and  the  point 
remains  at  rest. 

For  two  sides  of  the  triangle,  AB,  BC,  B 

are   sides  of  the  parallelogram  ABCD,    Au,^^^— — ^r 
therefore  by  the  motions  AB,  BC,  or  AB,        \~^x^^^ 
AD,  A  would  arrive  at  C,  while  by  the  mo-         D 
tion  CA  it  would  be  broaght  back  to  A  in  the  same  time  ; 
and  ail  the  motions  being  equable,  it  will  always  remain 
in  A  :  and,  in  the  same  manner,  the  proof  may  be  ex- 
tended  to  a  figure  with  any  greater  nnmber  of  sides.    The 
truth  of  the  proposition  will  also  appear  by  considering 
several  successive  planes  as  moving  on  each  other,  and  the 
point  A  as  moving  in  the  last  :  or  we  may  imagine  each 
motion  to  take  place  in  succession  for  an  equal  small  in- 
terval  of  time  ;  then  the  point  would  describe  a  small  po- 
lygon  similar  to  the  original  one,  and  would  be  found,  at 
the  end  of  the  whole  of  the  small  intervais,  in  its  original 
situation. 

ScHOLlUM.  When  the  motions  to  be  combined  are 
numerons  and  diversified,  it  is  often  convenient  to  résolve 
each  motion  into  three  parts,  reduced  to  the  directions  of 
three  g^ven  lines  perpendicular  to  each  other  :  and,  in  this 
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mimner,  the  gênerai  result  of  any  number  of  motions  may 
be  obtained,  by  addition  and  snbtraction  only,  Thus,  if  a 
bird  ascended  in  an  oblique  direction»  we  might  describe 
its  flight  by  estimating  its  progress  northwards  or  soatln 
wards,  eastwards  or  westwards»  and  at  the  same  time  up- 
wards»  as  accurately  as  if  we  ascertained  the  immédiate 
bearing  and  angular  élévation  of  its  path»  and  its  velocity 
in  the  direction  of  its  motion. 

SECTION  II.  OP  SIMPLE  ACCELERATING  FORCES. 

228.  Définition.    Any  immédiate  cause 
of  a  change  of  motion  is  called  a  force. 

ScHOLlUM  1.  The  Word  force  ought  to  be  very  strictly 
oonfined  to  a  cause  which  produces  motion  in  a  body  at 
rest,  or  which  increases,  diminishes,  or  modifies  it  in  a 
body  wtdch  was  before  in  motion.  Thus,  the  power  of 
gravitation,  which  causes  a  stone  to  fall  to  the  ground,  is 
called  a  force  ;  but  when  the  stone,  after  descending  down 
a  hill,  roUs  along  a  horizontal  plane,  it  is  no  longer  im- 
pelled  by  any  force,  and  its  relative  motion  continues  un- 
altered,  until  it  is  gradually  destroyed  by  the  retarding 
force  of  firiction.  It  was  truly  asserted  by  Descartes, 
that  the  state  of  motion  is  equally  natural  with  that^rcgt. 
and  âat  when  a  body  is  once  in  motion,  it  requires  no 
forèign  power  to  snstain  its  velocity.  Since,  however,  the 
inertia  of  one  body  may  easily  become  the  cause  of  motion 
in  anbther  which  is  impelled  by  it,  the  tenu  force  is  not 
uncommonly  employed  as  almost  synonymous  with  motion, 
and  hence  bas  arisen  the  incorrect  notion  of  the  vis  inertiae, 
and  of  the  force  possessed  by  a  moving  body  :  but  we  must 
be  careful  to  recollect  that  this  sensé  of  the  tenu  force  is 
only  so  far  correct,  as  it  is  applied  to  tbe  power  of  causing 
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motion  in  another  body,  and  net  to  tbe  motion  of  any  one 
body  consîdered  separately. 

SOHOLIUM  2.  It  is  a  necessary  condition  in  tiie  défi- 
nition of  force,  tiiat  it  be  tiie  cause  of  a  change  of  motion 
iritii  respect  to  a  qniescent  space.  For  if  the  change  were 
only  in  the  relative  motion  of  two  points,  it  migbt  happen 
withont  the  opération  of  any  force  :  thns,  if  a  body  be 
moying  without  distnrbance,  its  motion  with  respeet  to 
another  body,  net  in  the  Une  of  its  direction,  wiU  be  per- 
petnally  changea;  and  this  change,  considered  alone,  would 
indicate  the  existence  of  a  répulsive  force  :  and,  on  the 
other  faand,  two  bodies  may  be  snbjected  to  the  action  of 
an  attractive  force,  while  their  distance  remains  unaltered, 
in  conséquence  of  the  centrifugal  efiect  of  a  rotatory  mo- 
tion :  the  inertia  hère  becoming  a  relative  force,  which 
tends  to  increase  the  distance  of  the  body  from  a  point  out 
of  the  Une  of  its  direction,  with  an  accelerated  motion, 
nnless  connteracted  by  on  attractive  force. 

ScHOLiUM  8.  The  mnscular  exertion  of  an  animal,  the 
«nbending  of  a  bow,  and  the  impulsion  produced  by  the 
apparent  contact  of  a  moving  body,  are  iamiUar  instances 
of  the  actions  of  forces.  We  must  not  imagine  that  the 
idea  of  force  is  naturally  connected  with  that  of  labour  or 
diffionUy  ;  this  association  is  only  derived  from  habit,  since 
oor  voluntary  actions  are  in  gênerai  attend'ed  with  a  cer- 
tain effort,  leaving  an  impression  almost  inséparable  from 
that  of  tiie  force  which  it  calls  into  action. 

ScHOLlUM  4.  It  is  natnral  to  inquire,  in  what  immé- 
diate manner  any  force  acts,  so  as  to  produce  motion  ;  for 
instance,  by  what  means  the  earth  causes  astone  to  gravi- 
tate  towards  it«  In  some  cases,  indeed,  we  are  disposed 
to  imagine  that  we  understand  better  the  nature  of  tiie 
aetion  of  a  iprce,  as,  when  a  body  in  motion  strikes  ano- 
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ther,  we  conceive  tbat  the  impenetrability  of  matter  is  a 
safficient  cause  for  the  communication  of  motion,  since  the 
first  body  cannot  continue  its  course  without  displaciogthe 
second  ;  and  it  bas  been  supposed,  that  if  we  could  dift- 
cover  any  similar  impulse,  wbich  mightbe  the  cause  of  gra- 
iritation,  we  should  hâve  a  perfect  idea  of  its  opération. 
But  the  fact  is,  that  even  in  cases  of  apparent  impulse»  the 
bodies  impelling  each  other  are  not  actually  in  contact  ; 
and  if  any  anatogy  between  gravitation  and  impulse  be  ever 
established,  it  will  not  be  by  referring  them  both  to  tbe 
impenetrability  of  matter,  but  to  the  intervention  of  some 
common  agent,  whiçh  must  probably  be  impondérable.  It 
was  observed  by  Newton,  tbat  a  considérable  force  was 
necessary  to  bring  two  pièces  of  glass  into  a  dc^pree  of 
contact,  which  still  was  not  quite  perfect;  and  Aobison 
bas  estimated  this  force  at  a  thousand  pounds  for  every 
square  inch.  Thèse  extremely  minute  intervais  bave  been 
ascertained  by  observations  on  the  colours  of  the  thin 
plate  of  air  included  between  the  glasses  ;  and  wheQ  an 
image  of  thèse  colours  is  exhibited  by  means  of  the  solar 
microscope,  it  is  very  easily  shown  that  the  gl(^es  are 
separated  from  each  other,  by  the  opération  of  this  répul- 
sive force,  as  soon  as  the  pressure  of  the  screws  wbich 
confine  them  is  diminished  ;  the  rings  of  colours,  dépendent 
on  their  distance,  contracting  their  dimensions  accord- 
ingly.  Hence  it  is  obvions,  that  whenever  two  pièces  of 
glass  strike  each  other,  without  exerting  a  pressure  équi- 
valent to  a  thousand  pounds  for  each  square  inch,  they 
may  afiect  each  other^s  motion  without  actually  coming 
into  contact  It  might  perhaps  be  imagined,  that  this  ré- 
pulsion depended  on  some  .particles  of  air  adhering  to  the 
glass;  but  the  experiment  bas  been  found  to  sucçeed 
equally  wdl  in  tbe  vacnum  of  an  air  puipp.    We  muiit, 
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therefore,  be  contented  to  ackDowIedge  our  total  i| 
mncc  of  the  intimate  nature  of  forces  of  every  kind  ;  mm« 
we  hâve,  at  présent,  only  to  examine  the  efifect  of  forces, 
considered  with  regard  to  their  magnitude  and  direction, 
without  inquiring  into  their  origin. 

229.  Définition.  When  the  increase  or 
diminution  of  the  velocity  of  a  moving  body 
is  uniform,  its  cause  is  calFe^alSIfonn  force  ; 
the  incréments  of  space,  which  would  be  de- 
scribed  in  any  given  time  with  the  initial  velo- 
cities,  being  always  equally  increased  or  di- 
minished. 

SCHOLIUM  1.  The  Word  velocity  appears  to  be  suffi- 
ciently  understood  from  ccmmon  usage,  although  it  is  not 
easy  to  give  a  correct  définition  of  it  The  velocity  of  a 
body  may  be  said  to  be  the  quantity  or  degree,  of  its  mo- 
tion, independently  of  any  considération  of  its  mass  or 
magnitude  ;  and  it  might  always  be  measured  by  the  space 
described  in  a  certain  portion  of  time,  for  instance,  a  se- 
cond,  if  there  were  no  other  motions  than  undisturbed  or 
oniform  motions  :  but  the  velocity  may  vary  very  consi- 
derably  within  the  second,  and  we  must,  therefore,  bave 
some  otfaer  measure  of  it  than  the  space  actually  described 
in  any  finite  interval  of  time.  If,  however,  the  times  be 
sopposed  infinitely  short,  the  éléments  of  space  described 
nu^  be  considered  as  the  true  measures  of  velocity. 
Thèse  éléments,  though  oonceived  to  be  smaller  than  any 
assignable  quantity,  may  yet  be  accurately  compared  with 
each  otfaer;  and  the  reason  that  they  afibrd  a  true  criterion 
of  die  velocity  is  this,  that  the  change  prodnœd  in  the 
velotity,  during  an  evanescent  interval  of  time,  must  be 
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absolutely  inconsiderable  io  comparison  with  the  whole 
velocity  ;  fto  that  tbe  élément  of  space  becomes  a  tnie 
ineasure  of  the  temporary  velocity,  in  the  same  manner  as 
any  larger  portion  of  space  may  be  the  measure  of  a  uni- 
form  velocity. 

ScHOLiUM  2.  In  this  country  it  bas  been  usnal,  at 
least  un  very  lately»  to  préserve  the  geometricïJ  accuracy 
introduced  by  the  great  inventer  of  the  method  of  fluxions, 
uad  to  call  "  any  finite  «juantities,  in  the  ratio  of  tiSo^^o- 
cities  of  increase  and  decrease  of  two  or  more  magni- 


tades,"  the  fluxions  of  thèse  magnitudes  (46).  Thus,  if 
we  call  the  incremenls  of  x  and  y,  i  and  y,  we  bave,  for 
the  fluxions,  any  magnitudes  x  and  y^  so  assumed,  that 
;r  :  y  shall  be  equal  to  x  ly  when  thèse  incréments  bécome 
evanescent.  On  tbe  continent,  it  bas  been  more  common 
to  Write  dx  and  dy  for  x  aud  y,  considered  as  actually 
evanescent.  It  bas  been  observed  by  Euler,  at  the  be- 
ginning  of  bis  Intégral  Calculus,  that  the  language  of  the 
English  is  the  more  correct,  but  that  the  continental  nota- 
tion is  the  more  convenient.  His  words  are  thèse  : 
"  Quas  enim  nos  quantitates  variabilesvocamus,  eas  An- 
gli,  nomine  magis  idoneo,  quantitates  fluentes  vocant,  et 
earum  incrementa  infinité  parva  seu  evanescentia  fluxionea 
nominant,  ita  ut  fluxiones  ipsis  idem  sint,  quod  nobis  dif- 
ferentialia.  Haec  diversitas  loquendi  ita  jam  usu  inva- 
luit,  ut  conciliatio  vix  unquam  sit  expectanda:  equidem 
Angles  in  formulis  loquendi  lubenter  imitarer,  sed  signa, 
quibus  nos  utimur,  illorum  signis  longe  anteferenda  viden- 
tur."  Art.  6.  In  fact,  bowerer,  tbe  English  do  noi  call 
the  evaneêunt  incréments  fluxions,  any  more  than  a  mile 
is  an  evanescent  quantity,  when  we  speak  of  a  velocity  of  a 
mile  an  hour.    Tbere  are  certably  some  cases  in  wbicb 
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tbe  fluxioDftl  Dotation  is  inconvenieet;  thas,  when  we  bave 
ocoasioD  to  Write  dSx=S<Lry  it  wonld  be  impossible  to  ex- 
press thîs  équation  without  deyiating  from  thatmethod  ;  we 
migbt,  indeed,  write  (Sx)'=&ry  bat  we  still  introduce  a 
beterogeneous  cbaracter.  It  is,  bowever,  a  great  inele* 
gance»  to  say  tbe  least,  not  to  distingnish  a  cbàracteristic 
from  a  mnltiplying  qaantity  by  a  différence  of  type  ;  for  dx 
meanSy  accord  ing  to  ali  analogy,  tbe  prodact  of  d  and  x  : 
and  it  is  mucb  more  intelligible  to  write  dx,  as  Lacroix 
and  many  otbers  bave  done,  instead  of  dx,  as  it  is  generally 
printed  in  tbe  works  of  Laplace.  It  must  always  be  un- 
derstood,  tben,  tbat  ix,  as  well  as  x,  dénotes  a  finite  qaan- 
tity proportional  to  an  evanescent  élément  :  bat  wben  we 
use  other  cbaracteristics  of  variation,  sucb  as  S  or  A,  it 
is  not  always  necessary  to  limit  tbeir  signification  so  pre- 
cisely  :  and  it  will  sometimes  be  convenient  to  employ  tbe 
mark  D  for  an  élément  of  matter,  considered  as  evanescent, 
and  AS  for  an  evanescent  incrément  of  x,  corresponding 
to  tbe  fluxion  dx. 

ScHOLiUM  3.  Now,  a  uniform  force  is  a  force  tbat 
uniformly  increases  tbe  velocity  of  a  moving  body.  For 
exampie,  if  tbe  velocities,  at  tbe  beginning  of  any  two 
separate  seconds,  be  sucb  tbat  tbe  body  would  describe 
one  foot  and  ten  feet  in  tbe  respective  seconds,  and  tbe 
spaoes  actaally  described  become  two  feet  and  eleven  feet, 
eacb  being  increased  one  foot,  tbe  accelerating  force  must 
be  denominated  aniform  :  it  must  also  be  uniform,  in  tbe 
stili  stricter  sensé  of  tbe  définition,  if  tbe  velocities,  at  tbe 
end  of  tbe  second,  bave  been  so  increased,  tbat  tbe  body 
woold  describe  two  and  eleven  feet  rospectively  in  anotber 
second,  if  tbey  continued  tbeir  motion  unaltered. 

ScHOLlUM  4.  Tbepower  of  gravitation,  acting  at  or 
near  tbe  eartb's  surface,  may,  witbout  sensible  error,  be 
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considered  as  a  uniforia  force.  Thus,  if  a  body  begins  to 
fall  from  a  state  of  rest»  it  acquires  in  a  single  second  a 
velocity  of  32^  feet  in  a  second  ;  and  in  two  seconds  a 
velocity  of  64^  feet:  having  described  in  the  first  second 
16^  feet  or  16*09,  and  in  tbe  second  32^+16iV='iS^- 
The  decrease  of  the  force  of  gravitation,  in  proportion  to 
tiie  square  of  the  distances  firom  the  earth's  centre,  is 
barely  perceptible,  at  any  heights  within  onr  reach,  by  the 
nicest  tests  tbat  we  can  employ.    See  268. 

230.  Theorem.  The  velocity,  produced 
by  any  uniformly  accelerating  force,  îs  pro- 
portional  to  the  magnitude  of  the  force,  and 

the  time  of  its  opération,  conjointly- 

•—  ...-■.^î*-^'- ■'  ■  ** 

For,  the  time  and  the  velocity  both  flowing  equably,  their 
finîte  incréments  will  be  in  a  constant  ratio  (229,  47),  and 
the  velocity  being  the  measure  of  the  force,  the  velocity 
generated  in  a  given  time  must  aiso  be  proportional  to  the 
force.  It  may  aIso  readily  be  shown,  by  the  composition 
of  motion,  that  a  double  action  must  produce  a  double  velo- 
city :  for  when  the  equal  sides  of  a  parallelogram,  repre- 
senting  two  separate  motions,  approach  to  each  other,  and 
at  last  coincide  in  direction,  the  diagonal  of  the  parallelo- 
gram, representiog  their  joint  effect,  becomes  equal  to  the 
sum  of  the  sides  :  and  the  action  of  two  independent 
forces  must  be  truly  represented  by  the  two  sides  of  thè 
parallelogram,  which  represent  them  separately,  otherwise 
they  would  not  be  independent,  norcould  their  combination 
be  called  a  double  force.  If  we  call  the  accelerating  force 
a,  the  lime  t,  and  the  velocity  produced  v,  we  shall  bave  v 

ut 
proportional  to  ai,  and  —  a  constant  quantity  ;  or,  if  thts 

quantity  ue  calIed  unity,  atzzv. 
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ScHOLiUM  1.  Tlie  V  of  Laplace  is  Bometimes  em- 
ployed  as  denotiDg  the  number  of  mètres  described  in  a 
décimal  second,  or  *864*,  wbich  is  aiso  the  Dumber  of  my- 
riometers  described  in  a  décimal  bonr,  or  the  tenth  of  a 
day  (§  4.  P.  15.)  :  but  it  is  often  more  convenient  for  com- 
pntation  to  make  v  the  number  of  English  feet  described 
in  an  ordinary  second. 

ScHOLiUM  2.  The  machine»  invented  by  Mr.  Atwood, 
fnmishes  us  with  a  very  convenient  mode  of  making  expé- 
rimenta on  accelerating  forces.  The  velocity,  produced  by 
the  undiminifihed  force  of  gravity,  is  much  too  great  to  be 
conveniently  submitted  to  expérimental  examination  ;  bat 
by  means  of  this  apparatus,  we  can  diminish  it  in  any  degree 
that  is  reqaired.  Two  boxes,  which  are  attached  to  a 
thread  passing  over  a  pulley,  may  be  6lled  with  différent 
weights,  which  counterbalance  each  other,  and  constitnte, 
together  with  the  pulley,  an  inert  mass,  which  is  put  into  mo- 
tion by  a  small  weight  added  to  one  of  them.  The  time  of 
deseent  is  measured  by  a  second  or  half  second  pendulum, 
the  space  described  being  ascertained  by  the  place  of  a 
moveable  stage,  against  which  the  bottom  of  the  descend- 
ing  box  strikes  :  and  when  we  wish  to  détermine  immedi- 
ately  the  velocity  acquired  at  any  point,  by  measuring  the 
space  nniformly  described  in  a  given  time,  the  accelerating 
force  is  removed,  by  means  of  a  ring,  which  idtercepts  the 
preponderating  weight,  and  the  box  proceeds  with  auniform 
yelocity,  except  so  far  as  the  friction  of  the  machine  retards 
it  By  cbanging  the  proportion  of  the  preponderating 
weight  to  the  whole  weight  of  the  boxes,  it  is  obvions  that 
we  may  change  the  velocity  of  the  descent,  and  thus  exhi- 
bit  the  effects  of  forces  of  différent  magnitudes.  New, 
that  the  velocity  generated  is  proportional  to  the  time  of  the 
action  of  the  force,  or  that  the  force  of  g^vitation,  at  least 
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wben  thu8  modified,  is  propeiiy  called  a  aniform  accelerat- 
iug  force,  may  be  shown  by  placiDg  tbe  moveable  ring  so 
as  to  intercept  tbe  same  bar  saocessively  at  two  difiTerent 
points;  thus  tbe  space  uniformly  described  in  a  second,  by 
tbe  box  alone,  is  twice  as  great,  vhen  tbe  force  is  with- 
drawn  after  a  descent  of  ten  half  seconds,  as  it  is  after  a 
descent  of  five.  And  if  we  cbose  to  vary  tbe  weigbt  of  tbe 
bar,  we  migbt  sbow,  in  a  similar  manner,  tbat  tbe  velocity 
generated  in  a  given  time  b  proportional  to  tbe  force 
employed. 

231,  Theorem.  The  incrément  of  space 
described  is  as  the  incrément  of  the  time,  and 
as  the  velocity,  conjointly. 

Tbis  is  évident  from  tbe  définition  of  velocity  (45);  and 
calling  tbe  space  described  x,  and  its  incrément  x,  we  bave 
;r=t;f,  or  ùx^vAt;  if  we  make  tbe  unities  of  time  and 
space  équivalent*  Tbis  proposition  is  true  of  ail  incré- 
ments, wben  tbe  motion  is  nniform,  but  wben  variable,  of 
evanescent  incréments  only« 

232.  Theorem.  The  space  described, 
by  means  of  a  uniformly  accelerating  force,  is 

/  as  the  square  of  the  time  of  its  action  ;  it  is 

aiso  equal  to  half  the  space  which  would  be 

described  in  the  same  time  with  the  final  vélo- 

city  ;  and  if  the  forces  vary,  the  spaces  are  as 

;  the  forces,  and  the  squares  of  the  times,  con- 

^  jointly  :  or  x^^^af. 

Since  tbe  velocity  v  is  expressed  by  at,  tbe  prodnct  of 
tbe  force  and  tbe  time  (290),  and  since  xzizvif  (231),  or 
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snbstitating  fiuxioiui  for  incréments^  x=:vt,  or(231)  Axz^vdt 
and  vdtzzatdt^  and  theflaent  x  is  eqaal  to  ^^i^  (49)  or  ^vi. 
Consequently  x  varies  as  t^,  and  t;  being  the  velocity  ac- 
qaired  ai  the  end  of  the  time  t,  the  space  described  by 
it  in  that  time  woald  be  vt,  instead  of  ^vt,  the  space  ac* 
toally  described  with  the  accelerated  motion. 

ScHOLiUM.  The  law,  discovcred  by  Galileo,  that  the 
MMuse  described  is  as  the  sqaare  of  the  time  of  descent, 
and  that  it  is  aiso  equal  to  naïf  the  space  which  would  be 
described  in  the  same  time  with  the  final  velocity,  is  one 
of  the  most  usefuT  and  interesting  propositions  in  the 
whole  science  of  mechanics.  Its  truth  is  easily  stiown  in 
a  popular  manner,  by  coinparing  the  time  with  the  base, 
and  the  velocity  with  the  perpendicular  of  a  riglit  angled 
triangle  gradually  increasing  in  length  and  height,  the  area 
of  #hich  will  reipresent  the  space  described.  Wc  may  aiso 
observe,  by  means  of  Atwood's  machine,  that  ac^uadru^jp 
space  is  always  described  in  a  double'  time,  by  the  con- 
tinaed  opération  of  any  constant  accelerating  force. 

233,  A.  TnEOREM.  The  times  are  as  the 
square  roots  of  the  spaces  directiy,  and  of  the 
forcesJaïËiaply  ;  they  are  aiso  as  the  spaces 
directiy,  and  the  final  velocrtTes  inversely. 

Sincex:=z^t^,t=:  >/ —  ;  but  v=:at,  x^i^vt,  and  fr= — . 

a  V 

233,  B.  Théo  REM.  The  final  velocities 
are  aiso  as  the  spaces  directiy,  and  the  times 
inversely. 

That  is,  i;=a*=—  (233.  A). 
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.234.  Theorem.  The  forces  are  as  the 
spaces  dîrectly,  and  the  squares  of  the  times 
înversely,  beginnîng  from  the  state  of  rest  : 
they  are  also  as  the  squares  of  the  velocîties 
directly,  and  as  the  spaces  inversely. 

Saicex=:4>al',  a:=-7rt  and  since  v*zza*i*,   <>=-t: 
'  tt  ait 

w 

ScHOLiUM.  Thus  it  may  be  showB  by  expérimenta .that 
if  a  body  falls  through  one  foot'in  a  second  by  means  of  a 
oertain  force»  it  will  require  a  quadruple  force  to  make  it 
fidl  through  the  same  space  iu  half  a  second  ;  and  that,  in 
geneiial,  whère  the  spaces  are  equal,  the  forces  are  as  the 
squares  of  the  velocities. 

235,  Theorem.  The  fluxions  of  the 
squares  of  the  velocities  are  as  the  fluxions  of 
the  spaces,  and  as  the  forces  conjointly,  whe- 
iher  the  forces  be  uniform  or  variable. 

In  the  evanescent  time  i\  the  variation  of  the  force 
Tsnishes  in  comparison  with  the  whole,  so  that  it  may  be 
oonsidered  as  a  uniform  accelerating  force,  and  v'z=,at' 
(280);  consequently  dt;=:ad^:  but  clx=vd<  (231);  there- 
fore  tiAtàx=,vAtAv,  and  adx=t;clt;z=^  (t;«)  (49). 

ScHOLiUM.  This  proposition  is  one  of  the  most  im« 
portant  of  the  discoveries  of  Newton  ;  and  it  is  of  con- 
séquence to  bear  in  mind,  that  wherever  the  space  and  the 
force  remain  the  same»  whether  the  force  be  uniform  or 
Dot,  the  squares  of  any  two  velocities,  with  which  a  body 
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6Dten  the  ^pace»  will  reçoive  eqaal  additions  during  the 
passage  throogh  it« 

236.  TiiEOBEM.  In  considering  the  ef- 
fects  of  a  retarding  force,  the  body  may  be 
supposed  to  be  at  rest  in  a  moveable  plane, 
and  the  motion  generated  by  the  force  may 
be  deducted  from  that  of  the  plane. 

la  this  case  a  beÎDg  négative,  we  hâve  vizib'-ai,  and 
dj=od^=M/»a/d/,  idience  x=:bt^^i*,  U  being  tbe 
space  described  by  the  initial  veiocity,  and  \at*  biMng 
dedacted  from  it  by  the  effect  of  the  retMrâmg  force. 

ScHOLiUM.  The  degrees,  by  wfaieh  an  asceoding 
body  loscshs  motion,  are  the  same  asthose  by  wfaidi  it  is 
mgûm  aœekrated  at  the  same  points,  wbeo  it  has  aeqvired 
its  greatest  height  and  again  dcae^nds,  We  mmf  ihm 
calealale  to  wfaat  height  a  body  will  rise,  when  prcgeetad 
opwards  wîtfa  a  given  veiocity,  and  retarded  by  the  (ipfte 
of  grmntatîoo.  Sioce  the  force  cifgravitatiMi  pr^'-scea  or 
destroys  a  i elocîty  of  33  ieet  in  eierr  nee^^d,  aA  mMial 
▼docity  of  320  f^  fer  imtxmee,  wifl  be  deatreyed  m  lù 
;  awi  is  10  seModa  a  ï^j^ij  -mi/m'A  M  fkrfmgiê  100 
16  feet,  w  IflM  Ceet,  «hkh  a  the/'^/e  fbe  MgH 
ta  iMA  a  Tclocitv  of  £0  fast  in  a  %0»o»4  viK  earry  a 
body,  iiiiiifc  vit^Mot  r'wirwrf  ia  a  ^evâcai  dîreeftMi. 
We  mÊf  aiao  obcaiit  the  «nne  remit  hj  syjri»g  «mu^ 
c%blh  of  «e  vclncicy  :  thoa  w^  e^kfh  «iif  2M  î»  40,  ^  «^^ 
fta  nfHmir  is  MHl  ihe  hé^^  ef»rr^stf0Madmf  t&  tlm  grv^i» 
«dadif  ;  amd  Au»  ^ebiiuiç  ia  <«»?tTmtfn  «alM  <i^  ^el^ify 
iaa  «a  Ae  k%iK;  %#"Jn^  Sw«i  ho  smiâplyia^  iOi  )t«fn«r# 


iOmm 
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^  237.  Theorem.  If  two  forces  act  in  the 
same  right  Une  on  a  moveable  body,  varying 
inversely  as  the  square  of  its  distance  from  two 
gîven  points,  situated  at  the  distance  a  from 
each  other,  the  magnitudes  of  the  forces  being 
expressed  by  b  and  c  at  the  distance  rf,  the 
square  of  the  velocity  generated  in  the  passage 
of  the  body,  between  any  two  points  of  which 
the  distances  from  the  first  centre  are  succès- 
sive  values  of  a:,  is  the  différence  of  the  cor- 

responding  values  of  2cP  (-+  -^r-). 

The  sum  of  the  forces,  acling  on  the  body,  is  h  — ±c 
and   since   vdt?=:**adx"   (235),   vdvzz —  dx  ± 


cdd      ,  .  w  bdd       cdd  . 

-  dx,  and  — = ,  consequently  vv  = 


(a±xy  2  X        a±x 

y2bdd  ^  2cdd^        .  .„       ^         ,26 

zc( 1 )  :  and  if  czzO,  vzzd»y  — . 

V    X        a±.x^  X 

SCHOLIUM.     This  proposition  is  not  altogether  entitled 

to  a  place  among  the   elementary  doctrines   of  motion, 

having  arisen  from  an  inquiry  into  the  origin  of  the  me- 

teoric  stones  :  but  it  serves  as  a  very  good  illustration  of 

the  utiUty  of  the  235th  article.     In  the  case  of  a  body 

projected  from  the  moon  towards  the  earth,  cf=20  900  000 

feet,  a=60£f,  &=:32.2  feet,  the  velocity  produced  in  a 

second  at  the  earth's  surface;  and  c:=l-^^  nearly  ;  then 

taking  x=|4^,  at  the  moon's  surface,  and  |^,  at  the 

point  where  the  force  becomes  neutral,  we  hâve  — —  ix^ 
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+ Jf)  X  220  and  ^r£  (jl  +  _i_)  x  94,  of  which  the  diffe- 

.     5-788  irfrf  ra^,nAiyTi 

reoce  is ,  or  .UUo4o  6a,  and  its  square  root  about 

8070  feet.  Hence,  if  tbe  velocity  of  a  projectile  from  the 
moon  exceed  8070  feet,  it  may  pass  tbe  neutral  point,  and 
descend  to  the  eartb,  wbere  its  velocity  wiil  become  more 
tban  36000  feet  in  a  second. 


SECTION    m.      OF   PRESSURE   AND    EQUILIBRIUM. 

238.  '*  281/'  Définition.  A  pressure 
is  a  force  counteracted  by  another  fovce,  so 
that  no  motion  is  produced. 

ScHOLlUM.  Tbus  we  continually  exert  a  pressure  by 
means  of  our  weigbt,  upon  the  ground  on  which  we 
stand,  the  seat  on  which  we  sit,  and  the  bed  on  which  we 
sleep  ;  but  at  the  instant  when  we  are  falling  or  leaping, 
we  neither  exert  nor  expérience  a  pressure  on  any  part. 

239.  "  282/'  Définition.  Equal  and 
proportionate  pressures  are  such,  as  are  pro- 
duced by  forces,  which  would  generate  equal 
and  proportionate  motions  in  equal  tîmes. 

240.  "  283/'  Theorem.  Two  contrary 
pressures  will  balance  each  other,  when  the 
motions,  which  the  forces  would  •  separately 
produce  in  contrary  directions,  are  equal; 
and  one  pressure  will  counterbalance  two 
otibers,  when  it  would  produce  a  motion  equal 


'r"7:*^tjt^ife» 
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and  contrary  to  the  resuit  of  the  motions,  which 
would  be  produced  by  the  other  forces. 

If  we  conceive  the  forces  to  act  alternately,  dariog 
equal  evanesceDt  intervals  of  time»  thcD  the  one  will  ai 
each  step  destroy  the  preceding  eSect  of  the  other,  and 
there  will  be  do  motioD  left  :  then  if  we  suppose  this  action 
to  be  doubled,  the  forces  will  become  a  continuai  pressure, 
and  the  total  effect  will  still  be  the  state  of  rest. 

241.  "  284/'  Theorem.  If  a  body  re- 
main  at  rest  by  means  of  three  pressures,  they 
must  be  related  in  magnitude  as  the  sides  of  a 
triangle  parallel  to  the  directions. 

This  proposition  is  the  immédiate  consé- 
quence of  the  law  of  the  composition  of 
motion  (226,  240).  Suppose  the  body  A, 
for  example,  to  be  suspended  by  the  throad 
ABy  on  the  inclined  plane  AC,  to  which  AD 
is  perpendicular,  BD  being  the  direction  of 
gravity.  Then  iu  order  that  the  force  BD  may  be  de- 
stroyedy  it  must  be  opposed  by  an  equal  force  DB,  and 
if  DB  be  composed  of  forces  acting  in  the  directions  DA» 
AB,  the  forces  must  be  as  those  sides  of  the  triangle^  or 
as  the  sides  of  the  parallelogram  of  which  DB  is  the 
diagonal  ;  and  tbe  same  is  true  of  any  other  pressures. 

ScHOLlUM  1.  This  extension  of  the  laws  of  the  com- 
position of  motion  to  that  of  pressure  seems  to  be  free 
from  any  materiai  objection.  For  since  we  measure  forces 
by  the  motions  which  they  prodnce,  the  composition  of 
forces  seems  to  be  obviously  included  in  the  doctrine  of 
the  composition  of  motions  ;  and  when  we  combiner  thèse 


A 


or    P££SSUR£   AND    EaUILIBRIUM.  87 

forces  according  to  the  laws  of  motion,  Ihere  can  be  no 
question  that  the  resalting  motion  is  truly  determined  in 
ail  cases,  whatever  may  be  its  magnitude,  nor  can  any 
reason  be  g^ven  wby  it  shoald  be  otherwise,  when  this 
motion  is  evanescent,  and  the  force  becomes  a  pressure* 

Sgholium  2.  The  proposition  may  be  familiarly  iUns- 
trated  by  a  simple  experiment  ;  we  attach  three  weights 
to  as  many  threads,  nnited  in  one  point,  and  passing  over 
three  paDies  ;  then  by  drawing  any  triangle,  of  which  the 
mûeB  are  in  the  directions  of  the  threads,  or  in  directions 
parallel  to  them,  we  may  always  express  the  magnitude  of 
each  weight  by  the  length  of  the  side  of  the  triangle  corres- 
ponding  to  its  thread. 

ScHOLiUM  3.  The  laws  of  pressure  bave  howeyer 
been  dednced  by  some  of  the  most  celebrated  mathema- 
ticians,  independently  of  those  of  motion,  from  the  prin- 
ciple  of  the  equality  of  the  effects  of  equal  causes;  and 
such  a  démonstration  may  be  found  in  an  improved  form, 
in  the  article  Dynamics  of  the  First  Supplément  of  the 
Encyclopœdia  Britannica,  contributed  to  that  publication 
by  the  late  Professer  Robison;  but  its  steps  arestilltedious 
and  intricate.  It  will  however  be  necessary,  in  conformity 
with  the  plan  of  this  work,  to  insert  hère  the  demonstrap 
tion  of  Laplace,  which  is  sufficiently  conclusive,  thoagh 
less  simple  than  conld  perhaps  be  desired:  and  it  will  be 
oonTenient  to  promise  some  lemmas,  which  are  bot  very 
slightly  connected  with  the  immédiate  subjects  of  discus- 
sicm.  Eyery  lemma  is  indesd  an  interruption  of  systematio 
oïder,  and  is  inadmissible  in  a  completely  methodical  trea- 
tise;  bat  in  following  the  steps  of  another  author, 
interraption  may  sometimes  become  indispensable. 
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242.  Définition.  A  séries  of  units,  a 
séries  of  natural  numbers,  a  séries  of  theîr 
sums,  and»a  séries  formed  of  the  sums  of  ail 
the  numbers  of  any  preceding  séries,  are 
called  figurate  numbers  of  the  first,  second, 
and  other  higher  orders  respectively. 

243.  Lemma  a.  The  figurate  number, 
of  which  the  place  is  m,  in  the  order  n,  is 

equai  to j_-____  . 

For,  tLe  two  successive  values  of  this  expression,  takeo 

^  1         j  r  (M — 1)M(M4-1)   ..  (M-fN — 3) 

for  M — l  and  for  m,  are  -^^ ^ — \     '     ^ ^-^ ^ 

1.2.3. .(N  —  l) 

,    M  (M  4-1)  (M  4-2)  ..(M4-N— 2)  ,     .    .     ,.^, 

and ,    ,^   o — 7 —  iR ^»  û°d  their  dmercnce 

.,„      ,^M(M  +  1)..(M  +  N— 3)_M(M+1)..(m+(N— 1>— 2) 

"•^^     '^ 1.2..(N-l)  1.2..(N-2) • 

which  is  the  Mth  figurate  number  of  the  order  N — 1, 
according  to  the  'définition:  and  when  N=2,  we  obtain  the 

pâturai  séries  of  integers.  Since  also  — - —  o  q       — — ^ 
1.2.3...(M+N— 2)  »...        ,.   , 

=  i.a.&..(M-i).i.2..(N-i)'  •*  "  *'''''°"'  "»«*  **  «°^  « 

are  equally  concemed  in  the  expression,  and  the  number 
which  occnpies  the  place  m  in  the  order  N  is  the  same  as 
the  number  N  of  the  order  m. 

244.  Lemma  B.  The  binomial  or  rather 
dinomial  quantity  (l+a?)  =l4-NaF4-N— ^  x«^ 

N-.1  N-2 


N  -—s — •— îT—  X^  -*- ... 


C)F     PRKSSCUE     AND     t:g  T  I  LI  B  1. 1  L' M  .  Hfj 

Uy  actaai  muItiplicatioD,  we  ând 
l+x 


x*=  x+2ar«+x« 

1  -|-8r+3jr^  +x^,  and  the  coefficients  are 

(N) 

1,1  each  being  obtained  by  adding  together 

1,2,1  two  contiguous  coefficients  of  the  pre- 

1,3»  3,  i  ceding  lines  ;  wbence  it  follows,  that  each 

1,4, 6,  4,  1  of  the  vertical  columns  must  contain  a 

1,5,10,10,5,1        séries  of  figarate  numbers  of  an  order 
1,6^15,20,15,6,1     indicated  by  its  distance  from  the  begin- 

ning,  the  place  of  the  coefficients  in  the 
order  being  lowered  by  one  at  each  step,  so  that  for  any 
horizontal  Une  answering  to  the  power  N,  we  hâve  I,  V^, 
(N— 1)3,  (N— 2)^  . . .  deuoting  the  place  of  the  figurate 
Diimber  by  the  letters  n,  (n— 1).  .  ,  and  the  order  by  the 
figures  below.     Now,  the  third  coefficient,  (N— 1),,  put- 

ting  3  for  "  n",  is  ^^^  — ^,  and  then  substituting  N— i 
for  M,  '  :  in  the  same  manner  the  fourth  coefficient 

(K_2),.  or  ^^^\'^^-'^\  becomes  -^^Zl^glllîi  ; 

and  the  subséquent  terms  may  be  shown  in  a  similar  man- 
ner to  foUow  the  same  law. 

ScHOLlUM.  This  démonstration  is  only  strictly  appli- 
cable to  intégral  and  positive  powers,  such  as  are  very 
properly  denoted,  in  the  article  Fluents  of  the  Supplé- 
ment of  the  Encyclopœdia  Britannica,  by  small  Roman 
eapitals  :  it  may  be  extended  without  much  difficulty  to 
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other  cases  :  but  for  the  présent  parpose,  that  of  showing 
the  analogy  to  the  laws  of  différences,  the  intégral  powers 
are  snfficient.     See  278. 

245.  Lemma  C.  If  Aw,  a*w  ...  be  the  suc- 
cessive finite  différences  of  the  quantities 
Uj   u yU  .  .  .  j    wé    shall    hâve  u  =:u+»Att+n* 

1        s  n 

n — 1  •^      .  »— 1 

"'^^  A^u -{-...,  BXid  A*uzzu — fiti      +».      Q    tt     — ... 

In  the  first  place 
Au  zzu.^u  ^Au.^Au      ^3         ^.         ^, 

AHj-tij     «1    A«Ui  =  At«,-Atii     .,  ..    '      .^ 

An  —M  —Il  A'iii=:A«Ua— A«u, 

Au3-ti^-U3  A*ti=A'tii-A»u 

Hence, 
tc^=ii  +Aii 
ii,=:ttj+AUj     =:ti  +  Au+A(u  +  Au)         =:ti  +  Au 

«  +Aic  +  A<u=: 

tf3=U2  +  AtC2=fi+2Au+A^i<    (  +  Attj)       ti+2Au+A<ii 
+A(iig)  Au+2A«u  +  A»ii= 

tc+SAtt+SA^u+A^u 
New  the  steps  of  this  opération  are  just  the  same  as  if 
we  mnltiplied  eachtime  by  1+A,  though  the  symbol  A**  is 
not  exactly  a  power  of  A:  bat  we  may  always  make 
AUj  r=  Au + A*ti  when  « ^  is=tc-f  Au^which  is  in  itself  suffici- 
ently  évident, and  isaiso  shownby  the  équation  A'u=:  Au^  — 
Atf  whence  Au  ^  =  Au + A<  ».  The  process  is  thas  ob?ioa8iy 
similar  to  that  of  involation»  and  the  law  of  the  coefficients 
must  be  the  same  (244.)  Tliis  method  of  reasoning,  wp* 
plied  to  the  eye  only,  bas  been  mnch  extended  by  La« 
grange»  Arbogast»  and  others.    . 
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Again  Ati=iij— ii= 
A«i«=A(iii- 


A»iiA= A(A«t«)=Au, -.2AiJi  +  Au 


=«*j-««« 


— 2t<j,+2ui 

_ • 

K,— 8iig4-3iii— tt 

Hère  the  opération  of  tbe  characteristic  A  at  each  step 
doubles  the  Damber  of  terms  to  be  added  together,  the 
coefficients  being  always  formedy  as  in  inyolution,  by  the 
addition  of  two  contignous  ones  of  the  former  step  :  con- 
seqnently  the  same  law  prevails  as  in  the  dinomial  theorem. 

246.  Lemma  D.  If  a  constant  finite  dif- 
férence of  X  be  called  A,  and  any  other  diffe- 
rence  fr,  the  différence  of  »,  corLponding  to 
h,  being  Au,  that  which  corresponds  to  h'  will  be 

^"=Â^*'+  i:2Â;r^'«+        1.2.3  A*      ^'"+- 

Sincetf.=:tf+iiAtc+fi.---7A<ii+  ...(245),  if  we  suppose 

2 

a+nhziXp  X  representing  an  absciss  of  which  «  is  an  ordi- 

nate,  and  a  the  initial  value  ;  or,  in  other  words,  u  being  a 

fonction  of  or,  and  the  différence  Atc  corresponding  to  the 

difibrence  A=:A«,  substitoting  for  n  its  yalue 


jhallbaTe  ii^=:ii+ 


A--^"+^ 


fX—a 


•'): 


A<u 
1.2 


we 


•  •  •♦ 


I 
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and  sabstitQting  K  for  x — a,  and  A'ti  for  ti^ — u,  A^if=---. 

^  1.2 A*  ^  1.2.3  A*  '^  *'^-  • 
ScHOLiUM.  This  proposition,  wbich  was  invented 
by  Newton,  may  be  applied  witb  great  convenience 
to  some  cases  of  interpolations,  the  constant  diffé- 
rence of  time  being  h,  and  tbe  variations  of  any  other 
quantities  depending    on    it  being  Au  and    A'u.       For 

A' 
this  purpose,  if  we  make  the  fraction  —:=m,  the  theo- 

remwill  beoomeA'ii=:fiiAu — w.  — jr— A^u +»i.  •———--— 

A^u — . ..;  and  thèse  three  terms  will  be  abundantly  suffi- 
cient  for  almost  ail  cases  that  can  occur  in  practice. 

247.  Lemma  E.  Supposing  the  quantity 
X  to  vary  gradually  and  uniformly,  and  h  to 
be  any  finite  différence  of  x^  the  corres- 
ponding  finite  différence  of  another  quantity  Uj 

depending  on  it,  will  be  ^w'=A.  5^  +  j^ .  ^  + 

titq-t-^  "^  . .  .  5  w'  being  the  initial  value  of  the 
quantity  u. 

If  we  suppose  the  constant  finite  différence  A  of  tho 

preceding  proposition  to  become  evanescent,  we  shall  bave 

Au    du     .-^    A^tf    d^u 
^=T-  (46)>  "T'^'Tj"»   and  the  équation  will  beccHM 

A  uzzh  jr- + -«A^u  + . . .,  since  A  —A,  A  — :2A  may  be  con- 


sidered  as  simply  equal  to  h\  when  A  vanishes  :  and  we 
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may  write  A  and  h  for  A^  and  h\  in  the  same  sensé.     The 

initial  vaine  of  u  bas  sometimes  been  distinguished  by  a 

capital  letter  (Phil.  Trans.  1819);  Mr.  Wronsky  marks  it 

by  a  point,  ii,  at  least  when  u  ia  supposev"  to  vanish  ;  but 

we  mo^t  not  altogelher  forget  tfaat  this  is  the  ÎJ^ewtonian  cba* 

racter  for  a  fluxion  ;  tbe  point,  if  it  were  thought  neces- 

sary»  migbt  be  written  under  the  letter,  t^,  or  a  prosodial 

mark  might  be  employed  instead  of  it,  as  û,  or  rather  ë, 

which  would  partly  expiain  itself  ;  as  indeed  u'  may  be  said 

to  do« 

CoROLLARY    1.      If  A    be  an    arc   =«   and  «   its 

dtf'  d«u' 

sine,  making  m'=0,    we   hâve  -r-  =     cos  szz\  ;   -î-t-= 

d'il'  1 

— sin«=0;-rY=  —1  .  .  .,    whence  sin   5=5— 5^**  + 

1     , 

CoROLLARY  2.    In    the    same    manner  cos  «=zl— * 

CoROLLARY  3.     If   i«=a*,    since    -j-na'hla     (51), 

d^tt 

-j-Y=a'hl*a,  ...;  putting  x'rzO,   and  a*'=:l,  we  hâve 

a*=l  +  hla.x  +  hl«a.  TTî+W'a.-r-rr-f  ... 

Au     1    d«t«' 
»     CoROLLARY  4.     If    tt=hl(a+x),     T^=-,  -— r  =  — 

^        ^'     dx      a    dx« 

1    d'tt'     2  X     x^       X* 

X*       X* 

Ifance  U  (l  +  x)=x—  2"*"^""  •  •  •'  ^°^  '^'('^ — ^^^ — *"■ 

jr*     x^  I4-J:  x'     x' 

-j— -n — ...;  consequently  hlj--^=:2  C'+^  +  y- ••); 


I 
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1+X  X— 1 

and  if  I =»,  x=— y;  whence  the  hyperbolical  loga- 

rithm  of  any  namber  s  may  be  readily  foond. 

ScHOLiUM  1.  Though  theTayloriantheorem  may  be 
called  a  ani versai  Boivent  of  ail  analytical  difficultiea,  yet 
considérable  jadgment  is  reqaired,  as  with  otfaer  nniversal 
remédies,  for  its  proper  application  ;  and  accident,  perhapSt 
rather  than  talent»  will  often  point  ont  a  device  whicb  will 
obtain  from  it  nnexpected  results.  There  are  bowever  two 
gênerai  observations»  respeçting  the  cmployment  of  this 
theorem»  wbich  it  will  be  proper  to  bear  in  mind.*  Thefirst 
is,  tbat  where  several  variable  quantitîes  are  concemed  in  a 
problem,  it  will  be  rigbt  to  consider  whicb  of  them  is  the 
most  capable  of  afibrding  a  converging  expression  for  the 
others  b}  a  séries  of  its  powers  ;  thas,  in  the  case  of  atmos- 
pherical  réfraction,  the  change  ofdensity  of  the  médium  may 
be  easily  obtained  in  terms  of  the  refraction»  supposed  to  be 
given,  while  the  séries  for  expressiDg  the  refraction  in 
terms  of  the  density  is  of  little  or  no  use  ;  aithoogh  the 
oelebrated  author  of  the  theorem  imagined»  that  he  had 
sufficiently  solved  the  problem  of  refraction,  by  determin- 
ing  a  few  of  its  first  coefficients.  The  second  observation 
is,  that  the  employment  of  the  theorem  freqnently  requires 
a  beginning  to  be  made  with  a  séries  obtained  by  the 
method  of  indeterminate  coefficients  ;  and  tbat  it  may  then 
be  applied  with  advantage  to  the  completion  of  the  corn* 
putation,  when  the  séries  thus  found  loses  its  convergency  : 
but  in  this  case,  we  must  not  attempt  to  continue  tbe 
9eries  from  the  différences  of  its  terms,  since  its  cou- 
vergence  would  be  little  affected  by  this  opération,  but  we 
must  revert  to  the  original  équation,  whicb  fumished  the 
séries  by  a  différent  method.    Taking  for  an  example  the 
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eqnatimi  Jyxixzzêxzzx.  "/(Jx^+dv*  V  P'^^^S*^^**+ 

5x»  +cx^  +  . . .  and  -f-^'-rn \=«(1  +i»*  +  •  • .)»  "** 

sabstituting  for  the  powers  of  $,  we  obtain  a  valae  of  y 

wbicb  affords  tbat  of  fyxdx^  and  by  comparing  ils  terms 

with  those  of  the  value  of  êjt,  we  détermine  the  snccessiTe 
coefficients.  (SappU  Enc.  Brit.  Art  Cohésion).  Bat  the 
séries  is  often  inconvénient  for  want  of  convergence:  we 
may  tfaerefore  sapply  its  defects  by  means  of  the  Taylorian 
tbeorem,  taking  the  successive  fluxions  of  $  at  the  point 
of  the  curve  where  we    find  it  necessary  to  abandon 

the  séries:  tbus  v^d.r  ^zgdx+xds,  'v=-.  +t-    r-=       ' 


i     dx*  dx    ^     X* 

,d#      -      df     sdjr  dds    s       y       2# 

d-r-=:dy •  +  • or,  if  1— s«=:ti«,T— = ^  +  — , 

dx      ^     X      XX  'dx^     u      X       XX* 

.     j      -    .  sds         ,  dtt      88        sy    d^8 

and    dtt    bem?     = ,  and  -r-  = ^t  -r-r  = 

^  tt  d:r     ttjT        tt     d*» 

y        2^      9\     i^y       ^_5î    or      fi    -      Ë!l 

u  UX     tt««       V»      "^XX  **'        '  Il     ""   '»  dx» 


2t     t^      e<y     8y     6s 


f — ^+-^ -;  that   is,   since  1  +  ^^  = 


■"H        XX  u         XX      9^ 

--,      -^7- ^^+~' rî  an^    ^c    fourth   fluxion 

«•  II*        X  X      XX      x^ 

may  be  fonnd  in  a  similar  manner,  if  its  value  be  required  : 
bot  the  first  three  will  be  fully  sufficient,  provided  tbat. the 
cnrve  be  divided  into  small  parts,  even  though  they  may  be 
mncb  larger  than  those  which  Laplace  bas  employed  in  the 
Connaissance  des  Tems  for  1810  :  and  tiiis  method  wiU 
probably  be  found  at  least  as  convenîent  as  the  mnch  more 
eiaborate  process  of  Mr.  Ivory.  (Suppl.Enc.Br.IV).  We 
may  take»  for  another  example  of  a  diffioulty  precisely  simi- 
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lar,  the  équation  — ^=/V:r^da:.^=dz,  (PhiL  Tr.  1819) 

y    ^^         XX 

tbe  séries,  which  it  affords,  losing  its  convergence  wlien  x 

dz 
becomes large: hère wefind;— =îc?,  puttîng  fyx^Ax'=.yDX^\ 

ddz_dti?_       2/y*«dj:_       2m?  ^  d*ic_dy ^2dtt7  ,  2to^ 

dx*      do;  j;3     ""«y      jp  '  |1j;3     Jj;     xdj?     jtj? 

— uw — 2iH H — = — ^{toH —  )y;  and  laptly  — -- = 

^       X    XX      XX     XX      ^         1  '  Qjr* 

ScHOLlUM  2.  An  important  inversion  of  the  Taylorian 
theorem  will  be  found  at  tbe  end  of  this  Book. 

248-  Lemma  F.  Whenever  ône  quantîty 
is  dépendent  on  another,  their  evanescent  in- 
créments ^re  ultîmately  in  a  constant  propor- 
tion to  each  other. 

It  is  not  sufficient  to  observe  that,  if  yzzax-^-hz^  +cx* 
+ifcPH-  ...  the  flnxion  dy  is=dx(a  +  »i6x*"~*-f  ncx"""*-h 
/?d!rP-*+  ...)tbe  quantity  mnltiplying  dx  being  constant 
with  regard  to  any  small  changes  of  the  value  of  x  and  y  ; 
but  it  must  also  be  shown,  that  the  evanescent  incrément  of 
any  quantity  being  supposed  to  be  increased  or  diminished 
in  any  given  ratio,  while  it  still  remains  evanescent,  that 
of  another  quantity  depending  on  it  will  be  increased  or 
diminished  in  the  same  ratio  ;  and  this  is  not  demonstràble 
firom  the  properties  of  the  fluxions,  strictiy  so  called  ;  but 
it  may  be  understood  by  observing  that,  whatever  be  the 
form  of  the  curve  representing  y  by  its  ordinates,  wlrîle 
the  absciss  is  x,  a  very  small  portion  of  it  may  always  b« 
considered  as  approaching  infinitely  near  to  a  straight  line. 
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and  the  incrément  of  the  ordinale  will  be,  For  an  itifinitely 

amall  space,  proportional  to  that  of  the  absciss,  whether  it 

be  donbled  or  quadmpled,  or  in  any  way  subdivided.    The 

tmth  of  the  proposition  is  however  shown  more  generally 

and  conclusively  by  means  of  the  invaluable  theorem  of 

Taylor»  demonstrated  in  Lemma  E,  for  the  incrément  au* 

of  the  ordinate,  beginning  from  u ,  is  to  the  incrément  A  of 

dii 
tbeabaciss  in  the  constant  ratio  of -p  to  1,  as  long  as  the 

incrément  A  remains  so  small,  that  its  square  and  ils  higher 
powers  may  be  supposed  to  vanish  in  '  comparison  with 
itaelf. 

ScHOLlUM.  It  is  however  necessary  to  except  the 
case  in  which  the  first  flaxion  of  one  of  the  quantities 
compared  becomes  =0.    (See  249,  Sch.  2).    ] 

249-  Theorem  240,  of  the  Composition 
of  Forces,  demonstrated  in  Laplace's  man- 
ner. 

Case  1.  The  forces  x  and 
jf,  acting  at  right  angles  to 
each  olher,  will  prodace  a 
joint  rcsnlt  z,  of  which  the 
magnitude  is  expressed  by  the 
diagonal  of  the  rectangle  xy. 
For  we  may  obvionsly  suppose 

X  to  be  composed  of  two  forces,  sf  and  jif\  aiso  at  right 
angles  to  each  other,  and  in  the  proportion  of  i*  to  y,  since 
thf  same  law  must  apply  to  forces  similarly  related,  what- 
eyer  tbeir  magnitude  may  be  ;  and  the  resuit  x  must  be 
derived  from  xf  and  sf'  in  the  same  manner  as  z  from  x 

Now 


-i' 


and  y;  consequently  we  hâve  j<=:-^and  x 


X 


H 
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if  2^  be  in  the  direction  of  z,  x"  mast  be  perpendicular  to 
it;  and  supposing  y  to  be  similarly  composed  of  y^  and  ^\ 
^  being  in  the  direction  of  z,  and  %/^  perpendicular  to  it; 
t!'  must  be  equal  and  contrary  to  %f'  ;  and  af  and  j/  toge- 

1/  X 

ther  must  be  equal  to  z  :  but  ^~y,  and  y^^=-y  .*  so  that 

z  z 

X        V 

af'{-^=''X+-yz=.z,  and  x^+y^zzz^  ;  consequently  z  is 

equal  to  the  diagonal  of  the  rectangle,  the  sides  of  which 
are  x  and  y. 

It  must  however  be  shown  that  z  coincides  with  ibis 
diagonal  in  position  as  well  as  in  magnitude.  For 
this  pnrpose  we  must  consider  one  of  tbe  forces  y  as  in* 
creasing  from  nothing  to  its  actual  magnitude,  and  we 
must  trace  the  effects  of  its  combination  with  x  through 
the  interroediate  steps.  Now  if  an  elementary  force  Sy 
be  combined  with  a  fini  te  force  x,  the  variation  of  the 
angular  direction  of  the  resuit,  which  may  be  called  SB,  wîXL 
be  inversely  as  x  and  directiy  as  some  constant  multiple  or 
submultiple  of  Sy,  since  the  evanescent  incréments  of  two 
quantities,  related  to  each  other,  are  initially  in  a  constant 
ratio,  (248),  so  that  the  cl>ord  of  the  angle  Sô  may  be  called 

iSy,  and  the  angle  itself  — ^:  the  elementary  chord  t^ 

obviously  depending  on  x  and  on  the  variation  of  the  ungle 

Sd,  in  such  a  manner,  that  Sy  may  be  expressed  by  -^-7--^ 

and  Sd  by  — ^    It  is  indeed  sufficiently  obvions  that  tho 

■IT 

chord  çan  in  this  case  be  no  other  than  Sy  itself,  since  a 
force  in  the  direction  of  the  radius  cpuld  scarcely  influence 
another  in  the  direction  of  tho  circumference,  but  Laplace 
does  not  think  it  right  to  take  this  for  granted  withoot 
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proof.    We  hâve  therefore  initially  Sd=  — ^.    Id  any  other 

sttaation  of  the  resuit  z,  we  mast  suppose  the  clément  Sy 
to  be  resolved  into  two  portions,  one  in  the  direction  of  z, 
irkich  only  affects  its  magnitude,  the  other  perpendicular 
to  it,  wbich  détermines  the  incrément  of  the  angle  SB  from 
Zf  in  the  same  manner  as  Sy  determined  it  in  the  first  in- 
stance from  or.  Now  the  por- 
tion of  the  force  Sy  perpen- 

dicular  to  r  is  -  Sy:  conse- 


faentLy  8^= ^  ;  or, 

zz 


since  jf 


W  ta  l 


is  bere  considered  as  invariable,  or  =1,  S^z: 


_% 


zz 


Bat 


the  flaxion  of  the  angle  ^,  of  wbich  the  tangent  is  y,  is 
■"  ^  ,  as  is  readily  nnderstood  from  considering  the  rela- 
tive situation  of  the  incréments  ;  consequently,  since  2*  bas 
been  shown  to  be  equal  to  j:*+y«,  4=1"-^ — =  î'ang 

tsng  y,  and  0=  h  ang  tang  y  +  c.  But  since  ^=0  when 
y=:0,  c  vanisbes,  and  d=:itang  tang  y:  and  when  y  is 
infinité,  0=90^,  since  z  coincides  witb  y,  consequently  it 
mnst  be  =1,  and  0=  ang  tang  y.  So  that  z  must  coïncide 
with  the  diagonal  of  the  rectangle  in  position  as  well  as  in 
magnitude. 

ScHOLiUM  1.  Laplace  bas  supposed  both  the  forces 
X  and  y  to  vary  together  :  but  this  is  evidently  an  unneces- 
Mory  complication. 

ScHOLiUM  2.  The  principle  of  the  proportional 
variation  of  evanescent  incréments  must  not  be  applied 
withont  some  caution,  for  in  the  présent  investigation,  if  it 

H  9 
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had  been  required  to  express  the  relation  of  iy  to  9x 
while  y  remained  evanescent,  the  proposition  woold  hare 
iailedy  since  in  this  case  ix  is  initially  =0,  and  varies  at 
first  as  the  square  of  iy,  the  first  term  of  the  Taylorian 
theorem,  on  which  Ihe  reasoning  is  fonnded,  hère  vanish- 
ing  altogether  :  but  when  the  application  is  clearly  under- 
stood,  the  argument  is  readily  admitted  almost  as  an 
axîom. 

Case  2.  When  the  forces  concerned  are  not  at  right 
angles  to  each  other,  they  may  both  be  referred  to  ortho- 
gonal coordinates,  and  if  their  projections  in  any  three 
such  directions  be  a,  bp  and  c,  thèse  lines  will  represent 
the  respective  portions  of  the  force  s/  (a*  +b*+c*):  and 
if  the  second  force  be  represented  by  simiiar  ordinates 
afp  b\  aud  c',  the  forces  may  be  combîned  by  adding  toge- 
ther  their  constituent  portions»  as  reduced  to  the  same 
directions,  giving  together  a-\-a',  b-\-b',  and  c  +  c',  which 
may  again  be  combined  into  a  single  force  ;  and  this  force 
z  will  always  be  represented  by  the  diagonal  of  the  paral- 
lelogram,  formed  by  lines  representing  the  two  former,  x 

and  y:  and  in  the  same  manner 
I  ^  '  any  greater  number  of  forces 
may  be  combined,  by  redacing 
them  to  three  orthogonal  direc- 
tions, and  by  adding  together 
their  respective  results. 

When  several  forces  act 
on  the  same  movîng  point,  if  we  suppose  the 
place  of  the  point  to  be  changed  in  any 
manner  whatever  to  a  minute  distance,  the 
product  of  the  joint  force  into  this  distance 


1  b 


i 


250.  Theorem. 
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will  be  equal  to  the  sum  of  the  products  of 
each  separate  force  into  the  respective  dis- 
tances or  variations  in  the  lines  of  their 
directions. 

Or,  Viu-lSiè\  (a); 

F  being  the  joint  force,  iu  the  variation  of  the  distance 
in  its  direction,  and  I^Siâ  the  sum  of  the  qaantities  Sh 
obtained  by  mnitiplying  each  force  S  by  the  variation  of 
the  Une  of  its  direction  iè.    §.  2.  P.  7. 

Let  s  be  the  distance  of  the  point  M  from  the  origin  of 
one  of  the  forces  S,  and  let  the  position  of  M  be  deter- 
mined  by  the  three  coordinates  x,  y,  and  z,  and  that  of  the 
origin  of  the  force  by  a,  h,  and  c  ;  we  hâve  then  sii  V 

f(x»— a)«+(y— é)«+(z— c)2  ^,    and   the  portions  of  S 


icting  in  the  directions  of  x,  y,  and  z  will  be  S.- , 


S. 


z — c 


.  and  S. 

ê  s 


respectively  :  and  it  is  obvions  that,' 


if  «  be  made  to  vary  by  the  altéra- 
tion of  X  alone,  iè  will  be  to  ^j:  as 


-  h     X — a 
to*,  and  -5:-=——. 

ox        ê 


Ac- 


cording  to  the  mode  of  notation  commonly  adopted,  the 
coefficient  of  this  partial  variation  is  compendioasly  ex- 

pressed  by  the  notation  ^— ,  though  it  would  be  more  cor- 
net to  Write  it  -77,  or  even  -sr-f  ^   order    that  the  same 


ijabol  might  not  be  employed  for  a  partial  and  a  total 
variation  :  and  it  b  easily  foand,  by  taking  Ihe  fluxion  of  f. 
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that    -j—  or-r-=  If  there  be  a  second  force  ST, 

aod  /  be  the  distance  of  M  from  any  ûxed  point  in  its 
directiony  we  bave  in  a  similar  manner  S\  r-  for  the  por- 
tion of  this  force  acting  in  the  direction  of  x  ;  and  employ- 
ing  the  characteristic  Z  for  the  sam  of  ali  the  forces  thos 

determined,  we  hâve  £  iS.  t-  for  the  whole  force  in  the 

direction  of  x.  Now  if  F  be  the  resuit  of  ail  the  forces 
S,  S',  S^\ . . .  thus  combined,  and  u  the  distance  of  any 

ru 

point  in  its  direction  from  M,  we  bave  F.  -%r  for  the  pmr» 
tion  of  this  force,  which  acts  in  the  direction  of  x,  and 
which  must  be  equal  to  S  jS>.  T~>^y  ^^  supposition:  and 
by  comparing,  in  the  same  manner,  the  forces  in  the  direc- 

î  M  rs  yu 

lions  y  and  z,  we  obtain  F.  -<-  =  2  iS.  e->  ^^à  F.  -v- 

3y  îy  & 

ru 

s  £  iS •  -r-  ;  and  then,  adding  thèse  partial  variations,  we 

obtain  V^u=:XS.i:s,  an  équation  which  may  be  said  to  con- 
tain  tbe  three  former,  becausc,  since  the  variations  are 
perfectiy  arbitrary,  we  may  make  any  two  of  tbem  vanish» 
and  the  tbird  wili  remain  alone  on  both  sides  of  the 
équation. 

251.  CoROLLARY  1.  When  the  point  re- 
maîns  in  equilibrium,  the  sum  of  the  products 
of  each  force,  multiplied  by  the  elementary 
variation  of  its  distance,  is  equal  to  iiothixig. 

Or  lS.inzO  ;  sinoa  F=:0.  (i^ 
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252.  CoROLLARY  2.  For  the  equilibrium 
of  a  point  resting  on  a  gî  ven  surface,  we  may 
either  comprehend  the  réaction  of  the  surface 
among  the  forces  *S,  or,  with  greater  conve- 
nience,  call  the  direction  of  the  reaction  r,  and 
the  force  H,  and  we  shali  hâve  isSs+RSrizO. 

253.  CoROLLARY  3.  For  a  canal,  or  a 
curved  line,  which  may  be  considered  as  à 
combination  of  two  curved  surfaces,  the  re- 
action of  the  second  surface  being  called  R\ 
and  the  perpendicular  to  it  r',  we  hâve  1SB$+ 

XSr+RSr'z^O.  (d) 

Whatever  the  direction  of  the  canal  may  be,  îts  résist- 
ance may  be  conceived  to  be  the  resuit  of  the  réactions  JS 
and  Sf  of  the  two  surfaces  vbich  détermine  its  form,  since 
the  résistance  being  perpendicular  to  the  cnrve,  it  most  be 
in  the  same  plane  with  the  forces,  which  are  perpendicular  - 
to  the  surfaces,  of  which  it  is  the  intersection. 

254.  ScHOLiUM  1.  If  we  suppose  the  arbitrary  varia* 
tiens  &r,  Sy,  Sz,  to  také  place  in  the  direction  of  the  surface 
to  which  the  body  is  confined,  we  shall  hâve  Sr=:0,  and  the 
équation  IS^ziO  will  still  be  true:  but  the  variations  of  • 
most  then  be  taken  so  as  to  be  limited  to  the  given  surface 
by  means  of  its  équations,  and  they  cannot  be  ail  arbitrary. 
In  ^e  same  manner  we  may  make  Sr  and  S/  both  vanish 
when  the  motion  is  confined  to  a  canal  or  a  single  curve, 
bat  in  that  case  any  one  of  the  variations  of  s  will  doter* 
oûne  the  other  two.    It  is,  however,  more  convenient  i% 
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tbat  -T-or-sr=— '•  If  therô  be  a  second  force  ST, 
aod  /  be  the  distance  of  M  from  any  fixed  point  in  its 
direction,  we  bave  in  a  similar  manner  S\  r-  for  the  por- 
tion of  this  force  acting  in  tbe  direction  of  x  ;  and  employ- 
ing  the  cbaracteristic  Z  for  the  sam  of  ail  the  forces  thus 

determined,  we  bave  £  iS.  t-  for  the  wbole  force  in  the 

direction  of  x.  Now  if  F  be  tbe  resuit  of  ail  tbe  forces 
S,  S\  S^\ . . .  thas  combined,  and  u  tbe  distance  of  any 

ru 
point  in  its  dûrection  from.  M,  we  bave  F.  -%r  for  the  por- 
tion of  tbis  force,  which  acts  in  tbe  direction  of  x,  and 
which  must  be  equal  to  S  S.  Tr>by  tbe  supposition:  and 
by  comparing,  in  the  same  manner,  tbe  forces  in  tbedirec- 

yu  ^s  yu 

tiens  y  and  z,  we  obtain  F.  -c-  z=:  X  S.  c—,  and  F.  -r- 
^  Jy  ffif  & 

s  £  iS» .  -y-  ;  and  then,  adding  thèse  partial  variations,  we 

obtain  Vfu=illS.i^s,  an  équation  which  may  be  said  to  con* 
tain  tbe  tbree  former,  becausc,  since  tbe  variations  are 
perfectly  arbitrary,  we  may  make  any  two  of  them  vanish, 
and  tbe  tbird  will  remain  alone  on  botb  sides  of  the 
équation. 

251.  CoROLLARY  1.  When  the  point  re- 
mains in  equilibrium,  the  sum  of  the  products 
of  each  force^  multîplied  by  the  elementary 
variation  of  its  distance,  is  equal  to  notbing. 

Or  iS^SêszO  ;  siooa  F=:0.  (i> 
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252.  CoROLLARY  2.  FoF  thc  equilibrium 
of  a  point  resting  on  a  gi  ven  surface,  we  may 
either  comprehend  the  reaction  of  the  surface 
among  the  forces  *S,  or,  with  greater  conve- 
nience,  cali  the  direction  of  the  reaction  r,  and 
the  force  H,  and  we  shali  hâve  isSs + RSrz=:0. 

(c) 

253.  CoROLLARY  3.  For  a  canal,  or  a 
curved  line,  which  may  be  considered  as  à 
combination  of  two  curved  surfaces,  the  re- 
action of  the  second  surface  being  called  R\ 
and  the  perpendicular  to  it  r',  we  hâve  258*+ 

BSr+mr'z^O.  (d) 

Whatever  thc  direction  of  the  canal  may  be,  îts  resist- 
aoce  may  be  conceived  to  be  the  resuit  of  the  réactions  JS 
and  Bf  of  the  two  surfaces  vbich  détermine  its  form,  since 
the  résistance  being  perpendicular  to  the  carve,  it  miist  be 
in  the  same  plane  with  the  forces,  which  are  perpendicular  • 
to  the  surfaces,  of  which  it  is  the  intersection. 

254.  ScHOLiUM  1.  If  we  suppose  the  arbitrary  varia- 
tions &r,  Sy,  Sz,  to  také  place  in  the  direction  of  the  surface 
to  which  the  body  is  confined,  we  shall  hâve  Sr=:0,  and  the 
équation  StSS^nO  will  still  be  true:  but  the  variations  ofê 
must  then  be  taken  so  as  to  be  limited  to  the  given  surface 
by  means  of  its  équations,  and  they  cannot  be  ail  arbitrary. 
In  Ûke  same  manner  we  may  make  ir  and  S/  both  vanish 
when  the  motion  is  con6ned  to  a  canal  or  a  single  curve, 
bat  in  that  case  any  one  of  the  variations  of  s  will  deter- 
nûne  the  other  two.     It  is,  however,  more  convenient  te 
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retain  the  variations  Sr  and  S/,  and  to  substitnte  for  them 
their  values  derived  from  the  nature  of  the  surface,  since 
we  are  thus  enabled  to  détermine  the  pressure. 

ScHOLiUM  2.  Now,  if  a,  b,  and  c  be  the  coordinates 
of  the  origin  of  the  perpendicular  r,  for  the  part  of  the  sur- 
face in  question,  without  any  regard  to  this  origin  remain- 
ing  as  a  fixed  point,  we  hâve  the  équation  r^=(x — a)>  + 
(y — 6)*  -f  (^ — c)*,  supposing  only  that  a,  6,  and  c  remain 
constant  for  an  elementary  portion  of  the  surface,  as  they 
must  do  in  ail  cases:  w©  hâve,  then,  for  Sx,  2r8'rz=2(x — a) 

Sr,  and  ^r-= ,  and  in  the  same  manner  ---  =S- — ,and 

Sx        r  cy       r 

^=._;and8uice(— .)   +{t-)   4-(_)«=l,we 

Sji')  ^%)  ^\Sz 
[ScHOLiUM  3.  The  substance  of  thèse  scliolia  is  ex- 
pressed  by  the  author  in  aform  somewhat  différent;  and  in 
order  that  no  injustice  may  be  donc  to  the  synunetry  of  his 
System,  it  wili  be  proper  to  insert  his  reasoning  in  its  ori- 
ginal form,  with  some  explanatory  remarks.  "  Let  ii=0 
be  the  équation  of  the  surface,  then  the  two  équations  Sr 
zzO  and  SuzzO  will  both  be  true  together,  which  implies 
that  Sr  may  be  zzlNSu,  N  being  a  function  of  x,  y,  and  x. 
In  order  to  détermine  this  function,  the  coordinates  of  tbe 
origin  of  r  may  be  called  a,  6,  and  c,  we  shall  then  bave 

r=>/ J  (x— a)«+(y— 6)«+(s— c)«  >,  whence   we     obtain 

{e)"-^(|)*Ms)'='-  "^  '^"""  "•  { (£)* 

+  (2îf)«  +  ^*!î)«|=l;    80  that  if  we  make  x=R  :  ^ 


hâve  consequently  (^) «  +  (^)  «  +  (J")  «  =  1. 
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rAu. 


du. 


dfl. 


W2^J  «  +  (™)  «  +  (™)  «  I ,  the  term  RSr  of  the  équation 

(c)  (252)  will  become  x.Stf,  and  tlie  équation  will  become 
O^ZSBs-ï-kSu,  in  wbich  tbe  coefficients  of  the  variations 
Sxp  Sjff  Sz  must  be  made  to  vanish  separately  ;  so  that  it 
affords  three  separate  équations»  which.  bowever,  are  only 
équivalent  to  two,  since  they  contain  the  indeterminate 
quantity  x."  Now,  supposing  tbe  équation  of  the  surface 
tt=0  to  be  r* — x* — y* — z^zzO,  as  in  the  sphère,  the  na* 
tural  sensé  of  the  symbol  Sti  is  2rSr — 2xSx — ^2ySy — 2ziz, 
which  ninst  be  =0:  but  it  must  hère  be  understood  as  rela- 
tingonly  to  the  variations  of  x,  y,  and  z,  exclusively  of  r,  that 


is,  8tt=|^  &r + y  8y  +  jt^.    The  subjcct  may  be  furthor 


g? 


illustrated  by  an  extract  from  the  Mécanique  Analytique  of 
Lagrange,  Sect.  ii.  n.  7, 8. 

**  Supposing,  as  is  always  allowable,  the  force  P  to 
tend  to  a  fixed  centre  at  the  distance  |7,  we  have^p^^y 

I  (x— a)«  +(y— ft)*  +(s— c)«  > ,     and    />dpz=(x— a) dx+ 

(y— 6)dy-|-(z — c)d«.  Now,  if  p  be  perpendicular  to  a 
given  surface,  its  variation  with  respect  to  that  surface  wiil 
vanish,  and  we  bave  dp=:0  :  the  surface  being  spherical  if 
a,  &,  and  c,  are  constant,  but  of  any  other  form  when  they  are 
considered  as  variable.  If  now  the  force  P  be  in  gênerai 
perpendicular  to  a  surface  represented  by  the  équation  odx 
+/?dy+rd2=0,  in  orderto  makeit  coïncide  with  the  équa- 
tion (x— a)dx+(y — 6)dy-f-(s—c)d2=0,  which  results  from 


the  supposition  doirO,  we  must  make  —= ,  and  — = 

^ — ,  whence  X— a=-(3— c),andy— 6=:-(s— c),  andsub- 
5 — c  y  y 


stituting  thèse  values  in  the  value  of  dp,  it  becomes  àpzz 
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-—r-:; — — ;.;  and  y— 6.and  z — cafford,  in  a  similar  man- 

uer,  the  terms  |3dy  and  yàz."]  *'  We  obtain»  therefore,  the 
value  oF  dp,  wbatever  may  be  the  form  of  tbe  équation  of 

the  surface, from  the  équation  dp=dtf  :  »y  <  (  t-)*  H-  (  r-)* 

4-^*7-  V  t ,  callingadjT+^dy+ydzzidtt,  vhich  most  be  ad- 
missible, since  the  diSerential  équation  of  a  surface  must 
be  a  complète  fluxion  :  and  employing  the  usual  mode  of 

notation  for  the  partial  fluxions,  in  ^hich  -7-=â(,  -_=:p  and 

dx         dy 

dtc 

•--=:y:  and  Pdp»  the  efficacy  of  the  force  P,  will  be  ex- 

QZ 

pres..dbyPd«r^[(^)«  +  (J^).  +  (^«)^].»   the  x.S« 
of  the  Mécanique  Céleste.] 

[255.  Définition.  The  rotatory  pressure 
of  a  given  force,  with  respect  to  any  axis,  is 
the  product  of  its  magnitude  into  the  distance 
of  its  line  of  direction  from  that  axis.] 

256.  Theorem.     The  rotatory  pressure  of 
the  resuit  of  any  number  of  forces  is  equal  to 
the  sum  of  the  rotatory  pressures  of  the  same 
forces  taken  separately,  with  respect  to  the 
lame  axis. 
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The  variations  Sx,  Sy,  Sz  heiug  considered  as  arbitrary 
and  independent,  we  may  substitute,  in  the  équation  FSii 
zzlSSs,  for  the  coordinates  x,  y,  and  z,  three  otherqyan« 
tities  depending  on  them  :  and  then  make  the  coefficients 
o(  the  variations  of  thèse  quantities  eqnal  to  nothing.  Thos 
if  we  take  f,  the  radius  drawn  (z) 
from  the  origin  of  the  co- 
ordinates  to  the  projection  of 
the  point  M  on  the  plane  of  ^ 
X  and  y,  and  let  w  be  the 
angle  formed  by  f  with  the 
direction  of  x»  we  shall  bave 
x=:f  cos  Vf  and  y=f  sin  v:  and  we  may  proceed  to  con- 
sider  u,  and  the  values  ofs,  as  depending  on  f,  «r,  and  z, 

and  take  the  variation  F  ^  =  £5^—.  (e)  [This  supposition 

ov  o'flr 

is  équivalent  to  taking  the  variation  of  the  place  of  M  by 

making  it  move  in  a  plane  parallel  to  that  of  or  and  y,  while 

it  remains  at  an  equal  distance  from  the  origin  of  the  co* 

ordinates,  the  élément  of  its  (notion,  or  its  variation,  being 

f8v,]andthe  force  V,  so  reduced  to  this  direction,  becomes 

S'il 
obviously  F  -=^  (250).   Again,  if  F'  be  the  portion  of  F, 

which  acts  in  the  plane  of  x  and  y,  and  phe  sl  perpendicu- 
lar  falling  on  its  direction  from  the  axis  perpendicular  to 
X  and  y,  passing  through  the  origin  of  the  coordinates,  the 
portion  of  F,  which  acts  in  the  direction  of  the  élément 

es» 

fSw,  will  be  ^  F,  consequently  -  F=  F  -r-,  and|>  F=: 

f  f  gàv 

F  — .     It  foUows,  therefore,  from  the  définition  of  irota- 

tory  preMore  (264X  that  F^  is  the  rotatory  pressure  of 
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the  resalt  of  ail  the  forces  combined,  whioh  îs  equal  to  £5 

y* 

p-,  the  sam  of  tbe  rotatory  pressures  of  the  separate  forces^ 

with  respect  to  an  axis  parallel  to  z,  and  perpendicnlar  to 
fhe  plane  ofx  and  y;  and  this  axis  may  be  situated  in  any 
imaginable  direction  with  respect  to  the  forces  concemed, 
the  proposition  holding  good  in  ail  cases. 


CHAPTER  II. 


OF    DEFLECTIVE    FORCES 


257.  Définition.  "  238."  Any  force, 
tending  to  alter  the  direction  of  the  motion 
of  a  moving  body  or  point,  is  called  a  deflec- 
tive  force. 

ScHOLlUM.  This  définition  incVades  not  only  accéléra- 
ting  forces,  whicb,  when  directed  to  a  point  out  of  tbe  Une 
of  the  body's  motion,  are  called  central  forces,  but  also 
the  reaction  of  surfaces  or  threads,  ii^hich  limit  the  motion 
to  particnlar  surfaces,  and  are  subject  to  the  same  laws, 
though  tbey  are  only  accelerative  in  a  négative  sensé,  as 
retarding  rather  than  producing  motion  :  but  this  distinc* 
tion  is  of  no  conséquence,  nor  could  it  in  ail  cases  bè 
correctiy  established.  It  will  serve  as  a  useful  introduc- 
tion to  the  more  gênerai  and  analytical  discussion  of  this 
snbject  in  Laplace's  manner,  to  premise  a  simple  geome- 
trical  illustration  of  *  some  of  the  properties  of  central 
forces,  though  they  might  be  deduced  as  corollaries  from 
the  formulas  of  the  Mécanique  Céleste. 

258.  Theorem.  "  239/'  The  force,  by 
whicb  a  body  is  deflected  into  any  curve,  is 
directly  as  the  square  of  the  velocity,  and 
inversely  as  that  chord  of  the  circle  of  equal 
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curvature,  whîch  is  in  the  direction  of  the 
force;  and  the  velocity  in  the  ciirve  is  equal 
to  that  which  would  be  generated  by  the  same 
force,  during  the  description  of  one  fourth  of 
the  chord  by  its  uniform  action. 

For  the  force  is  as  the  space  described  by 
its  action,  beginniDg  from  a  state  of  rest»  or 
as  the  evanescent  sag^tta  through  which  the 
body  is  drawn  from  the  tangent  of  the  curve 
in  a  given  instant  of  time  :  but  the  portion 
AB  of  the  tangent  spontaneously  described 
in  a  given  instant  is  as  the  velocity»  and  BC  the  sagitta  iss 

Auq  ABQ 

*        ,  or  ultimately  »,  that  is,  as  the  square  of  the 

Telocity  directiy,  and  inversely  as  the  chord  of  curvature 
of  the  arc  AC. 

Now  the  velocity  generated  during  the  description  ef 
BG  is  expressed  by  2BÇ,  since  the  force  may  be  consi* 
dered  for  an  instant  as  constant,  and  the  final  velocity  is 
measured  by  twice  the  space  actually  described  (232)  :  the 
velocity  generated  is  therefore  to  the  orbital  velocity  as 
2BC  to  AB,  or  as2AB  to  BD,  or  as  AB  to  halFBD  :  and 
if  the  time  were  increased  in  the  ratio  of  AB  to  half  BD, 
the  velocity  generated  by  the  force  would  be  equal  to  the 
orbital  velocity,  but  in  this  time  half  BD  would  be  de- 
scribed by  the  velocity  in  the  orbit,  and  half  as  mucht 
or  one  fourth  of  BD,  by  a  uniformly  accelerated  velocity 
(232). 

259.  CoROLLARY  1.  "  240/'  When  a  body 
describés  a  circle  by  means  of  a  force 
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rected  to  its  centre,  the  velocîty  is  every 
where  equal  to  that  which  ît  would  acquire  in 
falling,  by  the  action  of  the  same  force,  sup- 
posée! to  be  uniform,  through  the  length  of 
half  the  radius  :  and  the  force  is  as  the  square 
of  the  velocity  directly,  and  as  the  radius 
inversely. 

ScHOLiUM.  By  means  of  this  proposition  ve  tnay 
easily  calculate  the  velocity»  with  which  a  sling  of  a  given 
length  must  revolve,  in  order  to  retain  a  stone  in  its  plac« 
in  ail  positions  ;  supposing  the  motion  to  be  in  a  vertical 
plane,  il  is  obvions  that  the  stone  will  hâve  a  tendency  to 
fall  when  it  is  at  the  upperiHost  point  of  the  orbit,  unless 
the  centrifugal  force  be  at  least  equal  to  the  force  of 
gravity.  Thus  if  the  length  of  the  sling  be  two  feet,  we 
mast  find  the  velocity  acquired  by  a  heavy  body  in  falUni^ 
ihreagh  a  height  of  one  foot,  which  will  be  eight  feet  ia 
a  second,  since8vl=B;  and  this,  at  least,  mnst  bo  its 
▼elocity  at  the  highest  point,  in  order  that  the  string  may 
remain  stretched  throughout  its  révolution*  With  this 
velocity  it  would  perform  each  révolution  in  about  a  second 
and  a  half;  but  its  motion  will  be  greatly  accelerated 
during  its  descent  by  the  gravitation  of  the  stone. 

260.  CoROLLARY  2.  "  241/'  In  equal 
cîrcles  the  forces  are  as  the  squares  of  the 
times  inversely. 

For  the  velocities  are  inversely  as  the  times« 

ScHOLiUM.  It  may  easily  be  shown,  by  the  apparatos 
cilled  a  wbirling  table,  that  when  two  sliding  stages  ars 


; 
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equally  loaded^  one  of  them,  which  b  made  to  revolve 
with  twice  the  velocity  of  tbe  other,  wilt  raise  four  eqoal 
weights  at  the  same  instant  that  the  other  raises  a  single 
ôné,  the  velocities  being  gradually  and  slowly  increased»  by 
turning  the  handle  more  and  more  rapidly,  till  tbe  stages 
flyoff. 

261.  CoROLLARY  3.  "242/'  Ifthetimes 
are  equal,  the  velocities  being  as  the  radii, 
the  forces  are  also  as  the  radii  ;  and  in  gênerai, 
the  forces  are  as  the  distances  directly,  and  as 
the  squares  of  the  times  inversely  :  and  the 
squares  of  the  times  are  directly  as  the  dis- 
tances, and  inversely  as  the  forces. 

The  forces  are  as  the  distances  directly,  and  as  the 
squares  of  the  times  inversely,  because  tbe  velocities  are 
as  the  distances  directly,  and  as  the  times  inversely,  anc' 
their  squares  are  as  the  squares  of  the  distances  dividec 
by  those  of  the  times,  and  dividing  thèse  qaantities  by  the 
distances  (259)  we  bave  the  distances  divided  by  the 
sqaares  of  the  times,  whence  the  other  part  of  the  pro- 
position foilows. 

ScHOLiUM.  '^rhus  if  one  of  the  stages  of  the  whirling 
table  be  placed  at  twice  the  distance  of  the  other,  it  will 
raise  twice  as  great  a  weight,  when  the  révolutions  are 
performed  in  the  same  time  :  and  again,  the  same  weight 
revolving  in  a  double  time,  at  the  same  distance,  will  bave 
its  effect  reduced  to  one  fourth,  1)ut  at  a  double  distance 
the  eflTect  will  again  be  increased  to  half  of  its  original 
magnitude,  while  the  time  remains  doubled. 
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Ô62.  CoROLLARY  4.  "  243/'  If  the 
forces  are  inversely  as  the  squares  of  the 
(fistances,  the  squares  of  the  times  are  as  the 
cubes  of  the  distances. 


»v»  •    »—»"■' 


For  the  squares  of  the  times  are  as  the  distances  di- 
rectly,  and  as  the  forces  inversely  (261)  :  that  is,  in  this 
case,  as  the  distances,  and  as  the  squares  of  the  distances, 
or  as  the  cubes  of  the  distances. 

263.  Theorem.  "  244.''  The  right  line, 
joining  a  revolving  body  and  its  centre  of 

attraction,  always  describes   equal   areas  in 

^■,fc^^^j_^_^ ...  ...,..-  -..»..  ^ 

equal  times,  and  the  velocity  of  the  body  is 
inversely  as  the  perpendicular  drawû  from  the 
centre  to  the  tangent. 

Let  AB  be  a  tangent  to  any 
dure,  in  which  a  body  is  retained 
by  an  attractive  force  directed  to 
C,  and  let  AB  represent  its  velo- 
oity  at  A,  or  the  space  which  C 
would  be  described  in  an  instant  of  time  without  distur- 
bance»  and  AD  the  space  which  would  be  described  by 
the  action  of  C  in  the  same  time  ;  then  completing  the 
parallelogram,  AE  will  be  the  joint  resuit  (226);  again, 
take  £F=AE,  and  EF  will  no w  represent  its  spontaneons 
notion  in  another  equal  instant  of  time,  aod  by  the  action 
of  C  it  will  again  describe  the  diagonal  of  a  parallelogram 
E6;  but  the  triangles  ABC,  AEC  ;  AEC,  ECF;  ECF» 
EC6,  being  between  the  same  parallels,  are  equal  (117); 
ind  if  thèse  triangles  be  infinitely  diminished»  and  the 
•etion  of  C  become  continuai^  they  will  be  the  evanesoent 
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iocrements  of  the  area  described  by  the  reyolving  radios, 
while  tbe  body  mo ves  in  the  curvilinear  orbit  ;  and  the 
whole  areas  described  in  equal  times  will  therefore  be 
equal.     And  sioce  the  constant  area  ABCz:  AB.-J-  CH 

(117, 114),  AB=2ABC.T7g  and  AB,  representing  the 

▼elocity,  is  always  inversely  as  CH,  or  v=-. 

ScHOLiUM.  Lap^ace  demonstrates  this  proposition  bj 
means  of  the  law  which  makes  the  sam  of  a  number  of 
rotatory  pressures,  which  he  calls  moments,  with  respect 
to  a  given  axis,  equal  to  the  pressure  of  the  resnit  :  ob- 
serving  that  whatever  is  demonstrated  of  forces  and  tbeir' 
composition  may  be  applied  with  equai  truth  to  combina- 
tiens  of  motions  or  velocities.  It  is  true  that  the  same 
symbols  and  the  same  reasoning  may  gcnerally  be  applied 
to  forces  and  to  motions  ;  but  it  appears  to  be  an  inversion 
of  the  naturai  order  of  démonstration  to  deduce  the  lawa 
of  motion  from  those  of  pressure,  espccially  in  a  case 
where  the  reai  process  of- nature  is  so  easily  traced  in  the 
geometrical  représentation.  Laplace  observes,  however, 
with  respect  to  the  laws  of  rotatory  pressure,  (256)  that  if 
we  project  each  force  and  the  resuit  of  ail  the  forces  on  a 
fixed  plane,  the  sum  of  the  rotatory  pressures  of  the  cons* 
tituent  forces,  with  respect  to  any  fixed  point  in  the  plane, 
is  equal  to  the  rotatory  pressure  of  tbe  resuit  of  ail  the 
forces  :  and  drawing  to  this  point  a  line,  which  is  commonly* 
called  the  radius  vector,  but  more  properly  in  Englisb  the 
revolving  radias,  this  radius  would  describe  an  area  in  the 
fixed  plane,  in  virtue  of  each  force  acting  separatcly» 
equal  to  the  product  of  the  line  described  by  the  moving 
body  into  the  perpendicular  falling  from  this  fixed  point  oir 
•tsdiieotioD,  ud  conseqoentlyv  for  any  oee  force  or  motioo. 
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pfoporfionri  to  the  tîme,  since  the  force  ia  concehr^  to 
bave  acted  înstantaneoosly»  and  to  hâve  prodaced  a  utifc* 
form  velocity:  tbis  area  is  aiso  expresaed  by  tbe  saae 
prodact  which  bas  been  denominated  the  rotatory  près* 
sare»   that  is  the  [rroduct  of  the  perpendicular  into  tho 
projection  of  tbe  force,  or  into  the  motion  in  the  given 
plane  :  consequently  the  area  described,  in  virtae  of  ail 
tbe  motions,  is  proportional  to  the  projection  of  the  whole 
force,  and  the  sum  of  the  separate  areas  is  equal  to  tbe 
area  described  by  the  radins  in  virtue  of  the  resait  of  ail 
the  motions.     Now  the  addition  of  any  force  or  forces, 
dûrected  to  or  from  the  given  point,  can  maice  no  difier* 
ence  in  the  magnitude  of  the   area  described  round  it  : 
becanse  no  motion  directed  to  the  point  would^separattly 
cause  any  area  at  ail  to  be  described.    §.  6.  P.  18. 

CoROLLARY.  Hence,  recîprocally,  if  a 
body  describes  equal  areas  round  a  given 
point,  the  force  by  which  it  is  actuated  must 
be  directed  to  that  pointj 

264.  Theorem.  When  a  moveable  point 
18  actuated  by  a  combination  of  forces,  their 
results  being  reduced  to  three  orthogonal 
directions  ;  the  time  being  supposed  to  flo\r 
uniformly,  the  forces,  diminished  by  quantities 
proportional  to  the  second  fluxions  of  the 
spaces  described  in  each  direction,  and  Âiulti- 
plied  by  the  respective  variations  of  the 
ûonsp  will  balance  each  other. 

I  3 
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Since,  in  the  case  of  equilibriiim,  OzzXS^,  when  tfaere 

ia  no  motion,  and  since  any  unoompensated  force  most  be 

employed  in  producing  an  increase  or  diminution  of  the 

elocity  proportional  to  its  magnitude  (230);  it  follows 

that  80  much  of  the  force,  in  the  direction  x,  as  is  other- 

wise  uncompensated,  must  be  employed  in  producing  a 

change  of  the  velocity  v  expressed  by  àv,  in  the  elementary 

portion  of  time  expressed  by  d^  :  and  if  the  force  be  called 

F,  or  more  properly  Pdt,  because  its  effect  dépends  on 

the  elementary  portion  of  time  in  which  it  is  supposed  to 

act,  the  unemployed  portion  may  be  called  Pd<— -dv=: 

àx 
Pdf —  d  jr  ;  and  the  same  law  will  hold  good,  with  res- 

pect  to  the  portions  of  any  number  efforces  thus  remaining 

unemployed,  as  if  the  moving  point  remained  at  rest.  Con- 

sequently  the  équation  0=Zi$^«  (251)  will  afford  us,  chang- 

dx  dî/ 

ing  the  signs,  0= Jx  (d  j^—P^O  -f  3y  (d  •^—  Qdt)  +>« 

dz  /• 

(d-j- — Rdt);  (j)*    We  hâve  also,  when  the  body  is  at 

SCHOLIUM.  We  must  hère  carefuUy  distinguish  the 
arbitrary  variations  Ix^  êif,  êz,  from  the  fluxions  dx,  dy,  dz, 
the  former  being  subject  to  no  conditions  whatever,  pro- 
vided  that  ail  the  forces  concemed  be  comprehended  in  the 
équation,  while  the  latter  are  confined  to  the  expression 
of  the  actual  motion  of  the  body  M. 

CoR&LLARY  1.  We  are,  however,  at  liberty  to  as- 
sume the  variations  as  équivalent  to  the  fluxions,  and  to 
substitute  dx,  dy,  and  dz,-  for  ^x,  ^y,  and  ^z,  and  in  this 

dxddx 
case   the   équation    will    become  0=— -r- Pdtdx  -f 
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dvddy  dzdds 

,      — Qd^dx  +  —j^ JRd^dz,  wheDce,  taking  the  flu- 


d^ 

dx«+dy*+dz« 
eût,  and  dividing  by  dt,  we  bave  ^  ^^ =    r 

.^^       ^,       «,  V        ,  dx«4-dy«+d««     ^  ^«,       ^, 
(Pdx  4-  Qdy + Rdz),  and ^^j^-I- =2/  Pdx  +  Çdy 

+JRdz).    Now  the  first  member  of  this  équation  is  tho 

ds 
iqaare   of  the  velocity  -r«  or  v,  and  the  second  may  be 

called  c+3^,  supposing  the  expression  to  be  a  possible 
fluxion,  or  capable  of  intégration,  which  it  must  be  wben 
the  forces  are  in  any  way  dépendent  on  the  distance  of  Jlf 
firom  their  origins,  as  they  generally  are  in  nature:  we 
bave  tben  f%=:c+2(p  (235).  (gj. 

CoRoiiLARY  2.  This  supposition  of  the  equality  of 
the  variations  to  the  actual  evanescent  incréments  of  the 
bod/s  path,  is  equally  applicable  to  the  motion  of  a  body 
in  a  given  surface  :  aod  it  follows  firom  the  preceding 
coroUary,  that  the  velocity  remains  unaltered,  if  no  other 
force  be  acting  on  it  but  the  pressure  of  the  surface  :  as 
indeed  it  is  obvions  that  the  portion  destroyed  by  the 
curvature  at  each  step  must  be  infinitely  less  than  that 
whiçh  remains,  the  hypoténuse  of  a  triangle  exceeding  its 
base  by  a  quantity  which  is  only  the  square  of  the  perpeii» 
dicular,  which  may  be  compared  with  the  evanescent 
•agitta  of  the  curvature.     See  286. 

CoROLLARY  3.  It  is  aiso  obvions  that  ^the][  velocity 
must  be  the  same,  by  whatever  path,  or  upon  whatever 
surface,  the  moveable  body  passes  firom  one  giyen  point  to 
another. 

265.  Lemma.  The  variation  of  the  dif- 
ference  or  of  the  fluxion  is  equal  to  the  dif- 
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ference  or  the  fluxion  of  the  variation,  that  ia 

2Aar=A9x,  and  2clx=d^x. 

Sapposiog  two  successive  valaes  of  the  ordinate  Xg 
corresponding  lo  the  abscisses  y  aody+A>  to  bc  x  and  x 
fff  Axy  and  the  carve  or  the  équation  to  be  so  altered,  that 
the  ordinates  receive  the  addition  characterized  by  S;  the 
values  corresponding  to  y  andy+Awill  then  be  x  +  Sr» 
aod  x-f  Ax-f  8(x  +  Ax)or  x  +  Ax+&r+8Ax.  If  we  now 
suppose  the  latter  variation  to  take. place  first,  and  then 
the  former,  we  shall  hâve  x  and  x  +  Sx,  both  correspond- 
ing to  y;  and  x  +  Ax  and  x  +  8x  +  A  (x  +  8x)  =x  +  Sx  +  Ax 
+  A8x,  corresponding  to  y  +  A.  Kow  the  final  éffects 
beiog  the  same,  by  the  supposition,  wbich  ever  change  we 
consider  first,  it  foUows  that  x  +  Ax-j-Sx-i-oAa:=x4-Sx  + 
Ax  +  ASx,  and  conscquently  8Ai  =  ASr,  which  is  true 
wbatevcr  be  the  magnitude  of  the  changes,  and  consc- 
quently when  they  become  cvancscent,  so  that  we  may 
tabstitute  d  for  A,  and  Sdx  will  be  still  equal  to  dSx. 

The  truth  of  this  propo* 
sition  may  also  be  easily 
understood  from  a  geome« 
trical  illustration,  the  varia* 
tion  or  différence,  expressed 
by  A,  arising  from  the  coni» 
parison  of  the.  ordinates  at 
y    and    at  y+A,    and  tho 

___^ variation  8  relating  to  thô 

^  y^h  change    produced    in     the 

•ame  ordinates  by  any  arbitrary  variation  of  the  curve  • 
Ihe  same  portion  of  the  second  ordinate  represcnting  SAx 
and  ASx. 

ScHOLiUM.    The  foundation  of  the  method  of  indépen- 
dant variations  was  laid  by  Leibnitz,  under  the  name  of 


Aix 


AOf 
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'*  diSerentiation  from  curve  to  curve."  For  a-  farther 
illustration  of  this  method,  s(  e  article  289.] 

266.  Theorem.  The  path  of  a  moveable 
body  is  always  such,  that  the  fluent  fcds^ 
taken  between  its  extrême  points,  is  less  than 
in  any  other  curve  subjected  to  the  same 
cooditions. 

Sincet;«=c+2/(Pdx+Çdy+Jldz)  (264,  Cor.  1)  and 
iince  the  coeflScients  of  the  variation  S  and  of  the  fluxion 
d  are  tbe  sarne^  it  follows  that  vSv=PSx+QSy  +  jRSr; 

dx 
eonsequently   in    the  équation  (f,   264)  OziSx  (d^r  •* 

PdO  +  %(d^-ÇdO  +8z(d^-lîdO,  we  may  subfti* 

ititote  vivdt  for  PSxdt  +  Q^dt  +  RSzdt,  and  it  will  become 

0  =z  Sxd  -^+  M-^+  8zd3^— t;St;dt,(A);  now  if  the  fluxion 

of  the  curve  be  called  d^,  we  shall  bave  àszzvdif  and  d«* 
rsdj'-fdy^+dz-,  coasequentiy  vSvd^zzdsSv;  and,  taking 
the  variation  of  d^^,  d^Sd^  t=:  àxidx  +  dySdy  +  d^Sdir 
s:  tid^Sd^.  Now  d  (da:&r)  =:  dxdSx  +  Sxd^x  ;  bot  sinco 
d&t  =  SdjT  (265),  darSdx  =  dxd&r  =  d  (da:8a)  -  Sxd»x, 
and  the  same  substitutions  being^  applied  to  tbe  coordinatei 
y  and  z,  the  équation  for  àsSds  is  transformed  into  t;Sd«=: 


d(dar&r+dy8y  +  drSz)     ^   .dx 


dy 


dz 


di        -^^éi-^y^^^^^dt'  ^•^^^•^^ 

by  means    of  the  équation    (h)   becomes   t^Sd^  =:  d 

Mx+dyBif+dzBz  _^^^^^  butt,8t;d<=d*8t,;  and  8(t»d.) 
ûi 

=i«d.  +  d.S«=dif^i±Mj±!i:    and    taking   th. 

ut 

IbmI  on    both  sidet  with  respect  to  d,  S/Vd«  =:  r  4- 
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^? .     Now  at  the  beginning  and  end  of  the 

\ioàfs  inotion,  the  variations  Sx,  Sy,  Ss,  must  necessarily 
vanish,  because  it  is  sapposed  to  move  irom  one  fixed 
point  to  another,  the  intecmediate  points  only  being  snp- 
posed  to  be  subjected  to  an  elementary  variation  :  con- 

seqnently  the  value  of  ijvàs  between  thèse  two  points  ta 

eqnal  to  nothing,  and  the  qaantityyî;d«  is  a  minimom^ 

iince  its  variation  vanishes. 

[ScHOLiUM.  The  nature  of  this  fluent  may  be  under- 
stpod  by  supposing  the  path  to  be  changed  towards  the 
middle  by  a  slight  variation  Sx  of  x  only  ;  the  variation 
ifvàê  with  respect  to  the  whole  portion  of  the  path  wonld 

then  become    ■  .  ■  ,  which  is  equal  to  the  product  of  the 

variation  of  x  into  the  velocity  of  the  body  in  its  direction 
at  the  given  point.] 

CoROLLARY  !•  If  the  body  is  movîng 
freely  on  a  given  surface  with  a  unifonn  velo- 
city Vj  we  hsLve  fvàs-=ivfAs:=iVs^  consequently  s 
is  also  a  minimum,  and  the  curve  is  the 
shortest  that  can  be  described  between  the 
two  points. 

[ScHOLiUM.  The  curve  in  this  case  may  always  be 
traced  by  bending  a  flattened  wire  over  the  surface»  "c^hich 
mnst  necessarily  détermine  the  minimum,  since  the  two 
edges  of  the  wire  are  of  the  same  length,  and  the  variation 
of  the  length  of  the  path  contained  within  its  limits  va* 
nishes  :  the  same  curve  must  also  be  that  which  a  body 
9rould  describe  spontaneously  on  the  surface,  because  it 
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lies  always  in  a  plane  perpendicular  to  the  snr&ce,  and 
the  pressure  of  the  surface  could  cause  the  motion  to  be 
deflected  in  no  other  direction.  That  the  curve  must  be 
in  a  plane  perpendicular  to  the  surface,  is  évident  from  the 
motion  of  ail  bodies  roUing  on  each  other,  which  corne  into 
contact  in  directions  at  right  angles  to  the  surface  :  and 
ihe  i^ire  must  bend  continually,  from  the  position  of  the 
tangent  into  that  of  the  curve,  in  such  a  manncrthat  ail  its 
points  descend  perpendicularly  upon  the  surface. 

267*  Lemma  a.  The  sum  of  the  squares 
of  the  projections  of  any  right  Une  on  three 
orthogonal  planes  is  equal  to  twice  the  square 
of  the  Une. 

If  the  orthogonal  ordinates  of  the  line  s  be  a,  b,  and  c» 
ye  baye  s^zza^-^b^+c^  ;  now  the  projection  on  the  plane 
of  a  and  b  is  V(a*  +6*),  on  that  ef  a  and  c,  V(a*  +c*); 
and  on  that  of  (  and  c,  »y(b^  +c^)  ;  consequently  the  sum 
of  the  squares  of  the  three  is  a*  +6*  +a*  +c«  -f  6«  4-c*  = 

268.  Lemma  B.  The  fluxion  of  an  arc  is 
as  the  radius  of  curvature  and  the  fluxion  of 
the  angular  extent  conjointly,  or  d5=rda,  and 

the  radius  is  ^= j^- 

The  angle  being  measured  in  equal  circles  by  the  arc 
•nbtending  it,  and  in  différent  circles  being  inversely  as 
the  radius,  when  the  aro  is  the  same,  it  becomes  eyident 
that  the  elementary  arc  of  any  curve  must  be  as  the  angle 
mbtended  by  it,  or  as  its  angular  extent  and  the  radius  of 
t)ie  drcle  of  curvature  coiyointly,  the  élément  of  the  curve 
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eoincidiog  in  leDgth  and  in  curvature  with  that  of  the  circfe 
of  equal  curvature  at  the  given  point. 

269.  Lemma  C.    The  radius  of  curvature 
is  in  gênerai  r=dj:  id-^  =^  —  dy  :  d~- 

Since  d  ain  d:z  cos  Ùà9  (142),  we  hâve  dd=: ;  and 

cos  B 

since  d  cos  0  ^  —  sin  Ùd6,  d9  =:  -~  «    Now  sin  est 

sin  B 

-^,  and  cosô=:--;  wbence  dô=  d  X—  =:— d  — .•-» 
ûë  as  dsdx  àsdy 

mnd  r=^=:dx  :  d  -^  =  —  dy  :  d  --. 

dô  d*  ^        as 

270.  Lemma  D.     When  the  fluxion  ofthe 
curve  is  constant,  the  radius  of  curvature  is 

_.d#dx_ d5dy_  ds^ 

When  d*  is  constant,  we  hâve  d  t^=-~,  and  d  -r-  s 

as      as  as 

ddx       j        j       j  dv     d^dx  àsdy      «  x    •         -1  • 

•-— ,  and  rzzaz  :  d  --1=:—-—-  = Jl.    But  since  dx* 

ds  as      ddy  ddx 

+  dy«=d5«,  dxd«x  +  dyd«y=0,  and  dx2d«x«=dy«d«y'» 

d«y«  _  df2        d        d^yg         _        dx» 
d«a«  ""  dy2'  ^°    cl«x^ -fu-y-  ""  dx^+dy» 


conseqnently 


ddv  *  dx        ,  d^dx 

'-^ =: — ;  wbence  — ^  zz 

is/td2x«-fd«y«)     d*  ddy 


(84)  =  ^.  and 

dj» 
V(d?x^+dV)' 

271.  Lemma  E.    When  the  curve  is  re- 
ferred  to  three  orthogonal  ordinates,  its  fluxion 
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dj  being  constant,  the  radius  ôf  curvature  is 

d£« 

We  may  first  suppose  a  plane  to  pass  throagh  the  tan» 
gent  of  the  curve  and  the  ordinale  z,  wbich  ^c  may  call 
vertical,  while  x  and  y  are  horizontal,  and  a  second  plane 
to.pass  through  the  tangent,  and  to  be  perpendicolar  to  the 
first  or  supposcd  vertical  plane:  then  if  the  curve  be  pro« 
jected  vertically  on  this  plane,  the  horizontal  ordinates  z 
Mid  y  will  be  the  same  for  the  projection  as  for  the  curve» 
and  the  tangent  will  be  the  same,  and  the  curves  will  only 
difier  in  length  as  the  tangent  diff'ers  from  the  curve,. the 
éléments  of  ail  three  being  ultimately  in  the  ratio  of  equa*, 

Uty:  the  sagitta  of  curvature,  •— ,  of  the  projection,  will 

be  horizontal,  being  perpendicular  to  the  first  plane,  ^hick 
is  vertical;  it  is,  therefore,  the  projection  of  the  primitive 
lagitta  on  a  plane  parallel  to  that  of  x  and  y:  and  the  same 
may  be  shown  of  two  other  projections  on  the  other  two 
orthogonal  planes,  of  x  and  z,  and  of  y  and  z,  substituting 
f  and  X  successively  in  the  place  of  z. 

Now,  the  sagittae  of  the  three  projections  are  ^  i</(A*:r* 
+aV)»  i  >/(A«x«  +  A«2-),  and^  ^/(A^y"  +  A«2«),and  the  sum 
of  their  squares  is  ^  >/(A^jc-H-A-y-4-AV),  consequently  the 
primitive  sagitta  of  which  they  are  the  projections,  is  \ 
(aV+a^^+aV),    and   tlie  true  radius  of   the    curfe 

A«« d*^ 

V(A«jr« + aY  +  A^z^)*"  V  (d«x2  +  dY  +  dVy 

ScHOLiUM.  The  charactcristic  a  is  hère  substituted  for 
à  in  speaking  of  the  sagitta,  A  being  intended  to  represent 
a&actaal  evanescent  variation,  while  the  fluxion  d  is  a  finite 
magnitude  proportional  to  it  (229).     The  student  will 
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r^adUy  understand  that  ébfi  is  generally  ased  for  (àxy  aad 
d^x^  A^xS  for  (d2j:)S  (a«j:)«  ;  and  not  for  d(x^,  d\xy,  as 
might  hâve  been  done  without  impropriety,  if  it  had  beoD 
equally  convenient. 

272.  TiîEOREM.  The  pressure  of  a  moving 
body  on  any  curve,  derived  from  its  centrifu- 
gal  force,  is  expressed  by  the  square  of  the 
velocity,  divided  by  the  radius  of  curvature  : 
and  the  pressure  on  any  surface  is  expressed 
by  the  square  of  the  velocity  divided  by  the 
radius  of  curvature  of  its  path,  and  multiplied 
by  the  sine  of  the  inclination  of  the  plane  of 
the  curvature  to  the  plane  of  the  surface. 
(%.  9.  P.  23.) 

The  équation  FSuriZSSs  (250)  affords  us  hère  the  con- 
ditions of  equilibrium  between  the  forces  depending  on 
the  curvature,  and  the  pressure;  but  those  forces  are 

S' S?'  '"'^  S'  <^'  ^>'  °''  *^^«  ^*='"*''  ^'= 
T»  ^"^  i'=S'  i'^'""'  £-***y'  "•^  i-^"''  ^^""^  """^ 

be  respectively  equal  to  F  j- ,  ^  Y"*  ^^^  ^  ^'  ^^*  ^ 
thii  case,  putting  A  for  the  pressure,  and  r  for  the  peipen- 

dicular  tothe  surface,  to  A  -rt-,  A  ^,  and  A  ^,  since  the 

ox       cy  ûz 

forces  in  each  direction  must  balance  eachother.  Wehave 

consequently,  adding  together  the  squares  of  each  equa- 
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+4...X-.dAvJ(g)'+f)-+(g)-}=Sr'' 

(d«j?«+d«y«4-d«2«).  But  de  being  constant,  we  havc 
±  V(d«x«  +d«y.  +d«z«)  =1  (271);  and  (g)«  +  (|^« 

+  rj-)*=l  (254,    Scb.  2):  conseqaeatly  A= — ,  as  bas 

abready  been  inferred,  with  respect  to  tbe  central  force  in 
acircle»  from  asimpler  mode  of  reasoning  (258);  but  tbe 
ooincidence  is  of  use  in  strengtbening  tbe  basis  of  tbe 
analjtical  investigation. 

Now,  if  tbe  surface  be  spberical,  tbe  cnrve  describcd 
wiU  obviously  be  a  great  circle  of  tbe  spbere,  and  its  radias 
of  canrature  tbat  of  tbe  spbere,  since  tbe  deflection  can 
only  be  in  tbe  direction  of  tbe  radius,  and  in  tbe  plane  in 
wbicb  tbe  body  moves.  And  if  a  tbread  be  substituted 
for  a  surface,  tbe  tension  of  tbe  tbread  will  be  équivalent 
and  equal  to  tbe  pressure  on  tbe  surface. 

Tbe  wbole  pressure  on  tbe  surface  will  be  obtained,  by 
adding  to  tbe  centrifugal  force  any  extraneous  forces  wbicb 
may  be  acting  on  tbe  body.  And  since  tbe  force  always 
acts  in  tbe  direction  of  tbe  plane  of  tbe  bod/s  motion, 
wben  tbat  plane  is  not  perpendicular  to  tbe  surface,  tbe 
pressure  on  tbe  surface  will  obviously  be  reduced  in  tbe 
proportion  of  tbe  radius  to  tbe  sine  of  tbe  inclination  of 
tbe  plane  to  the  tangent  plane  ;  tbe  remaining  portion  act- 
ing in  tbe  direction  of  tbe  surface,  and  requiring  to  be 
counteracted  by  some  otber  force.  But  in  tbe  absence  of 
snob  forces,  it  bas  been  sbown  tbat  tbe  centrifugal  force 
18  simply  equal  to  tbe  pressure  on  tbe  sur&ce  ;  the  plane  of 
the  motion  is,  tberefore,  in  tbat  case,  always  perpendicular 
to  the  surface. 


126  C£L£8TIAI.    MECHAKICS.    I.  il.  10. 

The  curve  thus  described,  on  a  spheroid»  has  been  called 
the  perpeudicular  to  the  nieridian  :  and  it  traces,  as  bas 
aircady  been  obscrved,  (266)  the  shortest  distance  between 
any  two  places  in  ils  direction.  It  does  not^  however, 
remain  actually  perpendicular  to  the  meridians  whicb  if 
crosses,  but  is  conceived  to  be  traced  by  ievelliug,  in  tlic 
same  way  as  a  flattened  wire  would  trace  it  when  bent  on 
the  spheroid. 

[ScHOLiUM.  It  follows  from  considering  the  propor- 
tion of  tbe  sagitta  of  curvature  in  a  perpendicular  and  in 
an  oblique  plane,  that  the  radius  of  curvature  must  always 
vary  in  tbe  direct  ratio  of  the  sine  of  the  inclination  of  tbe 
planes,  so  that  the  pressure  on  the  plane  is  the  same  M^he- 
ther  the  body  move  in  a  great  or  a  lesser  circle,  the  immé- 
diate centrifugal  force  being  increased,  by  the  inerease  of 
curvature,  in  the  same  ratio  that  its  action  with  regard  tô 
the  surface  is  diminished,  provided  that  the  velocity  be  the 
same  in  both  cases.] 

273.  Theorem.  If  a  body  move  in  a 
resisting  médium,  and  be  subject  to  a  uniform 
gravitation  in  a  vertical  direction,  its  motion 

will  be  defined  by  the  équation  — =^^4  >  ^ 

being  the  space  described  in  the  direction  of 
the  motion,  z  the  vertical  ordinate,  x  a  horri- 
zontal  one,  q  the  résistance,  and  g  the  force 
of  gravity,  àx  being  constant  :  and  if  the 
résistance  is  as  the  square  of  the  velocity,  and 

ç     ddz  *** 

h  =— »  ^=  ae  ;  a  bemg  a  constant  quan- 
tity,  and  hlc=l. 
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ResamiDg  the  eqaation  (/,  264),  0=:Sjr(d  — -.Pdt)+ 

Sy  (d-j~ÇdO+?«  (^  dï*"^^'^'    ^^   sapposing    c  to 

begin  at  the  highest  point  of  the  curvo,  we  may  résolve  the 
force   of  résistance  €  into  three  directions,  and  it  will 

M>     «  >-  d.r         ^  dv         ,  ^  dz  ,    ^ 

afiord  us  —  ^  t->  —  ^  j^»  ^^d  —   Ç  -r- ;  consequently  P 

=— Cv-»  ©=—  ^-r^»  and  Jl=— ff- — hfif.    Hence  we 
d*  ûs  d*     ^^ 

iz 

j-d<»gd():  and  if  the  motion  is  sabjected  to  no  further 

ix  àx 

limitatioiiy  we  hâve  the  three  équations  0=d^   ^  ^  H* 

ii;0=id-^  +  e:^dt;  and  0=  d  :;|  +  eT^d/-flrd/.  From 
d^        Q8  dt        ds         ® 

aie  two  first,  we  obtain,  by  multiplication  and  subtraction» 

dy      dx     dx     dy 

T^.  d  jT=  jT-  d  Tji  î  ^^^p  "^  being  constant,  dividing  both 

•ides  by  "7177"' ^^^'^^^'^l^^T^'  ®°^  hldxnhldy+crM 

fiy$  and  dx=:/*dy, /beinga  constant  quantity.     But  since 

dxzzjdy^  tbe  horizontal  motion  must  be  rectilinear,  and 

the  body  must  move  in  a  vertical  plane,  which  is  indeed 

sofficiently  obvious  from  the  absence  of  any  latéral  force. 

We  may,  therefore,  consider  x  as  situated  iu  this  plane,  y 

dx 
oeiDg  always  =0;  and  from  the  two  équations  0=d— + 

^  dx,  -  ^       -dz     -dz,         _  ,     ,  -, 

C  ^-d/,    and  0  =:  d-rr-^-Q -z-dt^gdU  we  obtam«  making 
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dd*      ^  dx  . 

àx  constant,  and  d^  of  coarse  variable»  ^^dt^       ds    ^' 

j    -        d^ddf        ,       ^      ddz     dzdd*   '  ^  dz 
and  e  =  ^j^;    also  0=z^^-^—+S^àt^gdt; 

àziàt        dz,       ,       dd^ 
consequently  gdt^  =  ddz ^ — hCT-d*«  :  but  -^7-= 

-^ — ,  80  that  ydf«=:d«z,  and,  taking  the  flaxion,  2gdtd*t 

=:d*z  ;  now  since  d*^  =  -j — ,  and  at*zz ,  we  bave  d*z 

ûs  g 

=  %ded^.  =  2yd.-_=:^^=  ^(_)  =_^ 

C     d^d^z 
and  -*  =  hjt-?,  wbich  détermines  the  law  of  the  résistance 
g      2d*z* 

Cf  required  for  the  description  of  a  particular  curve. 

Now  sapposing  the  résistance  proportional  to  the  square 

of  the    velocity,  which  is   nearly  tnie  in  a  médium  of 

d*2 
uniform    density,   Q  being    expressed    by  A.t-^,  wehave 

Ç     hA^    Ms^        ,  ,  ,        d^z  M^     €      dsd^z 

g      gdt^     d^z  2ddz  ddz      g       gd^z»  * 

hence,  taking  the  fluent,  we  hâve  hszz^  hld^z  +  c,  or  2Aj=r 

hld^z+c,  in  which,  since  dx  is  constant,  we  must  take 

ddz 
hld«z4-c=hl-^-^,  and  since  hl  (ae  ^)  =2A5+hla,  we  hâve 

ddz 
dx« 

CoROLLARY.  If  we  make  A=:0,  and  suppose  the 
résistance  to  vanish,  we  hâve  d^znadx^;  the  fluent  of 
wbich  is  dz=|aardx+&dar,  whence  zn^cur^+Jx  +  c,  which 
is  the  équation  of  a  parabola  (204)  b  and  c  being  deter- 
bj  the  conditions  of  projection  ;  and  since  d^zz= 


=:aé^. 
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aAjfz:igàX\  we  hâve  d<*  =  Alx-,  and  t^x^^^f\  but  if 
Xy  X,  and  I  begin  together^  c=Oy  and/^  =:  0,  conseqnentij 
t  iz  X  ^'-f  xzi  V  — e,  and  x=-J^  ax*+6x,  whence  zzz^ 

the  wbole  theory  of  projectiles  moving  without  résistance  : 
they  shew  that  the  horizontal  yelocity  is  uniform,  and  that 
the  yelocity  in  a  yertical  direction  is  the  same  as  if  the  body 
fen  in  a  right  line. 

[ScHOLiUM.  It  seems  to  be  an  nnnecessary  departure 
from  the  simple  order  of  investigation  to  examine  a  very 
complicated  and  intricate  case  in  order  to  deduce  from  it 
a  very  simple  one  :  and  yet  it  may  be  said  that  uniess  this 
were  doue,  we  should  bave  fréquent  répétitions  from  con- 
ûdering  the  same  case  in  its  simple  form,  and  then  as  an 
inference  from  a  more  gênerai  law.  But  for  a  student,  it 
is  better  to  bave  such  répétitions,  than  to  be  without  a 
clear  conception  of  the  shortest  path  by  which  he  may 
arrive  at  an  elementary  conclusion.  It  seems,  therefore» 
not  altogether  superfluous  to  in^ert  hère  a  few  illustrations 
of  the  motions  of  projectiles,  demonstrated  in  the  most 
natural  and  simple  manner. 

274.  Theorem.  The  velocity  of  a  pro- 
jectile  may  be  resolved  into  two  parts,  its 
homontal  and  its  vertical  velocity  :  the  hori- 
zontal motion  will  not  be  affected  by  the 
action  of  gravitation  perpendicular  to  it,  and 
will  (herefore  continue  unîform  ;  and  the  ver- 
tical motion  will  be  the  same  as  if  it  had  no 
horizontal  motion. 
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For  gravitation,  being  considered  as  a  nniformly  ac* 
celerating  force,  must  act,  by  the  définition  of  such  a 
force,  equally  on  a  body  in  motion  and  at  rest,  so  that  the 
vertical  motion  wili  not  be  affected  by  tbe  horizontal  mo- 
tion ;  and  the  diagonal  motion,  resulting  from  the  combina* 
tion,  will  terminate  in  the  same  vertical  Une  as  the  simple 
horizontal  motion  would  hâve  done  ;  and  consequently  the 
horizontal  motion  must  remain  unaltered. 

SCHOLIUM.  Tbus  if  we  let  fall,  from  the  head  of  the 
mast  of  a  ship,  saiiing  uniformly  along  in  smooth  water,  a 
weight,  which  partakes  of  its  progressive  motion»  the 
weight  will  descend  by  the  side  of  the  mast  in  the  same 
manner,  and  in  the  same  time,  as  if  neither  the  ship  nor 
the  weight  had  any  horizontal  motion. 

275.  TnEOREM.  The  greatest  height,  to 
which  a  projectile  will  rise,  may  be  detennined 
by  finding  the  height  from  which  a  body  must 
fall,  in  order  to  gain  a  velocity  equal  to  its 
vertical  velocity;  and  the  horizontal  range 
may  be  found,  by  calculating  the  distance 
described  by  its  horizontal  velocity,  in  twice 
the  time  of  risiug  to  its  greatest  height, 

This  is  évident  from  the  equality  of  the  velocity  of 
ascending  and  descending  bodies  at  equal  heights,  and 
from  the  independence  of  the  vertical  and  horizontal  mo- 
tions of  the  projectile. 

ScHOLiUM.  For  example,  suppose  a  musket  to  be 
so  elevated,  that  the  muzzle  is  higher  than  the  but  end  by 
half  of  the  lengtb,  that  is,  at  an  angle  of  30^  ;  and  let  the 
bail  be  discharged  with  a  velocity  of  1000  feet  in  a  second  ; 
fthen  its  vertical  velocity  will  be  half  as  great,  or  500  feet 
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in  a  second  :  now  the  square   of  one   eigbth  of  SOO  is 

250000 

-g — jT— =3906,  consequently  the  heigbt,  to  which  the  bail 

woald  rise,  if  unresisted  by  the  air,  is  3906  feet,  or  three 
qaarters  of  a  mile.  But  in  fact  a  musket  bail,  actually 
shot  directly  upwards,  with  a  velocity  of  1670  feet  in  a 
second,  which  would  rise  six  or  seven  miles  in  a  vacuum, 
is  so  retarded  by  the  air,  that  it  does  not  attain  the  height 
of  a  single  mile.  The  time,  in  which  the  velocity  of  500 
feet  would  be  destroyed,  is  found  by  dividing  it  by  32,  or 
twice  the  time  if  we  divide  by  16  :  we  bave,  therefore,  31 
seconds  for  the  time  of  the  whole  range  ;  and  the  horizon- 
tal velocity,  being  1000  x  V(l-i)=886  feet,  the  bail 
would  describe  in  31  seconds,  with  this  velocity,  nearly 
28000  feet,  or  above  five  miles.  But  the  résistance  of  the 
air  will  reduce  this  distance  also  to  less  than  one  mile. 

276.  TiiEOREM.  With  a  given  velocity, 
the  horizontal  range  is  proportional  to  the  sine 
of  twice  the  angle  of  élévation. 

Tbe  time  of  ascent  being  as  the  vertical  velocity,  that  is 
as  the  sine  of  the  angle  of  élévation,  when  the  oblique 
velocity  is  given,  the  range  must  be  as  the  product  of  the 
horizontal  and  vertical  velocities,  or  as  the  produci  of  the 
sine  and  cosine  ;  that  is,  as  the  sine  of  twice  the  angle 
040). 

ScHOLiUM.  Hence  it  follows,  that  the  greatest  hori- 
sontal  range  will  be  when  the  élévation  is  half  a  right 
angle;  sapposing  the  body  to  move  in  a  vacuum.  But  the 
résistance  of  the  air  increases  with  the  length  of  the  path, 
and  the  same  cause  also  makes  the  angle  of  descent  much 
greater  than  the  angle  of  ascent,  as  we  may  observe  in  the 
tnck  of  a  bomb.     For  both  thèse  reasons,  the  b«st  eleTa- 

K  2 
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tion  is  somewhat  less  ihan  45^»  and  sometimes,  when  the 
yelocity  is  very  great,  as  little  as  30^.  Bat  it  osaally 
happens  in  the  opérations  of  natural  causes,  that  near  the 
point  where  any  qnantity  is  greatest  or  least^  its  variation 
is  slower  than  elsewhere  :  a  small  différence»  therefore,  in 
the  angle  of  élévation»  is  of  little  conséquence  to  the  ex- 
tent  of  the  range»  provided  that  it  continue  between  the 
limits  of  45^  and  35^  ;  and  for  the  same  reason»  the  ang^ar 
adjustment  requires  less  accuracy  in  this  position  than  in 
any  other»  which»  besides  the  economy  of  powder»  makes 
it  in  ail  respects  the  best  élévation  for  practice»  where  the 
object  is  to  carry  a  bail  or  shell  to  the  greatest  possible 
distance.] 

[277-  Lemma  A.  If  the  équation  a+bx 
+ca?*+da;^+  • .  .  =  0  be  true  for  ail  values  of 
w^  it  will  follow  that  each  coeflScient  must  be 
separately  =0. 

For,  puttingx=Oy  we  hâve  a=0,  therefore  Jx+cx*+  ... 
=0;  then,  dividing  by  x,  6  +  car-fd!r*4-  ...=0;  conse- 
quenti^  &=0  ;  and  in  the  same  manner  ail  the  coefficients 
may  be  made  to  vanish  in  succession. 

■ 

278-  Lemma  B.  The  bînomial  or  dino- 
mial  theorem  (244)  is  true  for  ail  powers, 
whether  entire  or  fractional. 

^ts  truth  may  be  the  most  easily  shown  from  the  principles 
of  fluxions»  and  the  Taylorian  theorem  combined.  For 
silice  d(ar")=iix*~*da:»  making  dx  constant»  we  hâve  d^x") 
=ii(ii— l)x*»-*  ir*,  and  d^ar")  =n  (n— 1)  (n— 2)  x*-*  dx*  ; 

Whence^  taking  uzz  (x+hy,  we  hâve  Au' =  A-^+-|-3 
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T-j  +  . .  • ,  m'  being  =x",  the  initial  value  of  u  ;  aild  A«* 

s  htuf^^+  h*.  — r-^ —  ap*"^ . .  •  ;  coûsequently  (x  +  A)*= 
.,       ii(n— 1)      „-^      n(n— lYn— 2)       ... 

which  is  tfae  theorem  in  question^  without  limitation. 

279.  Lemma  C.      The  fluent/sm''2:d2:= 
sin''""*  z  cos  z+f—^—  sin  **^  zdz  ;  and  V, 

sin"  zdz  =  -^  y  sin^"'2:(k- 

"5" 

The  fluxion  d  (sin  '•'"*  z  cos  z)  =8in  •'^^  zd  cos  z+  cos 
id  sin  '■^'z  =  —  sin**  zdz  +  cos^z  (m  —  1)  sin**-*  zdz  =  — 
8în>*  «dz+  (1  -  sin«z)  (M— 1)  sin  >*-«  zdz=  (m— 1)  sin  >*-• 

tâz  —  M  sin  **  zdz  ;   consequently  sin  ■*  zdz  = sin"~* 

zdz d(sin'*-'z  cos  z);  and  in  the  case  ôf  «="ô-f  or 

a  quadrant^  the  cosine  vanishing^  the  first  tenn  of  the  flaent 
Tanishes. 

CoROLLARY.  When  M  =:  2,  the  particular  flnent 
becomesy  sin«z  dz=^y^dz=^  z=i  ît  ;  when  M  =  S,/' 

/y  M 1 

Hn*dz=:f  y^  sin  zdz=: — |  cos  zzzO  ;  if  M=4y  — -- —  =:  ^, 
and  the  flaent  is  Tr-r^'ir'^  ÎQ  the  same  manner  for  M=:6, 

we  hâve  ^'  ' -.-^  ;  and  the  séries  may  be  continned  at 
pkasare  for  ail  the  even  vaines  of  M.] 
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280.  Theorem.  The  oscillations  of  a 
gravitating  body,  moving  freely  on  a  spherical 
surface,  of  which  the  radius  is  r,  are  perfonned 

in  a  time  2'=tV -.  rV-g^;^'}  l  +  (2)^+  (o> 

13  5 

y*  +  (2T6 )  V  +  •  •  •  ;  T  being  the  semicircum- 

ference  to  the  radius  1,  a  the  greatest  and  b 
the  least  distance  of  the  body  below  the 
centre,  g  the  space  described  by  a  heavy 

body  in  the  unit  of  time,  and  /=  tt^ttts' 

Inthis  case  we  obtaiD  from  the  équation  £iS'S«-h'RSr=0, 

ddx  ddy  ddz  ^^^^ 

compared  with  P  =  --^,  Q—  -^,    and  Jî  =  -^  (264), 

ddx  j:  ddî/  y 

the  three  équations  0  =  -r-j  -f  A  -,  Ozi  --r-|  -h  A  —,  and 

ddz  z 

0=-^  +  A  ——y,  A  being  the  pressure  on  the  surface  ; 

SV       X   S'r      y 
for  since   r^nar^-hy^+^S    we   hâve -5:-  =  — ,"^  =  — ,and 

^  or       r    èy      r 

S'r      ;r      ^^         .  ^     djr^  +  dy^  +  dz^ 

^=  -.     Now  since  vt^zz. ^ =f{Pdx  -h  Qdy  -h 

jRdz),  P,  Q,  and  12  being  the  accelerating  forces  concerned 

(264  Cor.),  the  fluent  hère  becomes  i;^— 2/5rdz=cH-2yz, 

consequently  the  pressure   derived  from  the  centrifugal 

c4-2oz 
force  will  be  simply -^  (272  Schol.)  to  which  adding 

gV       z 
the  force  ofgravity,  reduced  in  the  ratio -s^,  or — ,    that  is 

02        r 

gz  .    c  +  3g  z 

^  we  obtain ^— ,   for    the    whoie    pressure  on  the 

r  r 

surface. 
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If  we  maltiply  the  first  équation  by  —y,  and  the  second 

~"î/ddjr  XV 

by  X,  and  add  them  together,  we  hâve  — ^rr; A  — + 

at^  r 

jrddv  xu    ^     xddt/— vddx      ,        ,       , 

1/  +  A  f  =0=  — ^—  :   but  d  (xdy)  =  xd*y  + 

drdy,  and  d  (ydj:)  =  yd^x -hdxdy,  consequently  d  (j:dy— 

c'     ^dy — ydx 
ydx)  =xd*y — yd-x,  andO  +  -n= —   ,  ^ — ,  d/  being  con- 
stant.   Now  the  équation  of  the  surface  gives  us  xAx  + 
ydy+2;dz=0:  we  hâve  therefore  the  three  équations  xAx 

_  dx^  +  dy^-hdz^ 
+ydy=: — ^zdz,  xdy — ^ydx=crd/,  and -~ =  c  + 

2jrz.    Adding  together  the  squares  of  the  two  first,  we 
obtain  a:«di« -f  y%2 + J:^dy2 -hy«dx«=:z«d22  +  (/«d^^zzC^» -hy«) 

{àafi+àf)  =  (r2— 2^)  djr«  +  dy»  =  {f—2^)  I  (c  +  2gz)  de« 

— dz«|  :  consequently  (r«— 2«Xc+%«)—c'«d^2=  (r«  — a*) 

±rd2; 
èt«  +  z^Az^  =  r^djzJ*,  and  dt  = — j ;• 

V  I  (r^— z«)  (c  -f2^z)— C«  ( 
Bat  it  is  most  convenient  to  substitute  for  the  denominator 

^  i  (a^z)  {z—b)  (2gz  -f/)  I  ;  for  which  we  find,  by  actual 

multiplication ,  cr2  H- 2srr2z—cz«—2srz' -  c'2 = (az  -  oft  -  z«  + 

hz)  {2gz+f)=2agz^^  2abgz^2gz^  +  2bgz^  +  afz  -  abf— 

fz^-^bfz  ;  then,  by  equating  the  coefficients  of  z  (277),  2yr« 

r^+ab 
zTL-^Zabg^af^bf,  consequently/ =  2g.-^^  :   we  hâve 

next,  from  z%  -  c  =  2asr  +26y-/,  c=/— 2sf  (a+6)  =  2g 

(îlZ^r—  (a  +  ft)  ==  2y. -T ;  and  lastly  ct^ 

c'«  =       fl*/*,   whence   c'«  =  ijr*   -f  ^^^'"^y  — 
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M ST6 + ^T6 )  =  ^  ^• 

' — ' -nr .    It  must  be  observed  uiat  tne 

quantities  a  and  h  will  be  tbe  greatest  and  least  vaines  of 
z  ;  [for  otfaerwise  the  fluxion  rdz  would  not  vanish»  as  it 
mnst  do,  when  the  curve  becomes  horizontal]. 

Making  now  sin  ô=  >/     •  , ,  we  hâve  d  sin  6=cos  m^zz 

;  and  since  cos  d  =:  >/  — jr,   d  ô    = 


2v(a— z)  s/  (a-6)  '  """  """"  ^^^  ^  ^  ^  ^_j 

— dz  a — 6   ^ — dz 

2>/(a— a)  ^(a—b)*    ^  z^  ""  2V  (a— z)  V  (z— 6)"  ' 
consequently,    in    the    ascent    of    the    body, 

— rdz  ,  2rd6 

z=  dt  ==  — TTTi — -Tr-.  Now 


V  Ça—z)  V  (z— 6)  V  (2sfz4./)"-  "'  -    V(%:ï  +/) 


a — z 


since  sin*  ô=-—^,  (a — &)sin^d=a — Zyszza — (a — 6)  sin'  $, 

and/bemg  =  ^'"àTV'  '5^*+/=%  («—(«—*)  8În^*^+ 
-___)  =  2ff  ^-j^ ,  and 

2r(a  +  &)  d0 


o»+r«+2o6  VCl— y*8in*ô)' 

Since  sin«  ô  = r,  and  cos  «0=  r.wehavea  cos* 

a — o  a — 0 

az — ab-\-{ib — bz  z 

6+0  sin«6=:— — T =z,  and  —  will  be  the  cosine 

a—^  r 

of  the  inclination  of  the  radius  to  the  vertical  diameter. 

If  «  be  the  angle  made  by  the  rcvolving  vertical  plane  of  r 

and  z,with  the  plane  of  xandz^we  hâve  ta  w=  ^  and  dtawz: 

X 
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X  XX  XX  XX 

dw,  and  xdy — ^ydx=(j:«  +y2)dw=  {r^-^z^^  d«  :  and  since 

it  bas  been  shown  that  xdy — ydx.=  c^d^,  we  hâve  dv  = 

</dl 
-j j  ;  hence,  substituting  for  z  and  d^  their  values  in 

tenns  of  d,  we  sdall  bave  the  relation  of  v  and  6,  which  is 
safficient  for  determining  the  place  of  the  moving  body. 

If  we  call  the  time  occupied  by  the  body»  in  its  passage 
from  the  highest  to  the  lowest  point  of  its  motion,  a  semi« 
oscillation,  or  \  T,  we  may  détermine  it  by  finding  the 
floent  of  the  value  of  d^  taken  from  6=0  to  6=^t=90^; 

first  resolving  —--s — : — -— r  into  a  séries  by  means  of 

°   is/(l — y«  sm  «  6)  ^ 


the  dinomial  theorem,  which  gives  us— = =1  +•— •  «* 

+5^**  +  ôVfi^*  +  •  •  •!  and  then  taking  the  particnlar 

flaents  of  dO  multiplied  by  the  powers  of  r<  sin<0,  by 

means  of  the  formula  ^r  sin  "  zdz  =  \^^2^Z^Ji 

^%  2.4.  .2m      2  • 

T       2r  fci  +  6)     C        t\\ 
whence  we  obtain  r=5r  V  -V -^ tt^X  1  +  (^)*7* 

/1.3\  / 1 .3.5  \  *> 

GoROLLARY  1.  Supposing  the  point  to  be  snspended 
by  a  thread,  without  weight  or  inertia,  and  fixed  at  ita 
npper  extremity,  its  length  being  r,  the  motion  will  be 
exactly  the  same  as  if  it  rested  on  a  spherical  surface  ;  and 
the  greatest  déviation  of  the  thread,  from  the  vertical 

direction»  will  be  the  angle  of  which  the  cosme  is  — •    If 
the  velocity,  in  this  situation,  be  supposed  to  vanisb,  the 
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azu  r^  y*=  ^    ^  ^  — -«^^rr— TrT— ~rr->  ^  being  ihe  sme 


oscillation  will  be  in  a  vertical  plane  :  we  shall  then  bave 

of  balf  the  greatest  angle  that  the  thread  forms  with  the 

vertical  Une,  and  its   sqnare  balf  tbe  verse  sine  of  tbat 

f 
angle.     Tbe  time  of  tbe  oscillation  will  tben  be  Tzzic^J- 

GoROLLARY  2.     If  tbe  oscillation  is  verv  small,  ----  . 

2r 

being  a  very  minute  fraction,  may  be  ncglected  in  compa- 

rison  witb  unity  :  we  may  tberefore  call,  in  tbis  case,  T= 

it»J — ,  and  we  may  consider  tbe  small  vibrations   as  iso- 

cbronous,  wbatever  tbeir  comparative  extent  may  be. 

CoROLLARY  3.  We  may,  tberefore,  employ  expe- 
riments  on  tbe  lengtb  of  a  pendnlum,  vibrating  in  a  given 
time,  for  tbe  détermination  of  tbe  variations  of  tbe  inten- 
sity  of  gravitation  in  différent  parts  of  the  earth.  If  z  be 
tbe  beigbt  througb  wbicb  a  body  would  fall  in  tbe  time  T, 

we  bave  2=^  7^(232);  consequently  since    T^zzifi — , 

S 
f=i\ii^T  ;  bence  we  may  détermine  tbe  space  described  by 

a  gravitating  body  witb  tbe  greatest  précision  by  means  of 

tbe  pendulum. 

ScHOLiUM.  It  bas  been  fonnd,  by  very  accurate  expe- 
riments,  first  made  by  Newton,  tbat  tbe  lengtb  of  tbe  pen- 
dnlum vibrating  in  a  given  time  is  tbe  same,  wbatever  is 
tbe  nature  of  tbe  substances  composingit:  wbence  it  fol- 
lowSy  tbat  gravitation  acts  equally  on  ail  bodies,  producing 
in  tbem  tbe  same  velocity  in  tbe  same  time  ;  tbat  is,  in  tbe 
absence  of  a  resisting  médium. 
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281.  The  équation  of  the  tautochronous 
curve,  in  a  resistingr  médium,  is  fî£[dz=kds 
(1 — e-»*)  ;  g  being  the  force  of  gravity,  z  the 
vertical  ordinate,  s  the  length  of  tlie  curve 
from  the  lowest  point,  and  k  a  constant  quan- 
tity:  the  résistance  being  expressed   by  m 

as  ,      dê^ 

Tbe  forces  acling  on  the  moviog  point  are,  first,  the 

force  of  gravity  reduced  to  the  direction  of  the  cnrve, 

àz 
which  is  expressed  hy  g  —  ;  and  second ly  r,  the  résistance 

o(  the  médium,  which  dépends  in  gênerai  on  the  velocity 

—  :  and  it  fullows  from  the  définition  of  an  accelerating 

force,  that  the  fluxion  of  the  velocity  is  its  measure,  (228, 

dz 
229),  consequently,  in  the  ascentof  thebody, — dr=yj-  +  r, 

and  0=:d  t-+  5^  -i-  +  »'f  or,  making  d*  constant,  0=---  + 
d^         d*  d^ 

dz 
g \-r,  which  is  more  circuitonsly  expressed  in  the  ori- 

As 
ginal  notation  0=—+  S^  t-+  ^  (iT/'  ^^'  ^  heing  called 

a  "fonction"  of  3-.     The  notation  is,   however,  imme- 

d^ 

diately  exchanged  for  the  more  convenient  supposition  of 
«  résistance  proportional  to  tbe  snm  of  two  powers  of  the 

Telocity,  ç  (-r-)being  ^  tt"^'^  j-^*  Wemustnowassume 
ayariablc  quantity  ti,  dépendent  on  x,  andmakingjp= 
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^  j  ^—  1.IIU-.  d^^^du  j  dd5_  ^  ddii 
—,  and  a=:x-,  we  sball  bave  yr^P  tt»  and  ^-  =  /^  ^p- 
du  ^     du  dt         dt  d^  d«* 

+4p  â7«^^  dF  ^  '  "dï«  '  ^^  ^  équation  (î)  wiU  be- 

^        ddtt  ,  ^  du»  .    ^  ic    ,         dtt  ,      ^  dtt«  .. 

corne 0=1. -^+î-j^+ i^^+«pjj^+«p*_. or,  di- 

viding  byp.  0=  S+m  g+i±«^.^%^.  which  is 
expressed,  ia  the  original  notation,  by  0=  -j-r  +"*  x"  '^ 

dF- — +7 +d^W'  ^^"  '*'°         '*  "*^ 

di£^ 
destroy  the  coefficient  of  — ,  by  making  g+np^=09  tbat 

is,  3^ +iip*=:0,  and  -^+dtt=0,  wbence  — =m+c,  —  = 
du  npr  np  p 

fi(i«+c)  and  fHltc=:-- r=d5,  conseqnently  5=  -bl(ti+c) 

n(u + c)  * 

•i-c^,  or  =:  bl  ^  h(u+c)  >"*,  h  and  c  being  constant  qaan- 

tities  :  and  supposing  u  to  beg^  witb  s,  we  bave  Juf^zzl  ; 
and  it  will  be  simplest  to  make  Ar=l,  and  c=  1,  so  tbat  ê 

becomes  =  bl(tt+l)"»  iw=:bl(i«+l),  and  M-hlzrc**,  if  hl 

«=1,  wbence  uzz^ — 1,  and  0=-—— —  = =  «  «""^. 

'        ^    w(m=1)      ne^ 

We  tfans  rednce  tbe  équation  to  0=:-r-T-+»» -r-4-^rr 

^  dt^        dt    p^du; 

and  supposmg  u  to  be  small,  tbe  last  term  is  capable  of 

being  developed  in  the  form  of  a  séries  ascending  accord» 

ingto  its  powers,  wbich  will  beof  this  form,  ihi  +  /u'+«*., 

t  being  greater  tban  unity,  «so  tbat  the  équation  will  be- 

comeO=:-r^+m  — 4-ihi+W+ ...    In  order  to  obtain 
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tibe  flaent  of  thb  eqoatioo»  which  in  its  présent  fonn  oannot 
be  integrated  for  w'ant  of  the  relation  between  u  and  dt, 

we  may  maltiply  it  by  «  ^  (cosy«+  >731  sin  yi)  dt,  which 
wemaycall  e-;^  Fd/yobservingthat  dr=r>/^^rd#y  andd 

(«  1^  r)=«  r  r  (^  4-  >/^y)d/,  Now,  beginning  with  the 
first  ierm  -—,  and  taking  the  fluxion  of  its  fluent  mnlti- 
plied  by  «  1  r,  we  obtainya  t  T-—zz  e  %  r  t-^^  *  T 
f-^+  '^•^r)  du  :  the  next  step  mast,  therefore,  be  with 
mài$ — (5+  V — ^ly)di«,or(- — ^ — iy)du;  and  wehave  fe  y^ 
r  (i-^/Z:îr)d«=a?^(|^^/-lr)«-/^^  ("  - 
ê/.,II^)(^  +  ^/Z^ïy)dl«  :  and  this  last  term,  that  \%fi  ?  r 
^-j-+  y^ti,  together  with  in,  may  be  made  to  disappear 

by  pntting  —  +7*=*,  and  y=:  >/(! — jr)  :   so  that  the 

•■^  /- —  •         /du 

whole  eqaation  will  become  «  T  (cos  y*+  v  — ^1  sin  rOi  jt 

+=-— 'v^^y)M)=  —  î/c  T  (cos  y<+  >/— 1  sin  yiyd«— ... 

If  we  compare  the  real  and  imagbiary  parts  of  this  eqna- 
fkm  separately,  which,  as  is  weil  known,  mast  always  be 
aDowable»  becaase  imaginary  qnantities  can  never  be 
eqoated  with  real  ones,  nnless  they  are  compensated  by 
tome  other  imaginary  quantities»  we  shali  obtain  two  eqnar 
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tionsforfindingthe  value  of—:  bût  it  will  be  sufficîent 
at  présent  to  coDsider  that  part  which  is  multiplied  by  v  — 1, 

tnt  du  '"^/îll 

and  which  affords  us  the  équation  e-^  sin  y^jr"^^'^  \o~*^** 

yt — y  cos  yt)u'=i  — ife  T  sin  yt  vfAt  —  ...  ;  the  flowing 
quantities  in  the  second  member  bcing  supposed  to  begin 
with  t.  Now,  at  the  end  of  the  ascent,  putting  the  timc 
T,  the  fluxion  As  vanishes,  and  with  it  du,  which  is  -=,{7^ 

+  l)d«;  at  this  moment,  then,  we  hâve  e   2  u  f — sin  y  T — 

mt 

y  COS  y  T)  =  —  //«  "i  sin  y#  u^àt  — ...  ;  which  being  uni- 
versally  true,  it  must  be  true  also  when  the  whole  value  of 
u  is  evanescent,  and  since  in  this  case  t^  is  infinitely  small 
in  comparison  with  u,  the  whole  of  the  iluents  in  the  second 
member  of  the  équation,  which  dépend  on  the  powers  of  u, 
must  vanish  in  comparison  with  the  first  member,  and  we 

shallhaveO=z^;r-sinyT— y  cos  r,  and—-. —  y2'z=y,or  tang: 

2  2  cos  *• 

y2— — ,  r  being  the  whole  time  of  describing  the  arc  «, 
m 

whatever  its  length  may  be,  since,  by  the  conditions  of  the 
problem,  this  time  must  always  be  the  same,  so  that  the 

équation  0=  -^sin  yT — y  cos  y  T  will  be  true  in  ail  cases, 

mt 

whencc  in  gênerai  — l.^fre  ^  sin  yt  vfAt  — ...  z=  0  ;  but 
when  s  and  u  are  small,  the  first  term  is  the  only  one  tliat 
remains  considérable,  the  others  vanishing  in  comparison 
with  it,  consequently  this  term  must  also  vanish,  which  can 
only  happen  if  /z:0,  since  none  of  the  quantities  concerned 
change  their  values  from  positive  to  négative  within  the 
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limits  of  1=0  and  t=  T.    We  mast  tberefore  make  ku 

alone  eqnal  to  2---.z:i_^^  and  ib(e*'--l)z:^-r-,    whencc 

p^du    pus  pis 

kés  (é^ — l)=gàz.  — ^giz.ne*',  and  ngdzzzkàs  (1 —«"-*«). 

282-  CoROLLARY.  Wheii  the  résistance 
eiiher  dîsappears,  or  is  proportional  to  the  ve- 
locity  only,  n=0,  and  the  équation  becomes 
gdz=^ksds^  whichbelongs  to  the  cycloid. 


nV 


,  For  since  er-^=l—ns-\—^+  . .  .(247,  Cor.  3),  when  A 

Yonishes,  1 — e^-^^i»,  and  ngdzz^nksAs,    [This  équation 
is  sbown  to  belong  to  the  cycloid  in  article  287.] 

ScHOLiUM  1.  It  is  remarkable  tbat  tbe  coefficient  n 
of  the  part  of  tbe  résistance  proportional  to  the  square  of 
the  Telocity  does  not  enter  into  tbe  expression  of  the  time 
T;  and  it  is  obvions,  from  tbe  steps  of  tbe  analysis,  that 
&e  expression  would  be  the  same,  if  we  added  to  the  pre- 
eeding  law  of  the  résistance  terms   proportional  to  the 

ds^  ds^ 
higher  powers  of  the  velocity  —,  t^  •  •  •    [Tbat  k  is  indé- 
pendant of  n,  appears  from  making  s  very  small,  when  ngdz 

sds 
=nlnU,and  kzz  --p,  wbether  n  be  greater  or  smaller.] 

ScHOLiUM  2.     ''  In  gênerai,  if  the  retarding  force  in 

aie  curve  be  R,  we  shall  bave  0=  ,-—  4-  R,  the  space  s  be- 

dt* 

ing  a  fonction  of  the  time  I  and  of  the  wbole  arc  described, 

which  is  of  course  a  function  of  t  and  s  ;  and  by  taking 

the  fluxion  of  this  last  function,  we  may  obtain  an  equa- 

ds 
tionofthe  fonn-=-=F,  the  velocity  being    thus  reprc- 

dt 
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sented  by  its  relation  to  t  and  5,  and  this  i'iinction  vanisli- 
ing,  accordÎDg  to  the  conditions  of  the  problein,  >vlitn  t 
bas  a  determinate  value,  independentof  the  arc  described. 
Supposing  Vf  for  example,  represented  by  ST,  S  beiog 
a  fanction  of  s  alone,  and  T  o(  t  alooe»  we  sball  hâve 

^=d<4^)=r^?.^+  i^I-r  whicb  indeed  might  be 
dt*         dt  d«   dt         d*  '  * 

written  T  ^ — ^S  -r— »  since  S  can  only  vary  witli  s,  and 

this  expression  coald  cause  no  ambignity.  **  But,  sinoe 
_     V       is    ^diS  ds       dS  ds^     ^  , .      ^ 

^^-S'^We^d-s'dt^ld^d^'    Nowsince^isafonc 

tien  of  T,  or  of  -— -,  we  may  aiso  suppose  •—  to  be  a  fonc- 
«o.  .f  Ji.  M«l  .e  ma,  cdl  it  ^  +(^),    <uhI   w. 

"•"  "»"  ^=^.JS  +  +(ro) I  =  -«•    S-ch  i. 

the  expression  for  the  résistance  derived  from  the  diffe- 

rential  équation  -r-=jS>T;  which  comprehends  iLô  caseof 

dt 

a  résistance  proportional  to  the  two  first  powers  of  tlie 

résistance,  multiplied  by  constant  coeflScients  :  but  other 

ds 
differential  équations  representing  —    would   give  diffé- 
rent forms  to  the  expression  of  the  résistance." 

[ScHOLiUM  3.    Instead  of  attempting  to   show  the 
utility  of  this  very  gênerai  formula,  which  is  certainly  nof 
extremely  obvions  in  its  présent  state,  it  will  probably  b' 
more  useful  to  insert  hère  a  more  elementary  view  of  tb 
properties  of  the  pendulum,  remarking  first  that  this  pr 
position  i^  only  demonstrated  with  respect  to  tfie  ascent 
a  body  in  the  cnrve  to  be  investigated,  and  that  the  descf 
will  require  some  of  the  signs  to  be  changed,  the 
-'^«nerating  with  gravitation  in  the  one  instar 


ÙP   DEFLBCtiVS   FORCES.  14^ 

and  connteracting  it  in  the  other.  Since  however  the  steps 
of  ihe  demoDStratioii  do  not  dépend  on  the  positive  cha- 
racter  of  the  symbols  m  and  n,  we  may  simply  make  m 

— 2y 

négative,  and  we  shall  bave  tang  y  Tzz ,  implying  that 

m 

the  time  is  as  mach  greater  in  the  descent,  as  it  is  less  in 

the  ascent,  tban  when  the  body  moves  withoat  résistance  : 

so  that  the  whoie  time  of  the  oscillation  can  never  be  sen- 

sibly  affected   by   any  small  résistance  of  this  kind:  a 

conclusion  which  is  of  the  more  importance,  a"^  the  resis<^ 

tances  acting  on  pendulums,  vibrating  in  common  circum- 

stances,  appears  to  vary  very  nearly  ip  the  simple  ratio  of 

the  velocity,  the  arcs  decreasing  proportionally  in  eqaai 

intervais  of  time.] 

[283.  Theorem.  "  255.''  When  a  body 
descends  along  an  inclined  plane,  without  fric- 
tion, the  force  in  the  direction  of  the  plane  is 
to  the  whole  force  of  gravity  as  the  height  of 
the  plane  is  to  its  length. 

For  if  AB   represent    the  motion  which  ^ 
wonld  be   produced  by  gravity  in  a  g^ven 
time,  this  motion  may  be  resolved  into  AC 
and  CB  ;  by  means  of  AC  the  body  arrives  ^  ^ 

at  the  Une  CB  in  the  same  time  as  if  it  were  at  liberty  ; 
bat  the  motion  CB  is  destroyed  by  the  résistance  of  the 
plane  ;  and  as  AB  to  AC,  so  is  AD  to  AB  (121).  But 
forces  are  measured  by  the  spaces  described  in  the  same 
time  (230). 

SCHOLIUM.  Hence,  by  employing  a  plane  differing  bat 
little  from  a  horizontal  direction,  we  may  lessen  the  velocity 
«f  descente  so  as  to  make  some  tllustrative  experiments  on 
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« 

the  efiTects  of  accelerating  forces,  witbout  tbe  inconveni- 
ence  of  too  great  a  velocity:  although,  if  the  weights 
employed  jroU  down  the  plane,  some  force  will  be  lost  is 
the  production  of  rotatory  motion  ;  and  if  they  slide,  they 
will  be  retarded  by  friction. 

284.  Theorem.  "256/'  When  bodies 
descend  onany  inclined  planes  of  equal  height, 
their  times  of  descent  are  as  the  lengths  of  the 
planes,  and  the  final  velocities  are  equaL 

Or.  1 

Since  t=^f—\  (233),  and  hère  a=-,  e=:  V(2»«)  = 

>s/2x;  and  the  times  vary  as  the  spaces:  but  the  times 
being  greater  in  the  same  proportion  as  the  forces  are  less, 
the  velocities  acquired  are  equal  (230). 

ScHOLiUM.  Thus  a  body  will  acquire  a  velocity  of  32 
feetin  a  second,  after  having  descended  16  feet,  either  in 
a  vertical  line  or  in  an  oblique  direction  ;  but  the  time  of 
descent  will  be  as  much  greater  than  a  second,  as  the 
oblique  length  of  the  path  is  greater  than  16  feet  :  and  if 
we  suffer  three  «balls  to  descend  together  along  three 
grooves  of  the  same  height,  but  of  the  lengths  of  1,  2, 
and  3  feet  respectively,  we  may  estimate  by  the  ear  the 
equality  of  the  intervais  at  which  they  reach  the  bottom. 

285.  Theorem.  "25?."  The  times  of 
falling  through  ail  chords  drawn  to  the  lowest 
point  of  a  circle  are  equal. 

jj^^^^^  The  accelerating  force  in  any  chord  A  B 

B^^C  \  \     is  to  that  of  gravity  as  A  C  to  A  B,  or  as 

A  B  to  A  D,^(121),  therefore  the   forces 
being  as  the  distances,  the  times  are  equal  ; 
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fiir  their  squares  are  as  the  spaces  direotly  aod  the  forces 
ÎDversely  (233). 

SCHOLIUM.  This  élégant  proposition  may  be  illos- 
trated  by  an  easy  experiment':  if  we  place  two  bodies  at 
différent  points  of  a  circle,  fixed  in  a  vertical  situation, 
and  soffer  them  to  descend  at  the  same  instant  along  two 
planes»  which  meet  in  the  lowest  point  of  the  circle,  they 
will  arrive  there  at  the  same  time. 

286.  Theorem.  «258.''  Whenabodyîs 
retained  in  any  curve  by  its  attachnient  to 
a  thread,  or  descends  along  any  perfectly 
smooth  surface  of  continued  curvature,  its 
velocity  is  the  same,  at  the  same  height,  as  if 
it  feU  freely. 

Since  the  velocity  is  the  same  at  A,  whe-  q     b 
tber  the  body  has  descended  an  equal  vertical 
distance  from  B  or  from  C,  it  will  proceed  ^  D 

in  A  D  with  the  same  velocity  in  both  cases,  provided  that 
no  motion  be  lost  in  the  change  of  its  direction,  and 
therefore  its  velocity  will  be  the  same,  after  passing  any 
nnmber  of  surfaces,  as  if  it  had  fallen  perpendicularly  from 
the  same  height.  But  where  the  curvature  is  continued, 
no  velocity  is  lost  in  the  change  of  direction  ;  for  let  A  B 
be  the  thread,  or  its  evolved  portion,  the  body  B,  if  no 
longer  actuated  by  gravity,  would  proceed  in  the 
circnlar  arc  with  uniform  motion  (263);  conse-\  A 

quently  no  velocity  is  destroyed  by  the  résistance  \  / . 
of  the  thread,  nor  by  that  of  the  surface  BC,  b^C^ 
which  can  only  act  in  the  same  direction,  per-  C 

pendicular  to  the  direction  of  the  moving  body. 

L  2 
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ScHOLiùic.^  We  may  easily  show,  by  an  experiment 
on  asuspended  bail,  that  ils  velocity  is  the  same,  wben  it 
descends  from  the  same  heigbt,  wbatever  may  be  the  form 
of  its  path  ;  and  this  we  prove  by  obserring  the  height  to 
which  it  rises  on  the  opposite  side  of  the  lowest  pointi 
whether  in  the  same  carve,  or  in  diflTerent  ones.  We  may 
alter  the  form  of  its  path  both  in  descending  and  in  ascend- 
ing,  by  placing  pins  at  différent  points,  so  as  to  interfère  wiUi 
the  thread  that  sapports  the  bail,  and  to  form,  in  succes- 
sion, temporary  centres  of  motion  ;  and  we  shall  find,  in 

ail  cases,  that  the  body 
ascendsto  aheightequal 
to  that  fîrom  which  it  bas 
^D  descended,  with  a  small 
déduction  on  account  of 
friction.  Thus,  the  same 
bail,  descending  from  equal  heights  at  A,  B,  or  C,  by 
différent  paths,  wiU  rise  to  the  same  height  at  D  on  the 
opposite  side  of  E,  and  the  reverse. 

287.  Theorem.  "  ^59"  If  a  body  be 
suspended  by  a  thread  between  two  cycloi- 
dal  cheekis,  it  wiH  describe  an  equal  cycloid 
by  the  évolution  of  the  thread  (208)  ;  and  the 
time  of  descent  will  be  equal,  in  whatever  part 
of  the  curve  the  motion  may  begin,  and  will  be 
to  the  time  of  falling  through  one  half  of  the 
length  of  the  thread,  as  half  the  circumference 
of  a  circle  is  to  its  diameter  :  and  the  space 
described  in  the  cycloid  will  be  always  equal 
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to  the  verse  sine  of  an  arc  which  increases 
uniformly. 

For  since  the  acceleratisg  force,  in  the 

direction  of  the  curve,  it  always  to  the 

force  of  gravity  as  AB  to  BC»  or  as  BC  f 

to  the  constant  qaantity  BD,  it  varies  as 

BC,  or  as  its  double,  CE,  the  arc  to  be 

'described,  and  CE  being  called  s,  the  force 

àz 
^  j-mnst  vary  as  s  (208).     If  therefore  any  two  arcs  be 

sopposed  to  be  equally  divided  into  an  equal  nnmber  of 
evanescent  spaces,  the  force  will  be  every  where  as  the 
qrace  to  be  described  ;  and  it  may  be  considered,  for  each 
space,  as  equable,  and  the  incréments  of  the  times,  and 
conseqnently  the  whole  times,  wili  be  equal.     Supposing 
the  generating  circle  to  move  uniformly,  the  velocity  of 
the  describing  point  C  will  always  be  as  CD  (200),  or 
•ÎDce  AD  :  CD:: CD  :  BD,  and  CD  =  >/(AD.BD)  as 
V  AD  ;  but  the   velocity   of  a   body  falliDg  in  DA,  or 
descending  in  FC,  varies  in  the  same  ratio  (232,  230, 
286);  therefore  if  the  velocity  at  E  be  equal  to  that  which 
a  body  acquires  by  falling  through  6E,  the  describing 
point  C  will  always  coincide  with  the  place  of  a  heavy 
body  descending  in  FCE  ;  and  the  velocity  of  the  point 
of  contact  D  is  half  that  of  C  at  E  (200),  it  would  there- 
fore describe  a  space  equal  to  GE  in  the  time  that  a  body 
would  fall  through  GE,  and  will  describe  FG  in  a  time 
whioh  is  to  that  time  as  FG  to  GE,  or  as  half  the  circum- 
ference  of  a  circle  to  its  diameter,  and  this  will  be  the 
time  of  descent  in  a  cycloidal  arc.    And  sinoe  FC=:2DB 
— -2BC,  FC  is  equal  to  the  verse  sine  of  the  angle  CBD, 
to  the  radius  2BD  :  but  the  angle  CAD  increasing  uni- 
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formljr,  its  half  CBD  mnst  also  increase  unifonnly.  And 
if  the  motion  begia  at  any  other  point  of  the  curve,  it 
foUows,  from  the  former  part  of  the  démonstration,  that 
the  velocity  will  be  in  a  constant  ratio  to  the  velocity  in 
similar  points  of  the  wbole  cycloid.  It  is  also  obvions 
that  the  arc  of  ascent  will  be  equal  to  the  arc  of  descente 
and  described  in  an  eqnal  time,  supposing  the  motion 
without  fnction. 

288.  Theorem.  "260/'  The  times  of 
vibration  of  dîflferent  cycloidal  pendulums 
are  as  the  square  roots  of  theîr  lengths. 

For  the  times  of  falling  through  half  their  lengths  are  in 
the  ratio  of  the  squlu'e  roots  of  tJhese  halves,  or  of  the 
wholes. 

ScHOLlUM.  Major  Kater  has  ascertained,  by  a  great 
nnmber  of  very  accarate  experiments,  performed  with  an 
apparatus  of  bis  own  invention,  that  the  length  of  the 
pendalam  vibrating  in  a  second  in  London,  on  the  level  of 
the  ThameSy  and  in  a  vacuum,  is  39*14  inches,  very  nearly. 
Hence  the  time  of  falling  through  19*57  inches  will  be 

• — ,  and  the  space  described  in  a  second  19*57  x  9r^.  Now 

Log3141692«=*9948  and  Log  19*57=1*2916;  their  snm 
2*2859 !s  the  logarithm  of  193*15  inches,  or  16096  feet, 
the  space  described  by  a  beaVy  body  in  the  first  second  of 
its  descent.  More  accurately  the  numbers  are  39.1387 
and  16.095. 

289.  Theorem.  ''  261."  The  cycloid  is 
the  curve  of  swiftest  descent  between  any  two 
points  not  in  the  same  vertical  line. 
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Let  AB  and  CD  be  two  parallel  verti-  G  A 
oal  ordioates  at  a  constant  evanescent 
distance,  in  any  part  of  the  curve  of  B^ 
swiftest  descent,  and  let  a  third,  EF,  be 
interposed,  which  is  always  in  length  an  arithmetical  mean 
between  them,  and  which,  as  it  approaches  more  or  less  to 
AB^  will  vaiy  the  curvature  of  the  élément  BFD.  Gall 
AB,  a,  EF,  b;  h—a,  c ;  AE,  u  ;  and  EC,  v:  thsn  BF=: 
^(i*«+c«),  and  since  CD-.EF=EF— AB,  FDz=  ^/(t?«-|- 
(^  Bat  the  velocities  at  B  and  F  are  as  Va  and  ^/6, 
and  the  éléments  BF,  FD  being  supposed  to  be  described 
with  tbeir  velocities,  the  time  of  describing   BD  is   «/ 

r^        )  "^  ^  (  — T — )  ^  ^^i^'^  "^^^^  ^^  ^  minimum,  and  its 


floxion  must  vanish  :  or. 


2tfdu 


'+. 


2tKl« 


2V(a{tiii  +  cc|)    2v^(6|tn;+cc}) 
=0;  bnt  since  ^C,  or  u-\-v,  is  constant,  dti  +  dt;=:0,  or 

du::— dv;   therefore    — — 77 ; — r  =      .,    .. :. 

Let  die  variable  absciss  6A  be  now  called  or,  the  ordinate 
AB,  y,  and  the  arc  6B,z,  then  u  and  v  are  incréments  of 
jr,  and  BF  and  FD  of  z,  when  y  becomes  eqoal  to  a  and  h 

respectively  ;  we  bave,  therefore,  — — r,  the  same  in  both 


cases,  so  that  it  may  be  called  -.  and-. or  --=— 1:. 

''  a  z       ûz      a 


Now 


in  the  cycloid  the  chord  of  the  generating  cirde  must  be 
always  a  mean  proportional  between  the  verse  sine  y  and 
the  radius,  since,  in  article  287,  GD=:  ^/(AD•BD)  and  the 
arc  z  being  perpendicular  to  that  chord,  its  fluxion,  by 
similar  triangles,  is  to  that  of  the  absciss  x,  as  the  diameter 
to  àjy  :  therefore  the  cycloid  answers  the  condition  in 
every  part,  and  consequently  m  the  whole  curve. 
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ScHOLiUM  1.  The  démonstration  implies  that  the  ori^ 
gin  of  the  curve  must  coincide  with  the  nppermost  given 
point  :  now  only  one  cycloid  can  fulfil  ttiis  condition  and 
pass  through  the  other  point,  and  it  wiil  often  happen  that 
the  curve  must  descend  below  the  second  point,  and  rise 
again. 

ScHOLlUM  2.  The  metiiod  of  independent  variations 
may  be  applied  with  great  élégance  and  simplicity  to  pro« 
blems  of  tiiis  kind,  although  it  has  too  commonly  been  made 
pomplicated  and  perplexed  by  unnecessary  abstraction. 
An  example  of  its  application  has  already  occurred  in  the 
investigation  of  the  properties  otjvds  (266),  but  it  will  not 
be  superflaous  to  epter  into  some  further  illustration  of 
tbe  method  on  this  occasion. 

Let  it  be  required,  for  example,  to  détermine  the  équa- 
tion of  the  Une  which  g^ves  the  shortest  distance  between 
two  points,  from  the  property  of  ma^dmums  and  minir 
inums  which  are  unaltered  by  any  slight  variation  of  their 
éléments.  We  bave,  therefore,  &=:0;  but  &==/ciS*,  the 
characteristicy relating  to  the  fluxional  variation  expressed 
by  d  ;  and  fdSszzfSàs  (265).  Now,  x  and  y  being  the 
pr4iliates,  and  s  the  curve,  we  bave  ds^zzdx^+dj^^  and 

ï^,      dxSdx  +  di/Sdt/ 

W'=  r is  •        '  ^^®  ^^  simplicity,  we 

may  make  Sdj;=:0,  supposing  the  curve  to  pass  into  a 
neighbouring  form  by  the  variation  of  dy  only  :  we  hâve, 

then,  8d«=-T^  Sdy,  of  which  we  must  find  the  fiuent.   Now 

quentlj/gd^s  ^  8y-^  ^  8y = &.    This  expression  im- 
pU9s,  when  geoinetrically  considered,  that  the  variation  of 


conse- 
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tbe  lepgth  of  the  curve,  Ss,  is  expressed  by  the  variation 
of  the  ordinate  y  at  any  given  point,  redaced  to  the  direc- 
tion of  the  carve,  and  lessened  by  the  length  of  a  minute 
conre  of  equal  angular  extent  to  the  curve  in  question, 
and  of  which  tke  radius  of  curvature  is  equal  to  the  varia- 
tion Sy  reduced  to  a  direction  perpendicular  to  the  curve. 
Now,  in  order  to  détermine  the  shortest  distance,  we  ninst 

pat  8f=:0,  and  -r^8y=72l  J^  gy.     But  at  the  beginning 

ind  at  the  end  of  the  Une  iu  question  Sy  mnst  be  =:0y  both 

tbe  points  being  fixed  ;  consequently  the  fluent^  -^  Sy 

:zOp  which  can  only  happen  when  d  -t^=0,  since  Sy  is  not 

zzO,  and  the  fluent  cannot  bave  différent  values,  destroying 
eadi  other,  in  différent  parts  of  the  Une,  becanse  the  value 
most  vanish  equally  for  al!  parts  of  the  Une,  which  must  be 
ahrays  the  shortest  distance  between  their  extromities: 

and  tbe  sine  of  the  incUnation  -^  being  constant,  the  curve 

■Uft  become  a  right  iine. 
In  the  case  of  the  présent  problem,  we  hâve  OzzSt^: 

/^j.     r^  ^       ^x8da;4-dy8dy    ^dz8y         ..- 
fUi^f^—r-f' ,  /    ^-fçi — 7-,  which  we  may 

nmpUfy  by  making  Sdy=:0  and  Sy=:0,  confining  the  varia- 
tion to  dx,  according  to  the  spirit  of  the  preceding  de- 

dxSdr 
monstration  of  the  theorem;  consequentiy  Sd^=: —     , 

djp 

dSv;  and  comparing  this   équation  with  the 


aVydx 

dtf 

^  d^  of  the  former  example,  we  bave  in  a  sinular  manner 
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g^n/' — :^d&r=  — — r  Sx— d — -^  Sx  =  0.   Hence 
^  aijyaz  a>Jy^z  at^yaz 

■Sxzzd — -— -i-  Sr,  which  vanishing  for  the  whole 


as/ydz  Gè/ydz 

dy  * 

curye  and  for  ail  ils  parts^  as  d  -^  was  sbown  to  vanish 

dx 
before,  it  folio ws  that — --i—  must  be  a  constant  quantity  ; 

a^ydz  ^  ^ 

which  is  the  property  of  the  cycloid. 

290.  Theorem.  "  262/'  The  time  of 
vibration  of  a  simple  circular  pendulum,  in 
a  small  arc,  is  ultimately  the  same  as  that  of 
a  cycloidal  pendulum  of  the  same  length  ; 
"  but  in  larger  arcs  the  times  are  greater/' 
(280). 

In  small  cycloidal  arcs  the  radius  of  curvature  is  yery 
nearly  constant  ;  but  at  greater  distances  from  the  lowest 
point,  the  circular  arc  fallt  without  the  cycloidal,  and  is  less 
inclined  to  the  horizon,  so  that  the  force  is  smaller,  and 
oonsequently  the  velocity  is  smaller. 

291.  Theorem.  "  263.''  If  a  body  sus- 
pended  by  a  thread  revolve  freely  round 
the  vertical  Une,  the  times  of  révolution  will 
be  the  same,  when  the  height  of  the  point  of 
suspension  above  the  plane  of  révolution  is 
the  same,  whatever  be  the  length  of  the 
thread. 

Fon  by  the  resolution  efforces,  the  force  urging  the  body 
towards  the  vertical  line  it  to  that  of  gravity  as  the  dis- 
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taoce  from  that  lioe  to  the  vertical  beigbt  ;  the  other  part 
of  tbe  force  heing  coanteracted  by  tbe  tension  of  tbe 
tbread  ;  and  when  tbe  forces  are  as  tbe  distances»  the  times 
must  be  equal.  (361). 

ScHOLiUM^  Tbus,  if  a  number  of  bails  are  fixed  to 
Ihreads,  or  ratber  wires,  connected  to  tbe  same  point  of 
an  axis,  whicb  is  made  to  revolve  by  means  of  tbe  wbirling 
table^  tbey  will  so  arrange  tbemselyes,  as  to  remaîn  very 
nearly  in  the  same  horizontal  plane. 

292.  TîiEOREM.  "  264."  The  time  of  a 
révolution  of  a  body,  suspended  by  a  thread, 
is  equal  to  the  time  occupied  by  a  cycloidal 
pendulum,  of  which  the  length  is  equal  to  the 
height  of  the  point  of  suspension  above  the 
plane  of  révolution,  in  vibrating  once  forwards 
and  once  backwards  to  the  point  at  which  îts 
motion  began;  and  if  the  révolutions  be 
amally  and  the  thread  nearly  vertical,  they 
will  be  very  nearly  isochronous,  whatever  be 
dieir  extent. 

For»  snpposing  the  distance  to  be  equal  to^the  height, 
the  centrifugal  force  will  be  equal  to  the  force  of  gravity, 
aod  nliile  the  body  describes  a  distance  equal  to  the 
radins^  another  body,  actuated  by  the  same  force,  would 
describe  half  that  radius,  (259)  and  the  whole  time  of 
levolation  is,  therefore,  to  this  time,  as  the  circumference 
to  the  radius,  and  is  consequently  equal  to  tbe  time  of 
fenr  semî  vibrations  of  a  cycloidal  pendulum,  of  which  the 
length  is  equal  to  the  given  height  (287).    And  since  the 
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by  similar  triangles  BC  :  AD=BF  :  BFoo 
AB,  it  foUows  that  AE= BF.  Conseqnentlj 
the  inclination  of  the  thread  AB  will  always 
be  the  same  as  if  F  were  its  fixed  point  of 
suspension,  and  the  body  B  will  begin  and 
continue  its  vibrations  like  a  simple  penda- 
lum  attached  to  tbat  point,  the  tmc  point 
of  suspension  accompanying  it  with  a  pro- 
portional  velocity,  so  as  to  be  always  in  the 
right  line  passing  through  it  and  through  F. 
It  is  obvions,  tLat  wben  the  thread  supposed 
to  suspend  the  moveable  point  of  suspension  is  the  longer 
of  the  two,  the  vibrations  will  be  in  the  same  direction  ; 
when  the  shorter,  in  contrary  directions. 

ScHOLiUM  !•  The  truth  of  this  proposition  may 
easily  be  illustrated,  by  holding  any  pendulous  body  in  the 
hand,  and  causing  it  to  vibrate  more  or  less  rapidly,  by 
moving  the  hand  regularly  backwards  or  forwards,  in  a 
longer  or  in  a  shorter  timo  than  that  of  the  spontaneous 
vibrations. 

ScHOLlUM.  2.  The  same  mode  of  rcasoning  is  appli- 
cable to  oscillations  of  any  other  kinds,  which  are  governed 
by  forces  proportional  to  the  distances  of  the  bodies 
concemed,  from  a  point  of  which  the  situation,  either  in  a 
quiescent  space,  or  with  respect  to  another  moveable 
point,  varies  according  to  the  law  of  the  cycloidal  pendu- 
Inm,  or  may  be  expressed  by  the  sincs  of  arcs  varying 
with  the  Ume:  such  forces  always  producing  periodical 
variations,  of  which  the  extent  is  to  that  of  the  excursions 
of  the  supposed  point  of  suspension  in  the  ratio  of  n  to 
n— 1,  n  beingto  1  as  the  square  of  the  time  of  the  forced 
to   that  of  the  time   of  the   spontaneous  vibration;  and 
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«nd  when  n — l  is  négative»  tbe  displacement  being  in  a 
direction  opposite  to  tbat  of  the  supposed  point  of  sus- 
pension. Consequently,  wben  a  body  is  performing  oscil- 
lations by  tbe  opération  of  any  force,  and  is  sabjected  to 
tbe  action  of  anj  otber  periodical  forces,  we  bave  only  to 
inqnire  at  wbat  distance  a  moveable  point  must  be  situated 
before  or  beliind  it,  in  order  to  represeAt  tbe  actaal  mag- 
nitude of  tbe  periodical  force  by  tbe  relative  situation, 
according  to  tbe  law  of  tbe  primary  force  concemed,  and 
to  find  an  expression  for  tbis  distau.ce  in  terms  of  the  sines 
of  arcs  increasing  equably,  in  order  to  obtain  tbe  situation 
and  velocity  of  tbe  body  at  any  time,  provided  tbat  we 
rappose  it  to  bave  attained  a  permanent  state  of  vibration. 

SCHOLIUM  3.  We  may  easily  express  tbis  reasoniug  in 
a  form  more  strictiy  algebraical  :  tbus  tbe  time,  witb  respect 
to  the  forced  vibration  of  tbe  centre  of  suspension,  being 
eaUed  i,  tbe  place  of  tbe  vertical  line  passing  througb  tbat 
point  will  be  indicated  by  sin  t,  supposing  t  to  begin  from 
tbe  middie  of  a  vibration:  now  the  force  acting  on  the 
moving  body  will  always  be  as  its  distance  from  tbis 
moveable  vertical  line,  considered  witb  relation  to  the 
lengtb  of  tbe  true  pendulum  m  ;  thatis,  it  will  be  expressed 

byy=:  ,  tbe  unit  of  m  being  tbe  lengtb  of  the  imagi- 

m 

nary  pendulum  carryingthe  point  of  suspension,  since  when 

szzO  and  sin  ^=1,  the  force  must  be=l  or=g.    Now  we 

may  satisfy  tbis  équation  by  the  particular  solution  s — shi  t 

=a  sin  t,  which  represents  a  vibration  either  correspond- 

îng  in  its  direction  witb  the  former,  or  in  an  opposite 

dffection,  accordingly  as  a  is  positive  or  négative  ;  and  s, 

the  space  actually  described,  will  be  the  sum  or  différence 

of  tbe   spaces  belonging  te  tbe  separate  vibrations  so 


I.y  siniiUir  trian-lcs  BC  :  AD  =  IÎI'  :  13Foj 
AB,  it  foUoRsthat  AE^BF.     CûnseqniDUj 
Ihe  incliuatioii  of  tbe  tliread  AB  vill  aln'ays  ^ 
be  the  same  as  if  F  wcre  its  ûxed  puiot  of 
suspension,  aud  llie  body  B  will  begin  aud 
coatÎDue  ils  vibratioQs  likc  a  simple  pendu- 
lam   attucLed  ta  tlint  poiut,    thc-  truc  point   i 
uf  suspension   aixompanying  it  willi  a  pro- 
portional  vclocity,  so  as  to  lie  always  iu  the   T 
right  line  passin^  throiigli  it  aiid  throtigh  F.  ' 
ï*  *-     It  is  ohvious,  tL:tt  wheu  the  thread  supposod 

to  suspend  Ihe  movenble  point,  ol'  suspensiou  isthc  longer 
of  the  twu,  the  vibrations  will  be  in  ibe  saine  direction; 
wben  llie  shorter,   in  coutrary  directions.  | 

SciioLiUM  1.  The  truth  vf  Ihis  proposition  ma*  ' 
easily  be  illustrated,  hj  holding  snj  pi-iidulous  bodj  iu  the 
liand,  and  causing  it  to  vibrato  more  or  less  rapidly,  by 
moviiio:  t!ie  haiiil  regularly  backiïurds  or  fonvards,  in  a 
longer  or  in  a  shorter  tiuie  than  tbat  of  Ihe  spontaneous 
vibrations. 

ScilOLiL'M.  2.  Tbe  saine  mode  of  ri'usoninjj  Is  appli- 
cable to  oscillations  of  uny  otlicr  kinds,  whicharc  goveraed 
by  forces  proporlîonal  to  thu  disfani:c.'  of  llie  bodies 
concerned,  froiii  a  point  ol'«hich  llic  .situation,  eitlier  îii  a 
quit'sccnt  space,  or  wJlli  rcspcfl  to  anuther  moveable 
point,  varies  according  to  tlic  law  of  the  eycloidal  pendu- 
luui,  or  niay  be  cxpressed  In  tlie  sincs  of  arcs  varying 
with  tlie  time:  sucb  forces  ahvays  prodiicing  periodical 
variations,  uf  vvbicb  tlie  exieiit  is  to  that  uf  (lie  excursions 
of  the  supposed  poiut  uf  suspension  iu  the  ratio  of  n  to 
n— 1,  K  beinglo  1  as  the  square  of  ibe  tinieol'the  l'orced 
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ScHOLlUM  5.     A  more  gênerai  analytical  «olution  of 
tbeproblem  may  be  obtained  by  making  «=&  sinf +c  sin 

(ei+h)  whence  v^-^ffàtzz-'fn^  (6—1)  sin  #-f  c  sin  (et 
+A)  Jd^=«<  (6—1)  cos  f  +  ^cos  (ef+A)  ?  -f  i^sincedcos 
(el-|-A)=— 8iD(c^+A)edf;  and  «==/wd<=n j(6— 1)  sin  t 

+—  sin  (ef +A)  ?  +i^+it=:6  sin  *-hc  sin  (ef +A);  whence 

ftc  6 

ii(6 — 1)=6,  — =c,  î=0  and  it=:0;  consequently  w=r— y 

and  6= -,  — =1,  and  e=  >/!»,  h  and  c  remaining  alto- 

n — 1    ee 

getber  nndetermined.     We  may,  therefore,  accommodate 

this  expression  to  any  relative  vaines  of  the  supposed  vî- 

brationsy  or  of  tbe  forces  belonging  to  them,  and  to  any 

oonditions  of  motion  or  rest  in  tbe  initial  state  of  the  moving 

body.     ThuSy  if  we  suppose  it  initially  at  rest,  so  that  szzO 

and  v=0  when  ^=0,  tbe  lengtb  n  beinj;;  given,  we  bave 

#z:(  sin  #  +  c  sin  (e£4-A)=0,  and  consequently  ^=0,  and 

c  ce  J[ 

v^n  Cb—1)  cos  t+^  cos  e*=6  +  -=0,  and  -=—5= — - 
^  e  e  e  ii— 1 


whence  c= -=  Ji— ,  and  we  bave  «= •  H r    sm 

n — 1     1— n  n — 1     n — 1 

295.  Theorem.  "  B/'  If  the  résistance 
be  sîmply  prQportional  to  the  velocity,  a  pen- 
diilmn  with  9.  vibratîng  point  of  suspension 
may  perform  regular  vibrations,  isochronous 
with  those  of  the  point  of  suspension,  provided 

M 
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combined  :  then  since  vzz—ffdi,  and  s  zzifvài,  we  hattè 

v=:—r2^dtzz  —  cos   t+c,   nnà8zi—sint  +  ct-a 
*^     m  m  m 

sin  t-\-sin  f,aiid  cizO, —  =  a  +  1,  a  =  1  :  ( 1  )=: 

m  ^m         ^ 

-,  or  if  11=  — ,  —7,  as  before. 


—  «1  m  n— 1 

ScHOLiUM  4.  If  the  oscillating  body  be  initiaOy  iil 
any  otber  coaditioD,  its  subséquent  motion  may  be  deter- 
mined,  by  consideringit  as  performing  a  secondary  vibra- 
tion wtth  respect  to  a  point  vibrating  in  the  manner  hère 
snpposed,  which  -will  consequently  represent  its  mean 
place  ;  but  if  there  be  no  résistance,  the  body  wiil  hâve 
no  tendency  to  assume  the  form  of  a  regular  simple  vibra- 
tion, rather  than  any  other.  Supposing,  for  example,  that 
the  point  had  been  initially  at  rest  in  the  middle  vertical  line« 
when  the  centre  of  suspension  passed  that  line  ;  it  will  then 
agrée  in  situation  with  the  point  representing  its  mean 
place,  but  not  in  velocity  ;  and  it  will  retum  to  its  mean 
place  after  every  interval  equal  to  a  complète  single  spon- 
taneous  vibration  of  the  true  pendulum  ;  and  when  this 
coincidence  happens  in  the  middle  vertical  line  as  at  first, 
the  whole  cycle  of  motions  will  begin  again,  after  a  period 
depending  on  the  comparative  lengths  of  the  supposed 
pendulums  :  and  at  some  intermediate  time  the  coincidence 
will  in  most  cases  occur  near  the  extremity  of  the  vibra- 
tion representing  the  mean  place,  and  the  excursion  will 
be  much  greater  than  that  of  this  vibration,  while  at  ano- 
ther  part  of  the  cycle  it  may  be  aknost  obliterated.  Such 
a  succession  of  cycles  may  be  often  observed  in  the  actual 
vibrations  of  elastic  bodies  of  irregular  forms,  the  excur- 
sions being  altemately  greater  and  smaller  without  any 
interférence  of  extemal  causes. 
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ScHOLlUM  5.     A  more  gênerai  analytical  «olution  of 
tfaeproblem  may  be  obtained  by  maldng  «=&  sin/+c  sin 

(ei+h)  whence  v::z'^fJ'dtzZ'-^Jh<{b^l)  sin  ^-fcsin  (et 
+A)  f  d^=«<  (6—1)  cos  ^H--co8  (e*+A)  ?  -f  i^sincedcos 
(«<+*)=— sin  (e^+ A)  ed/;  and  «==/wd<=n|(6— 1)  sin  t 
H —  sin  Çet+h)  ?  +t*  +  it=6  sin  t-^c  sin  {et+h)\  whence 

fie  V 

n(b — l)=ft,  — =:c,  1=0  and  kzzO;  consequently  n= -— «• 
ee  o^^Xg 

1       n 

and  6= ,  — =1,  and  e=  >/!»,  h  and  c  remaining  alto- 

n — 1  ee 
getber  undetermined.  We  may,  therefore»  accommodate 
this  expression  to  any  relative  vaines  of  the  snpposed  vi- 
brationsy  or  of  tbe  forces  belonging  to  them,  and  to  any 
conditions  of  motion  or  rest  in  tbe  initial  state  of  the  moving 
body.  Thus,  if  we  suppose  it  initially  at  rest»  so  that  szzO 
and  v=0  when  ^=0,  the  length  n  bein^^  given,  we  hâve 
8izb  sin  t  +  c  sin  {et-\-h):^0,  and  consequently  fi^O,  and 

c  ce  "'"l 

t?=:ii  (6 — 1)  cos  t+^  cos  e*=64--=0,  and  -=—6= 

^  e  e  e  ii— 1 


whence  czz -=  JI— ,  and  we  hâve  «= -,  H r    sm 

n— 1     1— n  n — 1     n — 1 

295.  Theorem.  "  B/'  If  the  résistance 
be  simply  prgportional  to  the  velocîty,  a  pen- 
dulum  with  9.  vibrating  point  of  suspension 
may  perform  regular  vibrations,  isochronous 
with  those  of  the  point  of  suspension,  provided 

M 
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âiat»  at  the  middle  of  a  vibration,  the  point  of 
suspension  (A)  be  se  situated,  as  to  cause  a 
propelling  force  equal  to  the  actual  résist- 
ance, the  extent  of  the  vibrations  being  re- 
duced,  in  the  ratio  of  the  whole  excursion  of 
the  point  of  suspension  (BC)  to  its  distance 
from  the  middle,  at  the  beginning  of  the  mo- 
tion of  the  pendulous  body  (DC)  ;  and  it  will 
ultimately  acquire  this  mode  of  vibration, 
whatever  may  hâve  been  its  initial  condition. 

Let  FG  be  the  §uppoged  length  of  tbe  thread  carrying 
the  point  of  suspension,  and  drav  FE  passin^  through  D 
insteadof  B;  thenifHC,  — ËG.be  the  extent  oflhe  vibra- 
tioD,  it  will  be  maintained  according  to  the  law  of  the 
cycloidal  pendulnm.  Draw  the  ooncentric  circles  BT, 
DK,  HL  :  then  the  initial  force  may  be  represented  by 
p  HD,    which    détermines 

Ihe  greatest  inclination  of 
the  thread;  and  at  any 
subséquent  part  of  the 
vibration,  if  the  point  of 
suspension  be  advanced 
from  D  to  M,  tbe  time 
elapsed  will  be  expressed 
by  the  arc  IX,  DI  and 
MN  being  perpendicular 
to  AB,  and  taking  HTj 
sîmilar  to  IK,  the  per- 
pendicalar  LP  will  show 
the  place  ofthe  pendulous 
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IStf 


body,  and  PM  the 
foroe»  which  may  be  di- 
▼ided  or  resolved  into 
two  parts,  PQ  and 
QM.  Bot  PQ  18  to 
LK,  or  HD,  as  PC  to 
liC,  or  HG;  conse- 
quently  tfais  part  of  tbe 
force  wiU  always  be 
employ  ed  in  g«nerating 
the  regnlar  velocity; 
and  QM  is  eqnal  to 
KRy  which  is  the  sine 
of  the  angle  KNR  or  BCL  to  the  radius  KN=DI=AG, 
each  of  thèse  Unes  being  equal  to  the  sine  of  BI  ;  llie  line  QH 
thereibre  varies  as  the  velocity,  and  will  always  be  équiva- 
lent to  the  friction,  provided  that  it  be  once  équivalent  to 
it,  as  it  is  supposed  to  be  at  A  ;  the  ratio  of  the  forces  con- 
cemed,  in  any  two  succeeding  instants,  being  always  sucb 
RS  to  maintain  a  regular  vibration. 

If  the  pendulum  be  initially  in  any  other  situation  than 
that  which  is  hère  supposed,  its  subséquent  motion  may  be 
determined  by  comparison  with  that  of  a  point  so  vibrating^ 
and  its  progress  may  be  estimated,  with  tolerable  accuracy, 
while  this  déviation  exists,  by  supposing  it  to  perform 
small  vibrations  with  respect  to  its  mean  place,  in  which 
the  immédiate  effect  of  résistance  may  be  neglected  :  but 
since  thèse  vibrations  are  not  supported  by  any  new  sus- 
taining  force,  they  will  evidently  be  rendered  by  degrees 
imaller  and  smaller,  so  that  tbe  pendulum  will  ultimately 
approach  infinitely  near  to  the  regular  state  of  vibration 
hère  described,  which  ms^,  tiierefore,  be  considered  as 
affording  a  stable  equilibnum  of  motion. 
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ScHOLiUM  l.  SupposiDgthe  relatioQ  oftbe  résistance 
to  the  velocity  to  be  altered,  the  relation  of  the  sine  AC  to 
the  cosine  CD  must  be  similarlj  altered>  the  force  équiva- 
lent %q  tbe  résistance  varjing  as  the  sine,  and  the  extent 
of  the  vibrations,  and  consequently  the  velocity,  as  the  co« 
sine  of  tbe  displacement  Bl  ;  but  the  relation  of  the  sine 
to  the  cosÎDe  is  that  of  tbe  tangent  to  the  radius  :  so  that 
tbe  tangent  of  tbe  displacement  will  be  as  tbe  mean  résist- 
ance: and  the  sine  oftbe  displacement,  AC,  is  to  tbe  ra- 
dins BC,  as  the  greatest  resistanceis  to  the  greatest  force 
which  would  operate  on  tbe  pendulous  body  if  it  remained 
at  rest  at  G:  the  displacement  at  the  extremity  of  the 
vibration  baving  the  same  angniar  measure,  but  becoming, 
with  respect  to  tbe  place  of  tbe  body,  the  verse  sine  only, 
instead  of  the  sine. 

ScHOLiUM  2.  It  is  obvions,  from  the  figures,  that  the 
body  G  will  always  be  behind  the  place  S,  which  it  would 
bave  ocpupied  without  the  résistance,  when  the  vibration  is 
direct,  but  before  it  when  inverted. 

ScHOLiUM  3.  Whei>  the  résistance  is  very  small,  a 
simple  pendulum  witb  asimilar  résistance  may  be  coneeived 
to  vibrate  nearly  in  a  similar  m^nner:  and  if  we  neglect  the 
diminutipn  of  tbe  velocity  in  tbe  considération  of  the  ré- 
sistance, and  call  rzzmv:=:m  cos  t,  we  bave  v=— ^/Vdf  =: 
— y(sin  t  +  m  cos  t)dtczcQS  t- — m  3in  t,  and  s=:Jvdtzzsin  t 
+JII  cos  t  — a=  >/(l  +  i»^  sin  (*  +  6)— a,  b  being  the  angle 
pf  which  the  tangent  is  m  (216),  and  a=:>/(l  +inO  sin  bzz 

Ht 

^(l+«i^) — — :=««,  consequently  8^*^(1 -^-m^)  sin 

(t'i'i) — ^9  which  implies  a  vibration  observing  the  period 
of  t^  but  beginping  at  a  point  at  the  distance  b  further  back 
in  the  cirde,  so  that  the  time  pf  asceot  will  be  diminisbed 
mid  that  of  descent  increased  very  nearly  in  an  eijnal  de- 
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grée,  as  may  be  inferred  from  Laplacc^s  formula  (282)  taog 

yr=— ,whencecotyr=:rr-,  y^beinffl — -;anclultimately 

m  2y  4 

cot  T=:  —  :  the  value  ofm  in  tbis  scholium  being  equal  to 

TU 

—of  article  282,  since  hère  the  greatest  velocity  in  the 

pendulum,  due  to  a  height  equal  to  half  its  lenglh,  is  made 
the  unit  of  v  and  of  r,  instead  of  a  more  direct  comparison 
with  the  value  of  jr  the  force  of  gravity.     ] 


CHAPTER  III. 


OF   THE    EQUILIBBIUM    OF    A    SYSTEM    OF 

BODIES. 


§.  13.  [Introduction].  Conditions  of  the  equilibrium 
of  two  Systems  of  points,  meeting  each  other,  with  veloci- 
ties  directly  contrary.  Définition  of  the  quantity  of  mo- 
iionf  and  of  similar  moveable  points,     P.  36. 

[296.  Définition.  "  266/*  A  moveable 
body  is  to  be  imagined  as  a  point,  composed 
of  single  points  or  particles  equally  moveable, 
which,  as  they  differ  in  number,  constitute  the 
proportionally  différent  mass  or  bulk  of  the 
body. 

297-  Définition.  "  267-''  A  reciprocal 
action  between  two  bodies  is  an  action  which 
affects  the  single  particles  of  both  equally, 
increasing  or  diminishing  their  distance. 

298.  Définition.  "  268.''  The  centre 
of  inertia  of  two  bodies  is  that  point,  in  the 
right  line  joining  them,  which  divides  it  reci- 
procally  in  the  ratio  of  their  magnitudes. 
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299.  Theorem.  ''  269"  The  centre  of 
inertia  of  two  bodies,  initially  at  rest  in  any 
space,  remains  at  rest,  notwithstanding  any 
reciprocal  action  of  the  bodies. 

Suppose  the  bodies  eqoal^    ^ 
and  coDsisting  each  of  a  single  . 
particle^  then  it  is  obvions  that     _ 
both  will  be  equally  moved  by  ^ 

any  reciprocal  action,  and  the  centre  of  inertia  will  still 
bisect  their  distance  (217).  Again,  let  one  body  A  be 
double  the  other  B,  and  suppose  A  to  be  divided  into  two 
points  placed  very  near  each  other,  as  C,  D.  Join  BC, 
BD,  take  any  equal  distances  CE,  DF,  BG,  BH,  and 
they  will  represent  the  mutual  actions  of  B  on  G  and  D, 
and  of  G  and  D  on  B,  and  the  motions  produced  by  thèse 
equal  actions;  complète  the  parallelogram  BGIH,  and 
the  diagonal  BI  will  be  the  joint  resuit  of  the  motions  ofB; 
which,  when  G  and  D  coincide  in  A  and  K,  becomes 
equal  to  2B6,  2CË,  or  2AK  ;  but  L  being  the  centre  of 
inertia,  BL=2AL  (298)  therefore  IL  remains  equal  to 
2KL  (15),  and  L  is  still  the  centre  of  inertia.  And  in  the 
same  manner  the  theorem  may  be  proved  when  the  bodies 
are  in  any  other  proportion. 

Sgholium.  This  important  theorem  is  capable  of  an 
easy  expérimental  illustration;  first  observing,  that  ail 
known  forces  are  reciprocal,  and  among  the  rest  the  action 
of  a  spring:  we  place  two  unequal  bodies  so  as  to  be 
sèparated  when  a  spring  is  set  at  liberty,  and  we  find  that 
they  describe,  in  any  given  interval  of  time,  distances 
which  are  inversely  as  their  weigfats;  and  that  consequently 
the  place  of  the  centre  of  inertia  remains  unaltered.  They 
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may  eitber  be  made  to  float  on  water,  or  may  be  saspended 
by  loDg  threads:  tbe  spring  may  be  detached  by  burning 
a  thread  that  confines  it,  and  it  may  be  observed  whetber 
or  Do  tbey  strike  at  the  same  instant  two  obstacles,  placed 
at  snch  distances  as  the  theory  reqnires  ;  or,  if  tbey  are 
suspended  as  pendulums,  the  arcs  which  they  describe  may 
be  measured,  the  velocities  being  always  nearly  propor- 
tional  to  thèse  arcs,  and  accurately  so  to  the  chords,  which 
are  as  tbe  square  roots  of  the  verse  sines,  representing  tbe 
heights  of  ascent. 

300.  Définition.  "270.''  The  joint 
ratio  of  the  masses  and  velocities  of  any  two 
bodies  is  the  ratio  of  their  momenta. 

301.  Theorem.  "271/'  Themomentum 
of  any  body  is  the  true  measure  of  the  quan- 
tity  of  its  motion. 

For  the  same  reciprocal  action  produces  in  a  double 
body  half  tlie  velocity,  the  common  centre  of  inertiaremain- 
ing  at  rest  ;  and,  the  cause  being  the  same,  the  effects 
mqst  be  considered  as  equal:  and  when  the  reciprocal 
force  varies,  the  velocity  of  both  bodies  varies  in  the  same 
ratio. 

ScHOLlUM  1.  We  may  also  demonstrate  experi- 
mentally,  by  means  of  Mr.  Atwood's  machine,  that  the 
same  momentum  is  generated,  in  a  given  time,  by  the  same 
preponderating  force,  whatever  may  be  the  quantity  of 
matter  moved.  Thus  if  the  preponderating  weight  be 
one  Bixteenth  of  tbe  whole  weight  of  the  boxes,  it  will  fall 
one  foot  in  a  second,  instead  of  16,  and  a  velocity  of  two 
feet  will  be  'acquired  by  the  whole  mass,  instead  of  a 
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▼elocity  of  32  feet,  wliich  the  preponderating  weigbt  aione 
would  bave  acquired.  And  when  we  compare  the  centri* 
tufçdl  forces  of  bodies  revolving  in  the  same  time,  at 
différent  distances  irom  the  centre  of  motion,  we  find  that 
a  greater  quantity  of  matter  compensâtes  for  a  smaller 
force  ;  so  that  two  halls,  connected  by  a  wire,  with  iiberty 
to  slide  either  way,  wiil  retain  each  other  in  their  respective 
situations,  when  their  common  centre  of  inertia  coincides 
with  the  centre  of  motion;  the  centrifugal  force  of  each 
particle  of  the  one  being  as  much  greater  than  that  of  an 
equal  particle  of  the  other,  as  its  weight,  or  the  number  of 
the  particlcs,  is  smaller. 

802.  ScHOLiUM  2,  A.]  The  simplest  case  of  the 
eqailibrinm  of  several  bodies  is  that  of  two  material  points 
meeting  each  other  with  equal  and  directly  contrary  vélo- 
cities  ;  their  mutual  impenetrability  must  evidently  annihi- 
late  their  motion,  and  reduce  them  to  a  state  of  rest. 

[B.]  Let  us  now  suppose  a  number  m  of  contiguons 
material  points,  arranged  in  a  right  line,  and  moving  in  Us 
direction  with  the  velocity  ti:  and  again  another  number 
wf  of  contiguous  points,  disposed  in  the  same  line,  and 
moving  with  the  velocity  t/  in  a  contrary  direction,  so  that 
the  two  Systems  meet  each  other;  there  must  exist  a 
relation  between  u  and  u,  such  that  the  Systems  may  both 
remain  at  rest  after  the  shock. 

[C]  In  order  to  détermine  this  condition,  we  may 
observe  that  the  System  m,  moving  with  the  velocity  u^ 
would  destroy  the  motion  of  a  single  point,  moving  with 
the  velocity  mu,  for  every  point  in  the  System  would 
destroy,  in  this  last  point,  a  velocity  equal  to  ti,  and  conse- 
quently  the  m  points  would  destroy  the  whole  velocity  mui 
we  may  therefore  snbstitute  for  this  system  a  single  pomt^ 
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moTing  with  the  velocity  mu.  In  the  same  mamier  we 
may  snbstitute  for  the  System  wf  a  single  point  moving 
with  the  velocity  inV;  but  the  two  Systems  being  snpposed 
capable  of  destroying  each  other's  motion^  the  two  points, 
possessing  respectively  equal  qnantities  of  motion,  must 
remain  at  rest  after  meeting,  conseqnently  their  velocities 
must  be  equal  (A);  wehave  therefore,  for  the  condition  of 
the  equilibrium  of  the  two  Systems,  inuzzmV. 

[D.]  The  mass  of  a'  body  consîsts  in  the  number  of  its 
material  points,  and  the  prodnct  of  the  mass  by  the  veloci^ 
is  called  the  quantity  of  motion  of  a  body  :  and  this  product 
is  also  [sometimes]  considered  as  the  force  of  a  body  in 
motion.  In  order  that  two  bodies  meeting  may  destroy 
each  other's  motion,  the  quantities  of  motion  in  opposite 
directions  must  be  equal,  and  consequently  the  .velocities 
must  be  inversely  as  the  masses. 

[£.]  The  density  of  a  body  dépends  on  the  number  of 
material  points  which  it  contains  witbin  a  given  volume  or 
bulk.  In  order  to  ascertain  its  absolute  density,  it  would 
be  necessary  to  compare  it  with  a  body  having  no  pores  : 
but  since  we  know  of  no  such  body,  we  can  only  compare 
any  g^ven  substance  with  some  other  as  a  standard  with 
respect  to  density.  It  is  obvions  that  the  mass  of  a  body 
is  in  the  joint  proportion  of  the  volume  and  the  density, 
80  that  calling  the  mass  M,  the  bulk  U,  and  the  density  1>, 
we  bave  in  gênerai  M:^DU;  the  quantities  M,  D,  and  17, 
relating  to  différent  units,  each  of  its  own  species. 

[F«]  In  this  reasoning  we  suppose  that  bodies  are  formed 
of  similar  material  points,  and  that  they  only  differ  in  the 
relative  situation  of  the  atoms  composing  them.  But  the 
intiuuite  nature  of  matter  being  unknown,  this  assumption 
«B  «t:  Ieil9t  hypothetical,  and  it  is  pmiectly  possible  that 
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there  may  be  a  différence  in  the  elementary  partides  of 
matter.  Fortunately,  bowever^  the  truih  of  the  hypothesis 
18  of  no  conséquence  to  the  science  of  mechanics,  and  we 
may  adopt  it  without  any  danger  of  error,  provided  that, 
by  similar  material  points»  we  anderstand  points,  which, 
when  they  meet  wîth  equal  velocities,  destroy  each  other^s 
motion,  whatever  their  nature  may  be. 

§•14.  Of  thê  redprocal  actiou  of  material  pmtUs. 
Reaction  is  always  equal  and  contrary  to  action.  Equor 
iion  of  the  equilibrium  of  a  System  ofbodies,  giving  the 
iaw  of  virtual  velocities.  Method  of  éktermining  the 
fressure  ofhodies  on  the  surfaces  or  the  curves  to  whàck 
they  are  confined.    P.  S7. 

303.  Theorem.  Action  and  reaction  are 
always  equal  and  contrary. 

Two  material  points,  of  which  the  masses  are  m  and  m% 
can  only  act  on  each  other  in  the  direction  of  the  right 
line  joining  thcm.  If,  indeed,  they  are  united  by  a  thread 
passing  over  a  pulley,  their  reciprocal  action  may  be  other- 
wise  directed  :  but  in  this  case  the  fixed  pulley  may  be 
considered  as  having  at  its  centre  a  body  of  infinité  den- 
sity,  which  reacts  on  the  two  bodies  m  and  m\  so  as  to 
make  their  mutual  action  indirect  only. 

If  the  action  of  m  on  m\  exerted  by  means  of  an  in- 
flexible line,  without  inertia,  uniting  tbem,  be  called  J9, 
and  if  it  be  met  by  a  contrary  force,  expres«ed  by  — p, 
this  force  will  destroy  in  the  body  m  a  force  equal  to  /i, 
and  the  force  p  in  the  right  line  will  be  conmiunicated 
entirely  to  m'.  This  loss  of  force  in  m,  occasioned  l\y  its 
action  on  m\  is  called  the  réaction  of  m^  ;  so  that»  in  the 
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oommuDicatioD  of  motioD»  ^*  réaction  is  always  eqnal  and 
contrary  to  action."  And  it  is  found  by  observation  that 
this  principle  holds  good  with  respect  to  ail  forces  in 
nature. 

[SoHOLiUM  1.    AU  the  forces  in  nature»  with  which  we 
are  acquainted»  act  reciprocally  between  différent  masses 
of  matter,  so  that  any  two  bodies,  repelling  or  attracting 
each  other,  are  made  to  recède  or  approach  with  eqnal 
momenta.    This  circumstance  is  generally  expressed  by 
the  third  law  of  motion,  that  action  and  reaction  are  eqnal. 
There  would  be  something  peculiar,  and  aimost  inconceiv'^ 
able,  in  a  force  which  conld  affect  unequally  the  similar 
particles  of  matter;  or  in  the  particles  themselves,  if  they 
could  be  possessed  of  such  différent  degrees  of  mobility, 
as  to  be  equally  moveable  with  respect  to  one  force,  and 
unequaliy  with    respect    to    another.      For  instance,  a 
magnet  and  a  pièce  of  iron,  each  weighing  a  pound,  will 
remain  in  equilibrinm  when  their  weights  are  opposed  to 
each  other  by  means  of  a  balance  ;  they  will  be  separated 
with  eqnal  velocities,  if  impelled  by  the  unbending  of  a 
spring  placed  between  them  ;  and  it  is  difficnlt  to  conçoive 
tbat  they  could  approach  each  other  with  unequal  velooi^ 
lies  in  conséquence  of  magnetic  attraction,  or  of  any  other 
natnral  force.    The  reciprocality  of  force  is,  therefore,  a 
necessary  law  in  the  mathematical  considération  of  mecha- 
nics,  and  it  is  also  perfectly   warranted  by  expérience. 
The  contrary  supposition  is  so  highly  improbable,  that  the 
principle  may  ahnost  as  justly  be  termed  a  necessary  axiom^ 
as  a  ph^iomenon  coUected  from  observation. 

ScHOLTUM  2.  Sir  Isaac  Newton  observes,  in  his  third 
law  of  motion,  that  **  reaction  is  always  contrary  and  eqnal 
to  action,  or,  that  the  mntual  actions  of  two  bodies  are 
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always  cqual,  and  directed  contrary  ways."  He  procceds, 
''  ifany  body  drawsor  presses  another,  it  is  itself  as  much 
drawn  or  pressed.  If  any  one  presses  a  stone  with  bis 
finger,  bis  finger  is  also  pressed  by  tbc  stone.  If  a  horse 
is  drawing  a  weigbt  lied  to  a  rope,  the  borse  is  also  equaily 
drawn  backwards  towards  tbe  weigbt  ;  for  tbe  rope,  being 
distended  througbout  its  lengtb,  will,  in  the  same  en- 
deavour  to  cootract,  urge  the  horse  towards  tbe  weigbt, 
and  the  weigbt  towards  tbe  horse,  and  will  impede  tbe  pro- 
gress  of  the  one  as  much  as  it  promotes  the  advanœ  of 
the  other."  Now,  altbough  Newton  bas  always  applied 
tbis  law  in  the  most  unexceptionable  manner,  yet  it  must 
be  confessed  that  tbe  illastrations  hère  quoted  are  clothed 
in  such  language  as  to  bave  too  much  tbe  appearance  of 
paradpx.  When  we  say  that  a  thuig  presses  another,  we 
commonly  mean,  that  tbe  tbing  pressing  bas  a  tendency  to 
move  forwards  into  the  place  of  tbe  tbing  pressed  :  but  the 
8ton«  would  not  sensibly  advance  into  tbe  place  of  the 
finger,  if  it  were  removed  ;  and  in  tbe  same  manner  we 
understand,  that  a  tbing  pulling  another  bas  a  tendency 
to  recède  furtber  from  the  tbing  pulled,  and  to  draw  tbis 
afler  it  :  but  it  is  obvions  that  the  weigbt,  which  the  horse 
10  drawing,  would  not  retum  towards  its  first  situation, 
with  the  horse  in  its  train,  altbough  the  exertion  of  the 
horse  sheuld  entirely  cease  ;  in  thèse  sensés,  therefore,  we 
cannot  say,  that  the  stone  presses,  or  that  tbe  weigbt 
pulls  ;  and  we  bave  no  reason  to  offend  the  natural  pré- 
judices of  a  beginner,  by  introducing  paradoxical  expres- 
sions without  necessity.  Yet  it  is  tnie  in  both  cases,  that 
if  ail  firiction,  and  ail  connexion  with  the  snrronnding 
bodies,  could  be  instantaneonsly  destroyed,  the  point  of 
the  finger  and  the  stone  woaid  recède  firom  each  otber. 
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and  the  horse  and  the  weight  would  approach  each  other, 
with  eqnal  quantitiea  of  motion.  And  this  is  what  we 
mean  by  the  reciprocality  of  forces,  or  the  eqnality  of 
action  and  reaction. 

304.  Theorem.  "  285.''  If  two  gravi- 
tating  bodies  be  suspended  at  constant  dis- 
tances from  each  other  and  from  a  given 
point,  they  will  be  at  rest  when  their  centre  of 
inertia  is  in  the  vertical  Une  passing  through 
ihe  point  of  suspension  :  and  the  equilibrium 
will  be  stable  when  the  centre  of  inertia  would 
ascend  in  quitting  the  vertical  line,  tottering 
when  it  would  descend,  and  neutral  when  it 
cannot  quit  it. 

1^  Suppose  the  bodies  A  and  B,  of  whicb 

^jç:^;^T\  C  is  the  centre  of  inertia,   to  be  sus- 

C**"^^v  pended  from  D  by  the  threads  AD,  BD, 
B  and  to  be  retained  at  the  distance  AB  by 
the  rod  AB,  and  let  C  be  in  the  vertical  line  DC.  Let  the 
force  of  gravity  be  represented  by  DC,  then  AD  will 
represent  the  action  of  the  thread,  and  AC  the  pressure 
exerted  by  A  on  any  obstacle  at  C  (241);  and  in  the  same 
manner  BC  will  represent  the  pressure  of  B  in  the 
direction  BC,  supposing  the  weights  A  and  B  equal,  and 
each  represented  by  DC  ;  but  since  they  are  unequal,  the 
ratio  of  their  niasses  must  be  compounded  with  that  of 
the  relative  forces,  and  A.AC  will  represent  the  actual 
force  of  A,  and  B.BC  that  of  B  ;  but  thèse  products,  by 
the  Mipposition»  are  equal,  since  A  :  B=sBC  :  AC  (398); 
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therefore  the  pressures  are  equal,  and  tbe  bodies  will 
remaiu'in  equUibrinm.  If  now  the  centre  of  inertia 
ascended  towards  either  weight,  as  A,  the  segment  AG» 
which  détermines  the  action  of  A,  would  be  increased, 
and  BC  lessened;  therefore  tbe  weight  of  A  would  pre- 
Taily  and  the  centre  would  retum  to  the  vertical  line.  But, 
snpposing  G  above  D,  the  rod  and  tbreads  must  change 
places,  and  the  same  démonstration  will  hold  good;  and 
since  in  this  case  the  weights  pull  against  each  other^  the 
prevalence  of  A,  if  the  centre  of  inertia  descended 
towards  its  place,  would  draw  it  still  further  from  the 
Tertical  line,  and  the  equilibrium  would  be  lost. 

Now  the  magnitude  of  the   .  __,—-?-— —-_^    n 

distance  of  G  above  or  below  ,  c 

A g B 

D  is  of  no  conséquence  to  the  C 

existence  of  the  equilibrium;  therefore  when  that  dis- 
tance vanishes,  and  the  thread  and  rod  are  united  into  one 
inflexible  right  line  or  lever,  those  points  will  coïncide,  and 
there  will  still  be  an  equilibrium  ;  which  may  properly  be 
termed  neutral,  since  no  change  of  the  position  of  the 
bodies  will  create  a  tendency  either  to  retum  to  their 
places,  or  to  proceed  further  from  'them.  But  the  case 
of  an  inflexible  right  line  is  perfectly  out  of  the  reach  of 
experiment,  since  the  strength,  necessary  for  the  inflexi- 
bility  of  a  mathematical  line,  becomes  infinité,  and  that,  in 
an  infinitely  small  quantity  of  matter. 

ScHOLiUM.  The  démonstrations  of  the  fundamental 
property  of  the  lever  hâve  been  very  varions.  Archimedes 
himself  bas  given  us  two.  Huygens,  Newton,  Maclaurin, 
Dr.  Hamilton,  and  Mr,  Vince,  hâve  elucidated  the  same 
subject  by  différent  methods  of  considering  it.  The 
démonstration  of  Archimedes,  as  improved  by  Mr.  Vince, 
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is  ingenious  and  elcgant  ;  but  it  is  neither  so  gênerai  and 
natural  as  one  of  Dr.  Hamilton's,  which  is  hère  adopted, 
nor  so  simple  and  convincing  as  Maclanrin's,  which  it  may 
also  be  worth  our  while  to  notice.     Supposing  two  equal 
weights,  of  an  ounce  each,  to  be  fixed  at  the  ends  of  the 
equal  arms  of  a  lever;  in  this  case  it  is  obvious  that  there 
will  be  an  equilibrium,  since  there  is  no  reason  why  either 
weight  should  preponderate.     It  is  also  évident,  that  the 
fulcrum  supports  the  whole  weight  of  two  ounces,  iieg- 
lecting  that  of  the  lever  ;  consequently  we  may  substitute 
for  the  fulcrum  a  force  équivalent  to  two  ounces,  drawing 
the  lever  upwards  ;  and  instead  of  one  of  the  weights,  we 
may  place  the  end  of  the  lever  under  a  firm  obstacle,  and 
this  equilibrium  will  still  remain,  the  lever  being  now  of 
the  description  which  is  called  the  second  kind,   the  fixed 
point  being  at  one  end.     Hère,  therefore,  the  weight  re- 
maining  at  the  other  end  of  the  lever  counterbalauces  a 
force  of  two  ounces,  acting  at  half  the  distance  frum  the 
new  fulcrum;  and   we  may  substitute   for  this  force  a 
weight  of  two  ounces,  acting  at  an  equal  distance  on  the 
other  side  of  that  fulcrum,  supposing  the  lever  to  be  suf- 
ficiently  lengtbened;  and  there  will  still  be  an  equilibrium. 
In  this  case  the  fulcrum  will  sustain  a  weight  of  three 
ounces;  and  we  may  substitute  for  it  a  force  of  three 
ounces,  acting  upwards,  and  proceed   as  before.     In  a 
simîlar  manner  the  démonstration  may  be  extended  to  any 
commensurable  proportion  of  the  arms  ;  and  it  is  easy  to 
show  that  the  same  law  must  be  true  of  ail  ratios  whatever, 
even  if  they  happen  to  be  incommensurable  (120,  Sch.}; 
the  forces  remaining  always  in  equilibrium,  when  they  are 
to  each  other  inversely  as  the  distances  at  which  they  are 
applied.    Lagrange,  in  his  Mécanique  Analytique,  has 
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entered  Teiy  fdlly  and  clearly  into  the  history  of  this  pro- 
positioD. 

305.  Théo  REM.  If  a  System  of  bodies  be 
in  equilîbrium,  the  sum  of  the  products  of  the 
forces,  acting  on  the  several  bodies,  into  the 
infinitely  small  variations  oftheir  places,  in  the 
directions  of  the  forces,  the  variations  being  so 
taken  as  to  be  subjected  to  the  conditions  of 
the  System,  must  be  equal  to  nothing.  Or,  if 
p  be  the  force  acting  on  each  body,  and  §f  the 
variation  of  the  place  of  the  body  in  its  direc- 
tion, OzzxpSf;  which  is  the  Law  of  virtual  velo- 
cities. 

Let  Q8  first  suppose  two  heavy  bodies,  m  and  m\  fixed 
to  the  extremities  of  a  horizontal  Une,  snpposed  to  be  in- 
flexible and  without  weight,  being  at  liberty  to  turn  round 
a  fixed  point  within  its  lengtb.  In  order  to  conceive  the 
action  of  thèse  bodies  on  each  other  when  they  are  in  equi- 
librium,  we  must  suppose  the  right  Une  to  be  infinitely  little 
bent  at  the  fixed  point,  so  as  to  be  formed  of  two  right 
Unes,  making  at  that  point  an  angle  which  diflèrs  but  infi- 
nitely littie  from  two  right  angles  ;  and  this  diflerence  we 
may  caO  «.  Let  f  and  f  be  the  distances  of  m  and  m^ 
from  the  fixed  point  ;  if  we  décompose  the  weight  of  m 
into  two  parts,  the  one  acting  on  the  fixed  point,  in  the 
direction  of  the  bent  Une,  the  other  directed  towards  m\ 

this  last  wiU  be  ^Ç't'^\  mg  being  the  weight  of  the 

body  :  [for  since  AB  :  sin  ADBzzDB  :  sin  DAC,  (F.175) 
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u            T^An    DB.sinADB      /«  ,   nr-«;« 

we  hâve  sm  DAC=: r^, =  ^^^— r?.   and   DC  =  sm 

AB         y+y 

DAC.AD  :  but  if  DC  represent  the  weight  mg^  AC  or 
AD  will  be  the  pressure  in  the  direction  AB,  which  wiU 

be  fwfir.^^r;  =  7— wTT^  =  mo' ^./  .]  For  the  same  reason  the 
ïjxj     sm  IJAO  y  û) 

action  of  m'  on  m  will  be  iw'a*' — ^,  and   sînce  thèse  two 

forces  must  be  equal,  in  the  case  of  equilibrium,  we  shall 
hâve  mf:=,my\  which  is  the  weli  known  law  of  the  action 
of  a  lever,  and  whieh  explains  how  two  forces,  acting  in  a 
parallei  direction,  may  cause  reciprocal  effects,  and  ba^ 
lance  each  other  [that  is,  by  calling  into  action  a  third 
force  equal  to  their  sum,  and  acting  in  a  contrary  direc- 
tion]. 

We  may  next  consider  the  eqnilibrium  of  a  System  of 
points,  m,  m\  nii\  • . ,  actuated  by  any  number  of  forces, 
and  reactingon  each  other".  Let/be  the  distance  of  m 
from  m\f'  that  of  w  firom  t»'^,  and/'^  the  distance  of  ni' 
from  ni'\  iet /?  be  the  reciprocal  action  of  m  on  m  ^p  that 
of  m  on  w'^,  p"  that  of  ni  on  ni' \  and  iastly,  let  m  S,  ni  S", 
ni'  S'. . . ,  be  the  forces  acting  on  m,  w',  and  m'\  and  5,  s\ 
d\  the  distances  of  any  fixed  points,  in  the  directions  of 
those  forces,  from  the  bodies  to  which  they  belong.  We 
may  consider  the  point  m  eitber  as  being  perfectiy  at 
liberty,  but  held  in  equilibrium  by  nieans  of  its  own  force 
m*?,  and  the  action  of  the  other  bodies  wi',  ni' . . . ,  or  as 
subject,  besides  thèse  forces,  to  the  reaction  of  a  surface 
or  a  curve  to  which  it  may  be  confined.  Now,  if  &  be  the 
variation  of  «,  and  ^J  that  of/  taken  with  regard  to  this 
variation  only,  supposing  ni  to  be  fixed  ;  and  if  ^J'  be 
the  variation  of/',  supposing  ni'  to  be  fixed  ;  R  and  R 
being  the  reaction  of  the  two  surfaces,  forming,  by  their 
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întorsection,  the  cnrve  to  which  tbe  motion  of  m  is  coh'- 
fined^  and  r,  /  tbe  lines  perpendicular  to  thèse  surfaces, 
we  shall  bave,  from  tbe  équation  0=:2.S8s  +  7fôr + If  8/ 
(rf)  (253),  0=m*SS»  +/>S,/+i>'S J'  +  ...'\-mr-{-  RSr'.  In 
the  same  manner  m'  may  be  considered  as  a  point  held  in 
equilibrinm  by  means  of  the  force  m'S',  together  with  the 
actions  of  the  bodies  m,  m'\  .  . . ,  and  the  reactions  of  the 
surfaces,  which  may  be  cailed  jR"  and  R".  If,  then,  the 
Tariation  of /be  cailed  ^,  that  of/,  taken  with  regard  to 
this  variation,  and  supposing  m  to  be  fixed.  S,,/,  that  of 
f",  supposing  m"  fixed,  8,/",  and  the  variations  in  the 
directions  of  /J"  and  jR"'  be  8i^'  and  8i^",  we  shall  bave, 
for  the  equilibrium  of  wi',  0=wi'5'&'+i)8,/+i>"8,/"  +  .. . 
+ir8f^  +  iï"V':  and  the  rest  of  the  points  will  afford 
similar  variations,  which  we  may  add  together,  observing 
that  for  the  total  variations,  8/'=  8/+ S,/,  8/'=8/'  +  8„ 
f\p . .  ;  each  distance  being  liable  to  two  partial  variations, 
one  at  each  end.     We  shall  thus  obtain 

0=2i?i58s  +  Zp8/+21î8r.  (*) 
In  estimating  the  forces  acting  on  each  point  m,  tn\.. ,  it 
is  obvions  that  we  may  either  consider  any  nnmber  of  dif- 
férent forces  separately  multiplied  by  the  respective  varia- 
tions of  their  distances,  or  consider  the  whole  as  combined, 
for  each  body,  into  a  single  resuit,  by  the  équation  (a) 
y8ii=Z*S8*(250). 

If  the  bodies  are  united  at  fixed  distances  from  each 
other,  the  Unes /,/',/"...,  becoming  constant,  tliis  con- 
dition may  be  expressed  by  making  8/==0,  S/''=:0,  S/*'' 
=0  .  • .  The  variations  of  the  coordinates,  comprehended 
in  the  équation  (it),  may  be  subjected  to  this  condition,  and 
then  the  forces  p,  expressing  the  reciprocal  actions  of  the 
bodies,  will  no  longer  be  ooncerned  in  it  :  we  may  aiso 

N  2 
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omit  the  tenns  RSr,  RSr^. . . ,  if  we  limit  the  variations  to 
the  surfaces  in  wliich  the  bodies  are  compelled  to  move. 
The  équation  (l)  will  tfaen  become 

0=2;miS&.        (/) 

Hence  it  foUows  that,  in  the  case  of  equilibrinm,  the 
sam  of  the  prodacts  of  the  forces,  into  the  elementary  Ta- 
riations  of  their  directions,  will  be  equal  to  nothing,  pro* 
vided  that  the  conditions  of  the  connexion  of  the  system  be 
observed  in  those  variations, 

Itmaybefurther  shown  that  this  theorem,  which  ishere 
demonstrated  upon  the  supposition  that  the  bodies  are 
nnited  at  invariable  distances,  is  true  in  gênerai,  for  ail 
conclitions  of  the  connexion  of  the  différent  parts  of  the 
System.  In  order  to  prove  this,  it  will  be  sufficient  to 
show,  that,  observing  thèse  conditions,  we  hâve,  in  the 
équation  (it),  0=2p8/"+SlïSr,  since  it  will  then  follow 
that  2miS&=0  also.  But  it  is  clear  that  Sr,  Sr . . .  will 
necessarily  vanish  when  the  variations  are  confîned  to  the 
given  surfaces,  and  we  bave  only  to  show  that  SpS/'nO 
under  the  same  circumstances. 

Let  us,  therefore,  conceive  the  system  to  bo  subjected 
only  to  the  forces  p,  p\  p'\  . . . ,  and  suppose  the  bodies  to 
be  at  liberty  to  move  in  obédience  to  them  upon  the  given 
surfaces  :  thèse  forces  may  be  resolved  into  otbers,  some 
of  which  g,  g',  }",...,  will  act  in  the  directions  of/,/', 
f^^ . .  ;  which  will  destroy  each  other  [as  the  forces  p  in 
the  former  supposition,  in  virtue  of  the  equality  of  action 
and  réaction],  without  producing  any  motion  in  the  curves 
in  question  ;  otbers  T,  T',  T"^ .  • .,  will  be  perpendicular 
to  the  curves  described  ;  and  others  again  will  be  in  the 
directions  of  the  tangents  of  those  curves,  and  capable  sepa- 
rately  of  giving  motion  to  the  system  :  but  it  is  easy  to  see 
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that  the  sam  of  thèse  last  forces  must  be  eqnal  to  nothing, 
since  the  System  ia  at  liberty  to  move  in  the  respective  di- 
rectionsy  [unless  each  point  were  held  at  rest  by  equal  and 
opposite  forces^  so  that  the  sums  of  the  opposite  forces 
mast  be  equal  for  ail  the  points^  and  ail  thèse  forces  will 
vanish,]  producing  neither  pressure  on  the  given  curves, 
nor  reaction  between  the  bodies,  so  that  they  may  be  ex- 
cluded  from  the  équation»  and  the  forces  p,  p',  p"  must  be 
in  equilibrium  without  them,  or  in  other  words  — p,  ^p\ 
— -p", . . .  together  with  g,  g',  g", . . . ,  must  afford  an  equi- 
librium among  themselves.  Now»  if  Si,  Zïf  . .  •  be  the  va- 
riations of  the  lines  of  direction  of  the  forces  T,  T'^  7^^•••» 
▼e  shall  havc,  from  the  équation  (i),0=S  (g—y)  8/'+  STSi; 
but  the  System  being  supposed  to  remain  at  rest  in  consé- 
quence of  the  forces  g,  g', ... ,  without  any  action  upon 
the  curves  or  surfaces,  the  équation  (it)  gives  us  also  Os 
SgS/*:  consequently  0=:2pS/*— STSi.  But  in  the  condi- 
tions of  the  problem  StnO,  St'=:0,  ...fthe  variations  be- 
ing confined  to  the  curves,  so  that  we  bave  finally  0=2p^, 
whence  it  follows,  that  with  the  conditions  of  the  connexion 
of  the  System,  2miSiS^=:0,  as  before. 

[ScuoLiUM.  The  object  of  the  second  part  of  the  dé- 
monstration is  to  prove  that  if /y,  p'y  p'\  .  • . ,  represent  not 
the  reciprocal  actions,  but  the  total  forces  exerted  on  each 
body,  exclusive  of  the  pressure  of  the  surfaces,  thèse 
forces  may  be  decomposed  so  as  to  affprd  forces  équivalent 
to  the  reciprocal  actions  of  the  respective  bodies,  and  that 
the  remaining  portions  of  the  forces,  as  well  as  thèse  reci- 
procal actions,  vrill  balance  each  other,  in  the  case  of  equi- 
librium, according  to  the  tenus  of  the  proposition]. 

306.  CoROLLARY.  The  converse  of  thîs 
proposition  is  equally  true,  and  whenever  tbe 


A 
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law  of  virtual  velocîtîes  is  observed,  the  Sys- 
tem must  remaÎQ  in  equilibrium. 

For  if  it  wcre  otherwise,  and  the  points  m,  ln^  .  • .  ^  ac- 
qûired  the  incréments  of  velocity  v,  v\  ... ,  while  SmiSSs 
remainedizO,  the  System  woald  be  held  in  equilibrium  by 
the  forces  mS,  m  S",  diminished  by  the  forces  expended  on 
the  velocities,  which  may  be  called  mv,  tnt/, . . .  [maidng 
the  incrément  of  time  unity];  and  }î  we  call  the  variations 
in  the  directions  of  thèse  forces  Sr,  St/^  . . . ,  we  shall  bave, 
b^  the  proposition»  Ozz'2mSSs — SmvSv:  and  since  SmSSs 
=0,  we  hâve  aiso  OnSmvSv.  But  as  the  variations  Sv, 
St/,  must  be  subject  to  the  conditions  of  the  system,  we 
may  suppose  them  equal  to  vit,  or  to  t;,  and  we  bave  tl^en 
P=Si»rS  which  can  onlv  happen  when  t;=0,  t/izO,  ... 
çinco  ail  squares  are  positive  :  it  follows,  therefore,  that  the 
System  must  remain  at  rest  in  conséquence  of  the  forces 
mS,  m'S'f  . . . ,  alone. 

ScHOLiUM.  The  conditions  of  the  connexion  of  the 
différent  parts  of  a  System  with  each  other  may  always  be 
reduced  to  équations  between  the  coordinates  of  the  diffé- 
rent bpdies  concemed.  Suppose  thèse  équations  to  be 
u=0,  i/zzO,  u"=iO,  we  may  always  add  to  the  équation 
0=SiîiS&  (0  the  quantity  SxSii,  the  functions  xSm,  a'Sw',.. . 
of  wbicb  it  is  the  sum,  being  dépendent  on  the  coordinates , 
[and  of  such  a  nature  as  to  substitute  an  expression  de- 
rived  from  them  for  the  variations  of  the  perpendiculars  to 
the  surfaces  ;and  for  tbose  of  the  distances  of  the  bodies  (245, 
Sch.  3)];  the  équation  will  then  become  0=2i7i<$S«  +  2xSti, 
In  this  case  the  variations  of  ail. the  cpordinates  will  be 
arbitrary,andtheir  coefficients  maybe  separately  made  equal 
to  nothing,  which  will  give  as  many  différent  équations  for 
tiie  i/etermination  of  x  and  ^^     If  we  compare  this  equar 
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tion  with  the  équation  (k),  we  shall  hâve  2x?îi=Sp8/"+ 
^RSr  ;  whence  it  will  be  easy  to  infer  the  reciprocal  ac- 
tions of  the  bodies  m,  i7i\  • . . ,  as  well  as  the  pressures 
— R,  — R,  . . . ,  which  they  exert  on  the  surfaces  to  which 
they  are  confined. 

§  15.  Conditions  of  equilihrium  for  a  System,  of  which 
ail  the  points  are  united  in  an  invariable  manner.  Centre 
ofgravity  :  mode  of  determining  its  position  with  respect 
to  three  planes  or  three  given points.     P.  42. 

307.  Théo  REM.  The  forces  actingon  any 
System  of  bodies  in  equilibrium  being  referred 
to  three  orthogonal  directions,  the  sum  of  ail  the 
forces  acting  in  each  direction  must  vanish,  as 
well  as  the  sum  of  the  rotatory  pressures  with 
respect  to  axes  in  each  of  the  three  directions. 

If  ail  the  bodies  of  a  given  System  be  invariably  united 
to  each  other,  its  position  will  be  determined  by  that  of 
any  three  points  belonging  to  it,  which  are  not  in  a  right 
line  :  now  the  position  of  each  of  thèse  points  dépends  on 
three  coordinates,  so  that  nine  différent  distances  are 
comprehended  in  their  équations:  but  since  the  three 
distances  of  the  points  are  given,  they  reduce  the  number 
of  independent  quantities  to  six,  which  will  afford  as  many 
arbitrary  variations  :  and  by  supposing  the  coefficients  of 
thèse  to  vanish,  we  shall  obtain  six  équations,  which  will 
inciude  ail  the  conditions  of  the  equilibrium. 

For  this  purpose,  we  may  suppose  or,  y,  z^  to  be  the 
coordinates  of  m;  x\  j/,  J,  those  of  ni^  and  ji\  y",  ^\ 
those  of  fd\ ...  ;  we  shall  then  hâve 
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and  if  we  suppose  Sx=Sa/=:Sa/'=:  ...y  Syr^Sy'riSy''^».., 
and  8)5i58/=&t^=  . . .,  we  shaU  hâve  8/=0,  8/'=0,  ^ 
=:0y...;  and  the  distances  will  be  invariable,  accord- 
ing  to  the  conditions  of  the  System.  We  may  then  infer, 
from  the  équation  0:s:TBmSS$9  (0» 

OsSwiS^;  0=:S«iSf|î;  0=S«iSf-^.  (m) 

For  since  Sr=:S/=  ...  the  quantity  ^mS^s,  which  is  the 
tum  of  the  partial  différences  with  respect  to  x,  x,.. .,  must 
bo  divisible  by  Sx;  and  the  same  is  true  with  respect  to  y 
and  z»  It  is  obvious  that  thèse  équations  constitute  the 
first  part  of  the  proposition. 

It  will  stîll  be  consistent  with  the  conditions  S/  =:  0, 
Ç/^'i^O, ...,  to  suppose  z,  zf,  zf',  ...,  invariable,  and  to 
make  Sxzzyd'v,  Sa:'=y'8'ar, . . .  ;  Sy  =  — xSisr,  8y'=ar'Sw, . .  •  ; 
S*v  being  any  variation  at  pleasure  [for  example,  that  of  an 
angle  described  round  an  axis  parallel  to  z]  :  and  substi- 
tuting  their  values  in  two  of  the  équations  Ozz'ZmSd's,  we 

hâve,  since  'SmS  j-^Sxzz^mS-^ySv,  and  Smâ*  ^  Sy 

g», 
=S»iS-j—  (— orSw),    addhig  thèse    together,   and  ;,divi- 

ding  them  by  8«,  0=:2mS  (y^ — x^^;  [the  third  équa- 
tion disappearing,  becf^use  Sz  is  supposed  to  vanish,  as 
when  the  variation  takes  place  in  a  circle  described  on  the 
a:iis  paralM  to  t.]    For  the  same  reaaons,  we  may  obtain 


OP   THE    EQUIIIBBIUM    OF    A    SYSTEM.     185 

sjmilar  eqaations  for  x  and  z»  omitting  y,  and  for  y  and  %, 
omittiDg  Xf  so  that 

0=Ï.S(jg-.g).  (.) 

Nowtheqaantity  2iii«Sy^  is  the  rotatory  pressure  of  ail 

tbe  forces  redaced  io  a  direction  parallel  to  x,  with  regard 

to  an  axis  parallel  to  z  (256,  904).    In  the  same  manner 

S** 
tbe  qaantity  2jii5x  j-is  the  sam  of  the  rotatory  pressures 

of  dU  the  forces  parallel  to  y,  tending  to  tum  the  System 
round  tbe  axis  of  z,  but  in  a  direction  contrary  to  the 
former  :  it  follows  therefore  from  tbe  first  of  the  équations 
(«X  that  the  ivbole  rotatory  pressure  must  vanish  with 
respect  to  tbe  axis  parallel  to  z.  Tbe  second  and*  third 
équations  indicate,  in  a  similar  manner,  that  the  sum  of 
tbe  rotatory  pressures  is  notbing  with  respect  to  axes 
parallel  to  y  and  to  x:  and  thèse  six  équations  complète  the 
conditions  of  equilibrium  expressed  in  tbe  proposition. 

308.  CoROLLARY.  If  any  point  in  the 
System,  invariably  connected  with  the  whole. 
be  permanently  at  rest,  it  must  be  in  consé- 
quence of  a  force  equal  and  opposite  to  the 
resuit  of  the  three  forces  acting  in  the  three 
given  directions  ;  and  the  conditions  of  equi- 
librium will  then  be  reduced  to  the  equaUty 
of  the  rotatory  pressures  with  respect  to  the 
three  orthogonal  axes. 
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Sapposiog  the  bodies  ni,  m\  m'\  to  be  snbject  to  the 
force  of  grafitation  only,  its  action  and  direction  being 
the  Bame  with  respect  to  the  whole  System,  we  shall  bave 

(n),  becomes  S  (y^Smy— ~!^s»ia;)>  siûoe  the  quantity  |i 

18  the  same  for  ail  the  bodies  concemed,  as  well  as  the 
force  <S^:  and  the  conditions  of  the  équations,  thus  trans- 
formed,  may  be  fulfiUed,  by  putting 

Xmx=0,  YmynO,  and  2mz=:0.  (o) 

The  three  forces  ^mS  ^r-flimS -=--9  and  2m5,-=r-  paraHel 

ex  hy  cz 

the  three  axes»  which  are  destroyed  by  tho  reaction  of  the 

fixed  point,  become,  for  a  similar  reason,  «S-^  2)m,t$^r-2tR, 

ex  gy 

g», 
and 5^ Si»;  and  thèse  forces  compose   a  force  SI,m, 

which  is  equal  to  the  weight  of  the  body  ;  since  (^)*-f 

( j- j*  +  (^)^  are  alwaysr:!,  and  the  resulting  force  is 

expressed  by  the  diagonal  of  the  parallelepiped. 

ScHOLiUM  1.  The  origin  of  the  coordinates,  thus  con- 
sidered  as  the  fixed  point  of  the  System,  is  very  remarkable 
for  the  property  of  aSbrding  an  equilibrium  of  the  weight 
of  the  whole  System,  whenever  it  is  simply  sapported, 
whatever  the  angular  situation  of  the  System  may  be. 
Hence  it  is  cailed  the  centre  ofgravity  of  the  system.  Its 
place  is  determined  by  the  property,  that  if  we  suppose 
any  plane  to  pass  through  this  point,   the  sum  of  the 
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prodacts  of  ail  the  separate  bodies,  into  their  distances 
from  this  plane,  is  equal  to  nothing:  for  the  distances  must 
be  in  some  given  proportion  to  ail  the  coordinates  x^  y, 
and  z,  [depending  on  the  properties  of  similar  triangles 
(117)  and  therefore  **  linear  functions",  not  involving  their 
squares  ;  for  cxample  nx,  nfy,  or  n'^z  :  but  when  2mr=0, 
it  is  obvions  that  l,mnx::zO,  since  n  is  constant;]  whenoe 
the  property  of  the  plane  passing  throngh  the  centre  of 
gravity  is  évident 

In  order  to  détermine  the  position  of  the  centre  of 
gravity  of  any  body,  we  may  suppose  X,  Y,  and  Ztoht 
its  coordinates  with  respect  to  any  given  origin,  x,  y,  andz 
being  those  of  m,  xf^  ^,  and  /  of  si^  • .  • ,  with  respect  to 
the  same  point.  We  shall  then  bave,  from  the  équations 
{o\  0= Sut  (x— X)  [the  X  of  those  équations  being  supposed 
to  begin  at  the  centre  of  gravity,  and  therefore  answering 
to  X— X  hère]  ;  now  SntXnXSiii,  Sin  being  the  mass  of 

the  System;  we  bave  therefore  X=--: —  ;  and  in  the  same 

jLm 

manner  Yzzl-^^.^  and  Z=---— .     Itis  also  évident  that 

z»m  Sut 

t^e  coordinates  X,  Y^  and  Z,  being  thus  completely  deter- 

mined  by  the  magnitude  and  position  of  the  separate  bodies 

of  the  System,  they  can  only  belong  to  a  single  point  for 

any  one  system  of  bodies  at  the  same  time.     For  the  direct 

distance  of  the  centre  of  griavity  we  hâve  the  équation 

X«+I^+Z^=^^ '       2:»^ — ^— — ^t  which    may    be 

transformed  into 

2#l7t 
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Thé  finite  intégral  being  QDderstood  as  oomprehendiDg  ail 
tbe  combkiatioDs  of  tbe  différent  bodtes  in  pairs.  [Thus  for 
two  bodies,  m  and  m\  £m  being  tn+m\  Hmxznmx+w^a/, 
and  l^mm'^mw^,  wehave(2iJMF)«=:»iV+mV«+2iiwii'aa/=: 

«^'  +2f»ifi'j:â^:  and  adding  a  third  body,  if  Zinx  be  flur-f- 
aiy+w'V,  we  bave  ÇSaax)  «=»i^j:«+ifi'V«+«i"«a:^+2sm' 
#a^+2wm"arj:^'+2jnWVj?"=  (iim;<+»V«  +  wl'sf'^  (m  +  nf 
^me^-^mwfXtxf—xf—nm"  {(xT—xf-^'m"  (x^— «0*;  and  a 
similar  prdfef  may  be  èxtended  to  any  nnmber  of  bodies.} 

By  this  mode  of  compntation,  we  may  détermine  the 
distance  of  the  centre  ef  gra^ity  from  any  fixed  point,  when 
we  know  the  distances  of  the  différent  bodies  of  the  System 
frem  tbis  point  and  from  each  other  :  and  v/hen  the  distance 
of  the  centre  of  gravity  from  any  three  points  is  thns 
foand»  its  situation  is  in  ail  respects  completely  ascertained. 

ScHOLiUM  2.  The  dénomination  of  ''  centre  of  grar 
vity"  bas  [sometimes]  been  extended  to  any  System  of  bodies 
with  or  without  weight,  as  determined  by  tLe  three  coor- 
dinates  X,  Y^  and  Z,  thus  computed  [,but  it  is  more 
correct  to  employ,  in  this  sensé,  the  term  **  centre  of 
inertîa"  (298)]. 

§  16.  Conditions  of  the  equilibrium  of  a  solid  of  any 
Jigure  whatever.    P*  46. 

309.  Theorem.  For  a  single  solid  body, 
whatever  its  figure  may  be,  we  hâve  the  same 
conditions  of  equiUbrium  as  for  a  system  of 
bodies^  substituting  fluxions  nnd  fluents  for 
single  bodies  and  finite  intégrais  :  that  is 
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0=zfPdm,  0=/Qd  m,  0=:fRàm  ;  0-f{Py-Qx) 
dm,  0=if{Pz-Rx)  dm,  0=/(Ey-Qz)  dm. 

In  fact  we  bave  only  to  conceiTe  the  solid  as  a  System  of 
an  infinité  number  of  points,  anited  in  an  invariable  man- 
nen  If,  then,  we  suppose  Mit  to  be  an  infinitely  small 
point  or  atom  of  the  body,  of  which  x,  y,  and  z  are  the  or- 
thogonal coordinates,  and  P,  Q,  R,  the  forces  acting  on 
the  particle  in  the  directions  of  x,  y,  and  z,  the  équations 
(m)  and  (n)  will  only  require  the  substitution  of  P  for  S 

Y-,  Q  for  S  ^,  and  12  for  S  j-»  to  which  they  are  respeo- 

tively  equaly  and  we  shall  hâve  !SPa9?i=0,  •  • . ,  and  conse- 
qoentlyyiPdiii^O;  [for  since  the  fluxions  are  always  in  a 
constant  ratio  to  the  evanescent  incréments,  wheuever 
l&PàmzzO,  we  may  makeyjPdî»=:0  aiso  ;  and  in  the  same 
manner  the  substitutions  in  ali  the  six  équations  may  be 
shown  to  be  admissible:  the  character  of  intégration  y* 
brâig  understood  as  extending  to  the  whole  solid,  in  ail  its 
dimensions. 

ScHOLlUM.  If  the  body  is  only  at  liberty  to  move  round 
a  given  point,  at  which  the  coordinates  begin,  the  latter 
liiree  équations  are  sufficient  to  détermine  the  conditions 
of  its  equilibrium. 


CHAPTER  IV. 


OF  THE  EQUILIBRIUM  OF  FLUIDS. 


§  17.  llntroduction].    General  équations  of  this  equili- 
brium.    Application  to  the  equilibrium  of  a  homogeneous 
fiuid,  ofwhich  the  surface  is  at  liberty,  and  which  covers  a 
solid  nucleus  ofanyjigure.    P.  47. 

[310.  Définition.  "  3fî7/'  A  fluid  is  a 
collection  of  particles  cons!  dered  as  infinitely 
small  sphères,  moving  freely  on  each  other 
without  friction. 

311.  Theorem.  "  368.''  The  surface  of 
a  gravitating  fluid,  at  rest,  is  horizontal. 

If  the  surface  were  in  the  least  incliued  to  the  horizon, 
the  particles  foond  in  it  could  not  remain  in  equilibrium, 
butwould  descend,  in  virtue  oftheirpower  ofperfect  free- 
dom  of  motion,  until  the  level  were  restored.  But  it  is 
more  satisfactory  to  consider  the  immédiate  action  of  the 
particles  concemed:  and  we  may  suppose  two  minute 
straight  tubes,  differently  inclined  tothe  horizon,  and  joined 
at  the  bottom  by  a  curved  portion,  to  be  fiUed  with  eva- 

nescent  spherules:  then  the  relative 
force  of  gravity  is  inversely  as  the 
length,  when  the  height  is  the  same 
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(383)»  and  the  number  of  particles  is  directiy  as  the  length: 
conseqaenily  the  absolate  pressure  will  be  equal,  and  there 
will  be  an  equilibrium  ;  and  if  the  fluid  in  either  arm  be 
higher,  it  will  preponderate.  The  pressure  on  the  tabe  at 
any  part  is  only  the  effect  of  the  particle  immediately  in 
contact  with  it,  and  acts  in  the  direction  perpendicular  to 
the  tabe,  thercfore  if  another  similar  row  of  particles  in 
equilibrium  were  placed  on  the  first*  this  pressure,  acting 
in  the  same  direction,  would  not  disturb  the  equilibrium 
of  the  particles  among  themselves,  however  they  might  be 
situated  with  respect  to  the  first.  And  conceiving  any 
fluid  to  be  divided  into  an  infinité  number  of  tubes,  bent 
or  straight,  in  which  the  particles  form  a  continuons  séries» 
there  can  be  no  force  to  préserve  the  equilibrium  in  each 
of  them,  unless  the  height  of  each  portion  be  equal. 

312.  Theorem.  "370/'  The  pressure 
of  a  fluid  on  every  particle  of  the  vessel  con- 
taining  it,  or  of  any  other  surface,  real  or 
imaginary,  in  contact  with  it,  is  equal  to  the 
weight  of  a  column  of  the  fluid,  of  which  the 
base  is  equal  to  that  particle,  and  the  height 
to  its  depth  below  the  surface  of  the  fluid. 

Imagine  an  equable  tube  to  be  so  bent, 
that  one  of  its  arms  may  be  vertical,  and  the 
other  perpendicular  to  the  given  surface: 
then  drawin'g  a  horizontal  Une  AB,  the  fluid 
in  the  portion  of  the  tube  AB  will  rémain  in 
equilibrium,  and  will  only  transmit  the  pres- 
sure of  BC  to  the  surface  at  A,  and  this  will  be  trne 
whatever  be  the  position  of  the  imaginary  tube;  and  since 
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8ome  particles  of  the  flaid  may  be  so  arranged.as  to  be  no 
more  distarbed  in  their  initial  tendency  to  motion  than  tbe 
fluid  in  suoh  a  tube  woald  be,  tbe  equilibrium  can  never 
be  permanent,  unless  the  pressures  be  such  as  are  bere 
assigned. 

ScHOLiUM  1.     If  tberefore  any  portion  of  the  snperior 
part  of  a  fluid  be  replaced  by  a  part  of  the  vessel,  the 
pressure  against  tbis  from  below  will  be  the  same  which 
before  supported  the  weight  of  the  fluid  removed,  and, 
every  part  remaining  in  equilibrium,  the  pressure  on  the 
bottom  will  be  tbe  same  as  if  the  horizontal  section  of  the 
vessel  were  every  where  of  equal  dimensions.     In  this 
manner  the  smallest  given  quantity  of  a  fluid  may  be  made 
to  produce  a  pressure  capable  of  sustaining  a  weight  of 
any  magnitude,  either  by  diminishing  tbe  diameler  of  the 
oolunm  and  increasing  its  height,  or  by  increasing  the 
surface  which  supports  the  weight:  a  property  which  has 
been  called  the  hydrostatic  paradox,  and  which  is  the 
foundation   of   the  construction    of   Bramab's  powerfui 
presses. 

ScHOLiUM  2.  Thèse  properties  may  be  still  further 
iUustrated  by  imagining  a  yessel  to  be  made  of  ice,  and  to 
be  inmiersed  in  a  larger  réservoir  of  water,  and  then 
thawed  :  in  this  case  the  water  will  make  a  part  of  the 
gênerai  contents  of  the  réservoir,  and  consequently  will 
remain  at  rest,  if  its  surfaces  are  level  with  that  of  the 
resenroûr  :  and  it  is  obvions  that  the  vessel  has  acquired  no 
new  power  of  supporting  the  pressure  from  being  thawed: 
consequently  the  water  will  stand  at  the  same  height  in 
every  part  of  the  vessel  of  ice  as  if  it  had  remained  water; 
exerting  the  same  pressure  on  the  sides  of  the  vessel,  as  if 
it  had  to  reaot  agaÎQst  the  weight  of  a  fluid  colunm  iuime- 
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tiibes  or  branches  belonging  to  it,  the  water  will  stand  at 
tfae  same  heigbt  in  ail. 

313.  Lemma  a.     The  partial  variations 

Sy  (8,ii)  and  Sx  (8,w)  are  equal. 

For,  wben  the  variation  of  ti  is  taken  with  respect  to  x, 
the  quantities  depending  on  y  remain  unaltered,  and  the 
process  leads  to  the  same  resalt,  when  the  variation  is 
afterwards  taken  with  respect  to  y,  as  if  it  had  been  in- 
verted.  For  example,  if  ii=:a:"^\  SxU^mx^'-^  S^'-y*»  and 
^  (8,ii)=j»iix«^iy«->8xSy=Sx  (S,w):  again,  iî  u=iax^+ 
if,  8^=2axSr,  8^  (M=0;  Zj,uzz2hijly,  S,  (8,w)=0: 
and  if  ti=x^y'*z^y  the  same  results  will  be  obtainedy  for  the 
variations  with  respect  to  x  and  y,  as  if  2  were  a  constant 
qnantity. 

314.  Lemma  B.     If  M-'Nlx+M.iy+Liz^ 
we  hâve  ^=^,  -g^=-g^,  and  ^=n^. 

For  i^u-Nix,  and  8,M=JlfSy,  and  8j,(8,M)=8y  ÇSlx)— 

8,  (8,11)  (313)=  Sx  (Jtf 3y)=:^  3:r3y =^7^    ^y  ^ar  ;     conse- 

0J7  cy 

quently  -r^=— -:  and  in  the  same  manner  the  other 

équations  are  obtaîned,  by  comparing  the  variations  in 
pairs. 

315.  CoROLLARY.  An  exact  variation, 
containing  two  or  more  variable  quantities, 
must  always  be  conformable  to  the  condition 
of  this  proposition. 

ScHOLiUM.    This  condition  .of  integrability  was  fini 
laid  down  by  Nicolas  Bemoalli»  in  1728.] 
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316.  Theorem.  The  surfaces,  dividing 
Û^e  diflferent  strata  of  a  fluîd  of  différent  den- 
sities,  must  be  perpendicular  to  the  results  of 
the  forces  actîiig  on  them. 

If  we  wished  to  détermine  tlie  laws  of  the  eqnilibriom 
aod  motion  of  the  separate  partiales  of  fluids,  it  would  be 
necessary  that  we  should  ascertain  their  précise  form, 
which  is  totally  unkuown  to  us  :  bat  in  fact  we  hâve  only 
occasion  to  obtain  such  laws  as  are  applicable  to  floids 
consideved  as  masses,  or  assemblages  of  particles,  and  for 
this  purpose  the  knowledge  of  the  figures  of  the  particlas 
is  superfluous.  Whatever  thèse  figures  may  be,  and  what* 
evcr  may  bc  tlie  affections  of  tlie  separate  particles  as  de« 
pendiug  on  them,  ail  fluîds,  taken  as  aggregates,  mnst 
afford  the  same  phenomena  in  their  equilibrium  and  their 
motions,  so  that  the  observation  of  the  phenomena  canlead 
us  to  no  conclusions  respecting  tlie  forms  of  the  particles. 
Thèse  gênerai  phenomena  dépend  on  the  perfect  mobility 
of  the  particles,  which  may  be  displaced  by  the  slightest 
force:  and  it  is  by  tiiis  mobility  that  fiuids  are  distin- 
guished  from  solids.  It  is  the  necessary  conséquence  of 
this  mobility,  that  every  particle  of  a  fluid  must  be  held  in 
equilibrium  by  means  of  the  forces  acting  on  it,  together 
with  the  pressures  to  which  it  is  subjected,  and  which  are 
transmitted  by  the  surrounding  particles.  We  must  now 
examme  the  équations  which  may  be  deduced  from  this 
constitution  of  a  fluid. 

We  may,  therefore,  consider  a  System  of  elementary  par- 
ticles, forming  an  infinitely  small  rectangolar  parallèle* 
piped  ;  and  we  may  suppose  the  coordinates,  x,  y,  and  z,  to 
belong  to  the  angle  nearest  to  their  conunon  origin«    Let 
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the  infinitely  small  différences  àx,  Ay,  ùz,  be  the  sides  of 
the  parallelepiped:  let  p  be  the  mean  pressure  on  tbe  dif- 
férent points  of  the  ^arface  àyAz,  which  is  perpendicnlar 
to  X,  and  p'  tbe  same  qoantity  belonging  to  its  opposite 
surface  :  the  parallelepiped  will  be  arged  in  the  direction 
of  X  by  a  force  equal  fo  (p-^p')  àyàz.  Now  (jp'--p}  is  the 
différence  of  p,  taken  on  the  supposition  that  x  alone  is 
variable;  for  thongh^  is  sapposed  to  act  in  the  direction 
contrary  to  that  of />,  yet  the  pressfire»  that  ^  point  of  a 
flaid  nndergoeSy  being  the  same  in  ail  directions,  we  may 
consider/)' — p  as  the  différence  of  the  tw^  forces,  acting 
in  the  same  direction,  at  an  infinitely  small  distance  firom 
each  other  :  so  that  we  have|>'— /r=:A,/>,  and  {p—p')àyàx 

=: — A^AyAz=  —  àxAyAz,    Let  P,  Q,  and  JR  be  the  three 

accelerating  forces  which  act  on  the  fluid  particles,  Inde- 
pendently  of  their  connexions,  in  directions  parailel  tox, 
y,  and  z:  if  we  call  the  density  of  the  parallelepiped  f ,  its 
mass  will  be  (àxAyâx,  and  the  product  of  the  force  P  by 
tfais  mass  will  represent  the  whole  motive  force  derived 
from  it;  consequently  the  whoIc  force,  acting  in  the  direc- 
tion ofjr»  will  be  ((P ^)  ùJCAyAz.    For   similar  rea- 

sons,  the  elementary  system  will  be  solicited,  in  directions 
parailel  to  y  and  z,  by  the  forces  {p  Q ^  j  AxAyàz,  and 

^gR — ?\  àxàyAz.  We  shall  therefore  bave,  for  the 
conditions  of  equilibrinm  (b)  (251) 

o  i 
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^1!^  ^  -^Bz].  Now|)  being  a  possible  and  consistent  qnan* 
titj,  its  variations,  and  conseqaently  its  floxion,  must  be 
exact  (315):  we  hâve  Iherefore  (314),  Z^^-J^-, 

à\pP)    à'(eR)    dXpQ)    d'(pfi)  ^,  r    •       -iv  i»\ 

7    ^=  -if—  ;     \^^^=    ^f    ^;  conseqnently  [,  smoe  d  (p F) 

dz  do:  dz  dy 

=:fd'P+ Pd'f,  .*.»  we  bave,  by  combining  the  three  last équa- 
tions, multipfiedbyP,  Q,and  jR,0=:P  (pl^+çli  -  g 

iP  -ï — ^"  "  T^""  f  -T^ — V  T^l  '  and  smee  the  terms  con- 
\^  dy  dif      ^    dx         dxf 

taining  d'p  obvioasly  destroy  each  other,  we  obtain,  from 

those  which  are  multipiied  by  ç,  the  équation] 

Qz  Qz  dy  dy  dx  dx 

And  this  eqnation  expresses  the  relation  between  the 
forces  P,  Q,  and  jR,  which  is  required  in  order  that  the 
equilibrium  may  be  possible. 

If  the  surface  of  the  fluid,  or  any  part  of  the  surface,  is 
at  liberty,  the  value  of  p  must  be  evanescent  at  that  point, 
since  there  is  no  pressure  that  could  be  measured  by  p  ; 
we  hâve  therefore  for  the  direction  of  the  surface  3]p=0, 
the  variations  ^x,  iy,  ^z,  being  so  related  as  to  belong  to  it. 
The  independent  forces  must  iherefore  balance  each  other 
with  respect  to  any  motion  in  the  direction  of  the  surface, 
and  0=  Pîr  +  Qîy  +  Rh  :  but  this  can  only  happen  when 
the  resuit  of  thèse  forces  is  perpendicular  to  the  surface, 
the  gênerai  eqnation  SiSî^i +  "  R'  îy-=0(e)  (252)  becoming 
hère  Pir  +  Qî^  +  K^^-*-"  i?"  î^=0,  and  P^x  +  Q3y  +  li&: 
=  — ''  jR*'  Jy*,  indièating  a  resnlt  in  the  direction  of  r,  the 
/>eipeod^cuIar  to  the  surface. 
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Snpposing  the  yariatioo  PS'x+QJy+SSlE  to  be  exact, 
which  must  be  the  case  whenever  it  arises  from  any  attrac- 
tive forces  that  can  be  combÎDed  in  nature,  and  cailing  this 
variation  djT,  we  sball  bave  Sp=fif:  consequently  g  must 
dépend  on  p  and/;  and  since  the  fluent  of 'this  équation 
gives  us/ in  terms  ofp,  we  sball  bave />  determinable  from 
f,  se  that  the  pressure  p  must  be  the  same  wberever  the 
density  f  is  the  same,  and  dp  or  àp  must  vanish  witb  re- 
spect to  those  strata  of  the  fluid,  in  the  direction  of  which 
the  density  is  constant:  we  bave  therefore,  witb  regard  to 
thèse  surfaces,  O^zP^x  +  Q^y-k-R^z,  consequently  the  re- 
suit of  the  forces,  acting  at  any  such  surface,  must  be  per- 
pendicular  to  it  :  and  such  strata  are  called  level  strata  [,at 
least  with  respect  to  the  force  of  gravity].  This  condition 
is  always  satisfied  througbout  the  fluid,  when  it  is  homo- 
geneoos  and  incompressible,  since  then  the  strata,  to  which 
the  resuit  is  perpendicular,  are  always  of  the  same  density. 

For  the  equilibrium  of  a  bomogeneous  fluid,  of  which 
the  npper  surface  is  at  liberty,  it  is  necessary,  and  it  is 
snfficient,  first  that  the  quantity  Piix  +  Qiy+Rit  be  an 
exact  variation,  and  secondly,  that  the  resuit  of  thèse 
forces,  at  the  exterior  surface,  be  directed  perpendicularly 
towards  that  surface. 


CHAPTER  V. 

GENERAL  PRINCIPLES  OF  THE    MOTION    OP 

A   SYSTEM    OF    BODIBS. 


§  18.  General  epuUwn  of  the  motion  efa  eyetem^    P.  50. 

317*  Theorem.  If  we  hâve  any  number 
of  bodîes,  w,  m\  w, . . . ,  the  places  of  idûch 
are  denoted  by  the  coordinates  a:,  y^  z,  x',  y\  zf^ 
. . . ,  and  which  are  subject  to  the  forces  P,  Q, 
R,  P,  Q',  K', . .  . ,  respectively,  we  shall  hâve, 

sapposing  àt  constant,  Ozzi,\m^h^ — P)  + 

mSy^j^ — ^)-*-^'*^(d^ — ^)}'  ^^  characte- 
riatic  2  împlying  the  snm  of  ail  the  quantities 
of  the  saine  form,  belongîng  to  each  of  the 
bodies  respectively. 

Tlie  laws  of  the  motion  of  a  point  hâve  been  compared 
with  those  of  its  equilibriam,  by  [conceiving  the  motion 
crèated  or  destroyed  in  each  instant  to  form  an  eqailibrium 
with  the  force  or  forces  producing  the  change,  or,  in  other 
words,  by]  decomposing  its  momentary  motion  into  two 
parts,  one  of  which  it  retains  in  the  next  instant,  while  the 
other  is  destroyed  by  the  efiect  of  the  forces  to  which  it  is 
subjected.  The  same  metfaod  may  be  employed  in  order 
to  détermine  the  motion  of  a  System  of  bodies,  m,  iM^,  m"^. 


. . .  Thus,  let  mP,  mQ,  mR,  bc  the  motive  forces  which 
impel  the  body  m  in  directions  parallei  to  the  orthogonal 
coordinates  x,  y,  z;  let  m' P',  m'  Q,  ni  R^  be  the  forc^ 
belongiog  to  m';  and  let  the  time  be  t.  The  momentum 
of  m,  reduced  to  the   respective   directions,  will  be  m 

T-»  w-iT>  *°d  ^  TT  •  to  tWs  the  force  P,  so  far  as  it  is  not 
de      Qt  dr 

othervrije  compensated,  will  add  a  momentam,  which  may 

be  expressed  by  m  *  P*  At,  and  which  is  obviously  eqaal 

dx     .        . 
tu  m  A^-,  flince  in  the  time  At  the  momentum  becomes  m 
dt 

ix  dx  dx 

-r-4-înA  -r-  ;  and  m  *  P    dtz=.md^  :  consequently  the  un- 

compensated  force   in  the   direction  of  x   will   be  m  P 

ddx  ddx 

dt -TT  [or  more  properly  m  P  -^  -7-^;    for  it  is   nn- 

necessary  to  combine  the  idea  of  time  with  that  efforce  in 
estimating  its  comparative  magnitude]  ;  and  the  same  may 
be  shown  with  respect  to  the  other  forces  concemed.  We 
havcy  therefore,  from  the  principle  of  virtual  velocities, 

that  is  0=  ImSSs  (Z)  (305),  Ozzvi^x  (~^p)   +  m  8  y 

(^_a)+^  (i|_«)  +  „-w  {^-  p-)  +  »v 

From  this  gênerai  équation  we  may  eliminate,  by  means 
of  the  particular  conditions  of  the  System,  as  many  of  the 
variations  as  there  are  of  thèse  conditions  ;  and  then  by 
making  the  coefficients  of  the  remaining  variations  vanish 
separately,  we  shall  obtain  ail  the  équations  necessary  for 
determining  the  motion  of  the  différent  bodies   of  the 
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§  19.  Of  the  principh  ùf  living  farce.  It  iê  atdy 
true  where  the  motions  change  hy  imperceptible  degreee. 
Mode  of  estimating  the  altération  of  the  living  force  in 
the  àbrtg9t  changes  of  the  motions  of  a  System.    P.  51. 

[318.  Définition.  The  product  of  the 
mass  of  any  body,  înto  the  square  of  its 
velocity,  is  called  its  impetus  or  energy. 

319.  Theorem.  The j oint  mipetusof  any 
System  of  bodies  is  equally  increased  or  di- 
minished  by  the  action  of  any  combination 
of  forces,  provided  that  the  initial  and  final 
places  of  the  system  are  the  same,  whatever 
may  hâve  been  the  intermediate  paths  de- 
scribed  by  the  différent  bodies.] 

We  may  dérive  from  the  équation  (F)  of  the  last  pro- 
position several  gênerai  principlés  of  motion»  nvhich  it  wiU 
be  proper  to  examine  in  détail.  The  variations  Sx,  Sy, 
Sz,  &]/,  ,  .  .  9  will  obvioasly  be  sul^ected  to  ail  the  condi- 
tions of  the  connexion  of  the  syatem,  if  they  be  supposed 
proportional  to  the  flaxions  dx,  iy,  dz,  dx^, .  • .  ,  which 
represent  the  actaal  motion  ;  we  may,  therefore,  make 
this  substitution   in  the   équation  (P)  and  it  wilI  then 

becomeO=2:  J  mdx  {^—  P  )  +  mày(^—  Q)  +mdz 
(^^R)];   whence    we  hâve  0=i:m^J^±^±l 

-  Zfm  (Pdx  +   Qày  +    Rdz)  and   Im  ^£!±^1±! 

=iC+2lmfiPàx+Qdy+Ràz),   C  being   a  constant 
quaotity.  (Q) 
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If  the  forces  P,  Q,  R,  are  tbe  resnlts  of  attractions 
directed  to  fixed  points,  and  of  attractions  of  tbe  bodies 
to  each  other,  the  quantity  Sm  (Pdx-hÇdy-fjRdz)  is  an 
exact  fluxion.  For  the  part  which  dépends  on  the  attrac- 
tion to  fixed  points  is  an  exact  fluxion,  because  the  forces 
in  the  three  directions  are  obtained  by  the  résolution  of 
single  forces  acting  in  given  lines,  each  of  which  must 
afford  a  true  or  exact  variation  when  rcsolved,  so  that  their 
sum,  however  combined,  must  stili  be  an  exact  variation. 
And  with  respect  to  the  parts  depending  on  the  mutual 
attractions  of  the  bodies  of  the  System,  if  we  call  the  dis- 
tance of  m  from  m\  f,  and  the  attraction  of  7»'  for  m,  m' F, 
the  part  of  m  {Pdx -\- Qdy  +  Rdz)  that  relates  to  this 
attraction  will  be  mm'F(ïf,  the  fluxion  dy'relating  to  the 
change  of  the  coordinates  of  7/t  only  ;  but  since  reaction 
is  alway  equal  and  contrary  to  action,  the  part  of  m'  (P'da:' 
-f-  Ç'dy  -h  Rdz^)  depending  on  the  action  of  m  or  m'  is 
equal  to  — mm'Fdy,  supposing  d'f  to  relate  to  the  change 
of  the  coordinates  of  m*  onl)  :  consequently  the  whole 
effect  of  the  reciprocal  action  of  7n  and  wi'  is  represented 
by  the  product  — mm'Fdf,  df  being  the  total  variation  of 
/:  and  i^d/is  an  exact  fluxion  whenever  jF  is  a  functiou  of 
/,  or  when  the  attraction  is  dépendent  on  the  distance,  as 
we  suppose  to  be  the  case  with  respect  to  attractive  forces 
in  gênerai.  Consequently  the  sum  of  ail  such  actions 
must  be  expressed  by  an  exact  fluxion,  whenever  the 
forces  concerned  dépend  on  the  attraction  of  the  bodies 
of  the  System  for  each  other,  or  for  any  fixed  points.  If 
then  we  suppose  this  fluxion  to  be  d^,  and  if  we  call  tbe 
velocity  of  m,  v,  that  of  m',  v', . . . ,  we  shall  bave 
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ThÎB  équation  b  analogoas  to  the  sûq^lw  équation  fs^zn 
c+2f  (g)  (264)»  and  expresses  algelNraicaHy  the  law  of 
living  forces  [or  énergies.  Dr.  WoUaston  has  given  to 
this  function  of  a  moving  body  the  very  appropriate  name 
of  impetas  ;  a  short  time  before»  the  term  eoergy  had  been 
proposed,  and  either  or  both  of  thèse  words  may  be  em- 
ployed  with  advantage  :  energy  is  perhaps  more  likely  to 
be  misconstmed  in  a  moral  sensé,  bat  itis  moreconvenient 
when  a  pland  is  wanted]. 

320.  SciioLiuM  1.  This  principle  is, 
however,  only  applicable  when  the  motions 
of  the  bodies  concemed  are  changed  by  im- 
perceptible degrees. 

For  if  the  motions  undergo  abrupt  changes,  the  impetus 
is  diminished  in  a  manner  whîch  may  be  thus  determined. 
We  may  employ,  in  this  case,  the  character  A  (317)  as 
denoting  a  finite  variation  of  the  velocity,  and  we  shall 
hâve  for  the  part  of  the  force  P  not  accelerating  m»  m 

(P — ^A-r-j,  and  the  équation  (P)  will  become  OzzXm 

In  this  équation  we  may  substitute  for  Sx,  dx+Aàx,  for 
Sy,  dy+Ady,  and  for  Sz,  dz+Adz,  since  il  is  perfectiy 
consistent  with  the  conditions  of  the  system,  to  make  the 
arbitrary  variations  such  as  actually  happeu^  the  variations 
preserving  the  proportions  of  thèse  fluxions  though  they 
remain  infinitely  small.    The  équation  will  then  become 


{ 
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^)à-^^—lm  [p(dj:  +  A<Lr)  +Ç(dy+Ady)  +Jl(dz  + 

The  sam  or  intégral  of  this  expression,  considered  with 
regard  to  tliie  finite  différences,  may  be  denoted  by  2^  the 
smn  of  the  similar  expressions,  derived  from  the  separate 
bodies  of  the  System,  being  still  distinguished  by  £.  Now 
S^  m  P(dx+ûdj:)  is  evidently  equal  ijoJinPdx:  and  we 

+  (û-^)''}— 22>i(Pdar  +  Qdy+2ldz):  [for,  if  Aie  be  the 

fimte  différence  of  u,  A  (t^=(U'\'Auf—u^:=i2u^u  +  àu% 
and  ù(u^  +  Am2=  2iiAm+2Ai«S  consequently  u«+2,  Att* 
=22^  (tiAti+ Au^,  and,  in  the  présent  case  djfi+li^  (Adxf 
=22^  (dx+ Adx)  Adx:  and  with  respect  to  the  intégral  of 
tnP  (dx+ Adx)  it  is  évident  that  the  expression  being  only 
of  one  dimension,  the  product  mPdx  will  remain  unaltered, 
whether  it  be  supposed  to  vary  by  finite  or  by  infinitely 
small  différences,  provided  that  the  same  value  of  P  be 
always  attributed  to  the  same  value  of  x,  so  that  the  dif- 
férence of  the  values  otJinPàx  for  any  two  values  of  x 
will  be  equal  to  the  différence  of  the  values  of  X/n  (Pdx+ 
Adx)  ;  that  fluent  may,  therefore,  be  considered  as  the 
intégral  represented  by  the  character  S^  •]  If>  tiierefore, 
we  dénote  by  v,  t/,  t/', .  •  • ,  the  velocities  of  m,  m\  vf^ . .  •, 

wefihall  have2«i;«=  ^~^/^  {  (^  5f)*+(^5f)*+ 

(A-^)*+2S/wi(Pdx+  Çdy  +  Bdx),    Now  the  quantity 

nnder  the  sign  2^  being  neceeaarily  positive»  we  see  that 
tlM  impetas  of  llie  syitem  !•  diminiahed  by  the  mutnal 
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action  of  the  bodies  concemed,  whenever,  in  tbe  conrse  of 

dx  .dy  £  ., 

the  motion»  any  of  the  variations  ^tt^^^p  . . . ,  are  iinite  : 

and  the  preceding  équation  afibrds  a  Tery  easy  method  of 
determining  this  diminution. 

At  every  abrupt  variation  of  the  motion  of  the  system, 

wo  may  conceive  <he  velocity  of  m  to  be  divided  into  two 

portions,  the  one  v,  which  it  retains,  the  other  V,  destroyed 

by  the  actions  of  the  other  bodies  [,  for,  evenif  the  velocity 

be  increased,  we  hâve  only  to  suppose  that  a  négative 

portion  of  it  bas  been  destroyed,  in  order  to  justify  this 

expression    of   Dalembert,  which  is    so    often  used  by 

dr^  +  dy^-f  dz* 
Laplace]  :  now  the  velocity  of  m  being  >/ -^ , 

before  this  décomposition,  and  afterwards 

(dx+Adar)«+(dy  +  Ady)2  +  (d2  +  Adzy    .    . 
^' ^  ,      ^ -^^ -,  It  is  easy  to  see 

that  F«=(a  ^)*+  (a  ^)*4-  (a  j^y  [since  the  diagonal 

of  a  parallelepiped,  of  which  the  square  is  equal  to  the  sum 
of  the  squares  of  its  sides,  may  be  divided  into  two  portions 
of  which  the  squares  must  be  respectively  equal  to  the 
sums  of  the  squares  of  the  parts  of  those  sides  :  in  fact 
±  F  must  be  simply  equal  to  the  square  root  of  this 
quantity  ;  since  the  sum  of  the  squares  of  the  finite  dif- 
férences of  the  velocities,  in  the'  three  orthogonal  direc- 
tionSy  must  necessarily  give  the  square  of  the  différence 
of  fhe  actual  velooity  :]  and  the  preceding  équation  may  be 
expressed  in  this  form,  lmfj^=zC—l^lmV^  +  2lfm{Pdx 
+  Qdy+Jîdj8). 

[ScHOLlUM  2.    It  is  very  donbtfiil  whether  an  abrupt 
change  of  velocity  ever  takes  place  in  nature,  though  tint 


OF    TU£     MOTION    OF     A     SYSTEM. 


20^ 


I088  of  force  by  frictioD»  and  by  tbe  change  of  the  tona 
of  aggregatioB  may  sometimes  produce  almost  the  same 
.  phenomena  :  but  the  investigation  of  suoh  cases  scarcely 
requires  to  be  conducted  in  a  very  gênerai  nianner,  or  la 
great  détail.  It  may  be  of  more  utility  to  insert  hère  a 
geometrical  démonstration,  subservient  to  the  illustration 
of  the  principle  of  tbe  préservation  of  impetus  or  living 
force,  though  it  might,  without  impropriety,  hâve  been 
introdnced  somewhat  earlier,  since  it  relates  to  a  single 
moving  point  only. 

321.  CoROLLARY.  "  245/'  Two  bodies 
being  attracted  towards  a  given  centre,  wîth 
equal  forces  at  equal  distances,  if  their  velo- 
cities  be  once  equal  at  equal  distances,  they 
will  always  remain  equal  at  equal  distances, 
whatever  their  direction  may  be. 

Let   one   of  the  bodies   descend   in  the    A 
right  line  AB  towards  C,  and  let  the  other 
describe  the  curve  AD,  and  let  the  velocities  ^ 
at  B  and  D  be  equal  ;  let  DE,  in  the  tangent  £ 
of  AD,  be  the  space  wbich  would  be  de- 
scribed  in  an  evanescent  portion  of  time  by 
the  velocity  at  D,  FG  the  arc  of  a  circle  of 
which  the  centre  is  C,  and  GE  its  tangent; 
and  while  BF  would  be  described  by  the 
velocity  at  B,  let  FH  be  added  to  it  by  the 
attractive  force;  draw  the  arc  HI  and  its    ^ 
tangent  IK«  and  EL  parallel  to  DG,  and  KL  perpendi* 
calar  to  DK,  then  DG  :  DE::GI  :  EK::EK  :  EL,  by 
similar  triangles  ;  therefore  GI  is  to  EL  in  the  dnplicate 
ratio  of  DG  to  DE,  or  as  the  square  of  DG  to   the 
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square  of  DE  (194)  :  conseqnently  Eli  wiU  be  the  spttoe 
described  by  the  attractive  force,  while  DE  woald  hâte 
beeû  described  by  tbe  veloeity  at  D  ;  for  the  force  may  be 
eoDsidered  as  uDiform  doring  the  evanescent  incréments, 
and  the  spaces  described  by  snch  a  force  are  as  the 
squares  of  the  times  :  hence  the  joint  resuit  will  be  DL» 
which  is  ultimately  eqaal  to  DK,  and  the  whoie  veloeity 
iriil  be  increased  in  the  ratio  of  DK  to  DE»  or  DI  to 
DG»  or  BH  to  BF  ;  consequently,  since  H,  I,  and  K  are 
ultimately  equidistant  from  C,  the  velocities  in  AB  and 
À.D,  being  always  equally  increased  at  equal  distances, 
Vf'ûl  tlierefore  always  remain  equal  at  equal  distances. 

ScHOLlUM  3.  We  may  observe  that  every  known  force 
in  nature  acts  in  conformity  with  tbis  condition,  and 
optâtes  always  equally  at  equal  distances  from  its  ongm  : 
as  Laplace  bas  himself  remarked  in  this  article,  asser^ing 
that  F  is  always  a  function  of  /:  and  if  the  case  were 
otherwise,  with  respect  to  gravitation  or  magnetism,  for 
example,  we  might  easily  obtain  a  source  of  perpétuai 
motion,  by  causing  a  body  to  describe,  in  its  descent,  a 
path  in  which  the  force  is  greater,  and  to  ascend  by  one 
in  which  it  is  smaller  at  the  same  distance.  There  is 
indeed  a  supposed  exception,  in  the  hypothesis,  which 
Laplace  bas  elsewhere  adopted,  respecting  the  extraordi- 
nary  refraction  of  crystallized  bodies  :  but  the  exception  is 
by  far  too  paradoxical,  to  be  admitted  by  any  person,  not 
previously  determined  to  deduce  the  motions  of  light 
from  the  laws  of  attractive  and  répulsive  forces  :  for  hère 
it  is  assumed  that  the  force  dépends,  not  on  the  distance 
of  the  attracting  substance,  but  on  the  direction  of  the 
motion,  with  which  it  varies  perpetnally.  The  New- 
tonian  démonstration  of  the  laws  of  ordinary  réfraction 
had  the  advantage,  on  the  other  hand,  of  simplifying  their 
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sapposed  cause,  since  it  shows  tbat  the  pbeDomcna  ma; 
be  deduced  from  the  opération  of  a  constant  force»  actinff 
equally  upon  the  moving  body»  whatever  its  directioii 
mîghtbe,  and  fulfiUing  the  condition,  that  "l'attraction 
est  comme  une  fonction  de  la  distance,  ainsi  que  nous  le 
supposerons  toujours.''  P.  5S.] 

§  20.  Of  the  prindplê  of  the  préservation  of  the  moimi 
of  the  centre  of  gravity:  which  is  true  even  when  the 
lodies  exert  ahrupt  actions  on  each  other.  P.  54. 

322.  Theorem.  The  centre  of  gravity  of 
any  System  of  bodies  persévères  in  its  state  of 
rest  or  uniform  rectilinear  motion,  notwith- 
standing  any  reciprocal  action  between  the 
bodies. 

If  we  subslitute,  for  the  variations  of  the  places  of  ail 
the  bodies  m\  m'^ . . .,  the  variations  of  the  place  of  m 
augmented  by  the  diRerence  of  the  variations,  and  make 

&c^=&c+&c^^    V=8y+V/    8^'=s»+8^, 

substituting  thèse  values  in  the  expressions  for  the  varia- 
tions of/,/',  • . . ,  the  distances  of  the  bodies  (307);  it  is 
obvions  that  Sx,  Sy,  Sz  will  disappear  from  thèse  exprès* 

sions[;  thus  8,/= -^^ ^; -=  àx,  (307)]. 

Now  if  the  System  is  at  Rberty,  none  of  its  parts  being  con- 
nected  with  any  foreign  bodies,  the  conditions,  relating  to 
Aeir  mutual  connexion,  depending  ooly  on  their  distances 
from  each  other,  the  variations  &r,  Sy,  Sz,  which  relate  to 
a  qoiescent  point,  will  be  independentxf  thèse  conditions; 
wbenoe  it  follows,  that  if  we  substitute  thèse  values  of 
Che  variations  in  the  équation  (P)  (317),  we  may  suppose 


SOS  CSLE8TIAL    MKCHAVICS.    I.  V.  fO. 

çither  Sx,  Sy,  or  Sr  to  sabsist  alone,  so  that  its  coefficients  ' 
will  vanish:  we  hâve  thus  the  three  équations  0=:£ffi 

{t-'')-'>=M^-<i)'0=M^-«)-  "«•  "p- 

posing  Xy  Y,  and  Z  to  be  the  three  coordinates  of  the  centre 
of  gravity  of  the  System,  we  bave  X=-— —  ;y=— -^;  Z= 

^mz  ^,  j-i-«r  2)înddx  ,  ^  ddX 
-= — :  conseqnently, since  ddX=— = ,  we  haveO=— r-r 

— ZmP  ^  ddF  ïmQ  ,  -,  ddZ  ImR  ,,  , 
— ;  O-T"^ — ,  and  0  =  -7-- — ;  so  that 

the  motion  of  the  centre  of  gravity  of  the  System  is  the 
same,  as  if  atl  thebodies,  and  ail  the  forces  acting  on  them, 
were  nnited  in  it.    (264). 

If  the  System  is  only  sabjected  to  the  mutual  actions  of 
the  bodies  composing  it,  we  shall  bave 

0=2mP;  0=SmQ;  OzzlmR; 
For  if  we  express  the  mutual  action  of  m  and  m'  hy  p,  and 
their  distance  by  /,  we  shall  bave,  as  far  as  this  action 
alone  is  concerned, 

,nP=^(^>;  mQ=P!^;  mU^P^^ 
^p^^P^).  ^^q^P^),  m^R=P^. 

Hence  mP+m'P'zzO;  viQ+m'Ct^O;  mR+m'RzzO: 
the  mutual  actions  of  the  bodies  in  the  respective  directions 
obviously  destroying  each  other:^nd  it  is  manifest  that 
thèse  équations  would  be  equally  trûè  if  j9  represented  any 
finite  and  instantaneous  action.  We  bave  also,  in  the  ab- 
sence of  any  foreign  force, 

0=~j^,0=-^,0=:_;  and  by  taking  tiie  fluent 
twice,  Xzza+bi,  Yzzcl^-Vt,  and  Z^d'-^V't,  the  w  and 
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fis  beiog  constanl  qnandties.  Thèse  équations  will  g;ive 
us  linear  relations  between  X,  Y,  and  Z,  if  we  extermi* 
nate  t  ;  whence  it  folio ws  that  the  motion  of  tfae  centre  of 
gravity  is  rectilinear:  and  its  veiocity  being  eqaal  to  s/ 

{©'+(ÏK(f  )'}'  '^  *"  ^^(**-^*'*-^*"^.  it  » 
always  constant,  and  the  motion  is  uniform. 

ScHOLiUM.  It  is  obvions  from  this  analysis  that  the 
invariability  of  the  motion  of  the  centre  of  gravity  of  a 
System  of  bodies,  whatever  their  mutual  actions  may  be, 
holds  good  even  in  the  case  of  an  instantaneous  loss  of  a 
finite  quantity  of  motion  in  the  separate  bodies,  by  means 
of  their  mutual  action. 

§  21.  Of  the  principle  of  the  constancy  ofareas.  It 
tubsists  notwilhstanding  the  abruptness  of  any  changes  in 
the  System.  Détermination  of  a  System  of  coordinates^  for 
which  the  sum  of  the  areas  described  hy  the  projections  of 
the  revolving  radii  vanishes  for  two  of  thê  planes  of  the 
or  dînâtes,  the  sum  being  a  maximum  on  the  third,  and 
vanishing  for  every  plane  perpendicular  io  it,  P.  56. 
[General  properties  ofprqjections,] 

323.  Theorem.  The  sum  of  the  a;*eas 
described  by  the  projections  of  the  revolving 
radii  of  any  System  of  bodies,  upon  any  given 
plane,  multiplied  respectively  by  their  masses, 
is  proportional  to  the  time,  supposing  the 
bodies  subject  only  to  their  reciprocal  actions, 
and  to  a  force  directed  to  the  origin  of  the 
radii. 
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We  may  obtain  from  the  équation  (P)  (317)  the  particu- 
lar  value  Ozzlm  î — ^~^  ^4- Sut  (Py— Qx),  if  we  cause 
the  variation  ix  to  disappear  from  the  expression  S/rii'V 

"  d'  ^ 

=  ——  4-8y'' ;  ...  ;  [the  part  ofeachof  thèse  expressions, 

y 

that  involves  ix,  belonging  to  a  supposed  révolution  of  the 
body  round  the  axb  parallel  to  z  :  for  if  the  distance  of  m 
from  this  axis  be  s,  and  that  of  m\  s',  the  elementary  arç 


s 


described  by  m  will  be  —  Sa*»  and  the  arc  described  bv 

y 

m\  — . —  &>:= —  Sr,  whence  the  variation  of  a:'  will  be  -^. 

*  y         y  s' 

—  &r=^  &r].   This  substitution  gives  us  the  value  of  S/*, 

y       y  -^ 

Sf,  if^, ... ,  independently  of  3ïr,  [as  it  must  necessarily  do 
from  the  âgreement  of  the  variations  substituted  with  a 
rotatory  motion]  :  we  are  therefore  at  liberty  to  assign  any 
vaine  to  Sx  atpleasure,  while  we  observe  thèse  conditions, 
and  its  coefficients  may  be  made  to  vanish,  [as  they  must 
obviously  do  if  Sx  be  infinitely  greater  than  the  other  varia- 
tions concemed].     In  making  this  substitution  for  Sx^  .,., 

in  the  équation  (!•)  (317),  thatis,0=in8x  (^—P)  ...  + 

V  d<-  /  ' 

-rrj- — P'  1 . . .  we  are  only  required  to  employ  for  Sx', 

y'3^  V     • 

^ — ,  sînce  oX\  is  supposed  to  vanish  in  comparison  with 
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Py\  aad  in  the  same  manner  tbc  substitution  of ,..., 

for  îy,  i^,  . ..  ,  givc»  as,  for  mgy  (-A~  ^)  +  "■'^y' 
(-j^— d'Y,., — Im  (^—-f—QxY.  whence  we  obtain 
■Zm^^^^^^^  +  lm{Py-Qx)~0:   and   by  taking  the 


flnent.   we  hâve  c=X.m  — "    ■"—   +  Xfm  {Py—Qx)dt, 

[since  d(a;dy)z:3d*y  +  dxdy,  aod  d(ydT)=yd*j:  +  drdy] ;  c 
being  a  constant  quantity.  By  employing  the  same  mode 
of  reasoning  with  respect  to  the  variations  of  x  and  z,  and 
of  y  and  z,  compared  together,  we  obtain  two  other  similar 
équations;  conseqnently 

xdz — zàx 


<f=Smt 


dt 


Z  +  Sfm  iPz—Rx)  dt,  and 


«r=£m  y-Ë^^  +  S/m  iOz-Ry)  dt. 

Let  os  now  suppose  that  the  différent  bodies  are  only 
sobjected  to  each  other's  reciprocal  actions,  and  to  a  force 
directed  to  the  origin  of  the  coordinates.  Calling  the 
reciprocal  action  of  m  and  irf,  p,  we  shall  hâve,  as  iàr  as 
this  action  isconcerned,  0=m{Py—Qx)+v^  (.P'^—Q'^); 

fliti!},  m  in  uticlo  322.  «nd  mPy+rir'i/^'~   '  Jf 
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+£(^  y',  and  «CLr+m'gy=£<yp^, -^P^ 

y  ;  but  thèse  two  sums  being  equal,  their  différence  Im 
{Py — Qx)  vanishes:]  and  the  same  is,  therefore,  tnie  re- 
spectiDg  ail  the  other  reciprocal  actions  of  the  System,  and 
^ith  respect  to  ail  thèse  the  sum  Xm  {Py — Qx)  vanishes. 
Again,  if  S  be  the  force  which  urges  m  towards  the  origin 
of  the  coordinates,  we  shall  hâve,  as  far  as  this  force  alone 

— 5x 

—  ■  ,  and  Qzz 

's/ixx-k-yt/^zz) 

coDseqaently  Py^.  Qx,  aud  their  diffe- 

is/  (xx  "hyy  4"  2z  ) 

rence  vanishes.  When,  therefore,  the  bodies  are  only  snb- 
jected  to  their  mu  tuai  action,  and  to  the  forces  directed 
to  the  origin  of  the  coordinates,  we  hâve 

'"        ITt 


is  coDcemed,    P= 
-Sy 


e=£>R 


c'=2ot 


dt 


(?"=2m 


(Z) 


If  we  suppose  the  place  of 
the  body  m  to  be  projected  on 
the  common  plane  of  x  and^, 
the  fluxion  ^  (xdy— ydx)  will 
represent  the  area  traced  by 
the  radius  drawn,  from  the  ori- 
gin of  the  coordinates,  to  the 
projection  of  m  :  it  follows, 
therefore,  that  the  sum  of  the  areas  described  by  the  radîî, 
belonging  to  the  différent  bodies  of  the  System,  multiplied 
by  their  masses,  is  proportional  to  the  fluxion  of  the  time, 
and,  forany  finite  interval,  proportional  to  the  time  itself. 
This  constitutes  the  principle  of  the  constancy  of  areas, 
wblch  is  obviously  true  for  any  plane  whatever,  since  the 
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SIS 


motion  oF  tbe  bodies  bears  no  determinaie  relation  to  x,  y, 
and  z  ;  and,  if  the  attractive  ferce  vanishes,  tbe  principle 
is  also  tnie  witb  respect  to  any  point  wbatever  :  nor  is  the 
démonstration  limited  to  cbanges  produced  by  insensible 
degrecs. 

324.  Lemma.  If  we  hâve  two  Systems 
of  orthogonal  coordinates,  Xy  ?/,  z^  and  x,,,j  y^^ 
z,„,  originating  from  the  same  point  :  if  e  be 
the  inclination  of  the  plane  of  x,„  and  y^,  to 
that  of  a:  and  ?/,  [its  positive  values  implying 
that  z^„  inclines  towards  the  same  side  of  x 
with  +^],  and  if  ^  be  the  angular  distance  of 
X  from  the  intersection  of  thèse  planes,  and  p 
that  of  iT,,,,  the  équations  between  the  coor- 
dinates  will  be 

x=x,„  (cos  ô  sin  4^  sin  ^+  cos  4^  cos  p) 

-f  y,„  (cos  9  sin  4^  cos  p —  cos  4^  sin  ^) 

+ z,„  sin  ô  sin  4^ 
y=x,„  (cos  ô  cos  4^  sin  ^ —  sin  4^  cos  ^) 

+y///  (cos  6  cos  4^  cos  ^+  sin  4^  sin  ç>) 

-{-z,,,  sin  6  cos  4^ 
z=iz,„  cos  ô — y„,  sin  ê  cos  ^ — x,,,  sin  &  sin  ç>. 

In  order  to  assist  tbe  imagination,  we  may  suppose  tbe 
origin  of  the  coordinates  to  be  at  the  centre  of  the  eartb» 
the  plane  of  ar  ^nd  y  to  be  tbe  ecliptic,  and  z  to  be  directed 
to  its  north  pôle  [x  being  considered  as  positive  when  it 
tends  more  or  less  to  approach  the  vemaleqainox  tp,  and 
y  when  it  tends  towards  the  sign  S3,  aod  négative  on  the 
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+£(^  j^.  and  «Q*+m'Q'y=£<yp^,  -  toi 

jc'  ;  bat  thèse  two  sams  being  eqaal»  their  différence  ^m 
{Py — Qx)  vanishes:]  and  the  same  is,  therefore,  tnie  re- 
specting  ail  the  other  reciprocal  actions  of  the  System,  and 
^ith  respect  to  ail  thèse  the  sum  2)m  (Py — Qx)  vanishes. 
Again»  if  S  be  the  force  which  urges  m  towards  the  origin 
of  the  coordinates,  we  shall  hâve,  as  far  as  this  force  alone 

— 5x 


is  coDcemed,    P= 
-Sy 


— ,  and  Qz: 

conseqaently  Py=  Qx,  and  their  diffe- 

rence  vanishes.  When,  therefore,  the  bodies  are  only  sub- 
jected  to  their  mutual  action,  and  to  the  forces  directed 
to  the  origin  of  the  coordinates,  we  hâve 


df 
./-.v^.ydz— zdy 


c'z=.l,m 


xAz — zAx 


e'-=.'Lm 


At 


(Z) 


If  we  suppose  the  place  of 
the  body  m  to  be  projected  on 
the  common  plane  of  x  and^, 
the  fluxion  \  (xdy— ydx)  will 
represent  the  area  traced  by 
the  radius  drawn,  from  the  ori- 
gin of  the  coordinates,  to  the 
projection  of  m  :  it  follows, 
therefore,  that  the  sum  of  the  areas  described  by  the  radîi, 
belonging  to  the  différent  bodies  of  the  System,  multiplied 
by  their  masses,  is  proportional  to  the  fluxion  of  the  time, 
and,  forany  finite  interval,  proportional  to  the  time  itself. 
This  constitutes  the  principle  of  the  constancy  of  areas, 
whioh  is  obviously  tnie  for  any  plane  whatever,  since  the 
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motion  of  the  bodi«s  bears  do  detenninate  relation  to  r,  y, 
and  X  ;  and,  if  the  attractive  force  vanishes,  tbe  principle  . 
is  aiso  tnie  with  respect  to  any  point  whatever  :  nor  is  the 
démonstration  lîmited  to  changes  produced  by  insensible 
degrees. 

324.  Lemma.     If  we    hâve  two   Systems 
of  orthogonal  coordinates,  j,  y,  z,  and  x„„  y^ 
z,„,  originating  from  the  same  point  ;  if  e  be 
the  inclination  of  the  plane  of  x.„  and  y^,  to 
that  of  X  and  ï/,  [îts  positive  values  ïmplyÎDg 
that  z^„  inclines  towards  the  same  side  of  x 
with  +^],  and  if  ^  be  the  angular  distance  of 
X  from  the  intersection  of  thèse  planes,  and  -f 
that  of  x,„^  the  équations  between  the  coor- 
dinates will  be 
x=jr,„(cos  ûsin  +  sinp+  cos>t-cosp) 
+y„,  (cos  s  sin  >t  cos  » —  cos  +  sin  f ) 
+z,„sin  s  sin  + 
%j—x,„  {cos  «  cos  «t  sin  *> —  sin  «t  cos  f  ) 
+y„,  (cos  fi  cos  +  cos  ?+  sin  it  sin  p) 
+z,„  sin  fi  cos  4- 
z=%,„  cos  fl — y..,  siii  fi  cos  ^ — x,„  sin  fi  sin  ^. 

lo  order  to  assist  tbe  imaginatioD,  ve  may  suppose  tbe 
orîgin  of  the  coordinates  to  be  at  the  centre  of  the  earth, 
'  Ibe  plane  of  x  t|nd  y  to  be  tbe  ediptic,  and  z  to  be  directed 
to  its  nortb  pôle  [r  beiog  considered  as  positive  wben  it 
tends  more  or  less  to  approach  tbe  «ernal  eqninox  cp,  and 
y  when  it  tends  towards  tbe  sign  s.  aod  négative  on  the 
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opposite  side  of  the  centre]  :  then  if  the  plane  of  x,^^  aod  y,,^ 
be  that  of  the  equator,  we  shall  hâve  z^^^  parailel  to  the 
earth's  axis,  pointing  to  the  north  pôle  [,  and  inclining 
towards  the  sign  ss,  towards  which  y  is  positive];  the 
obliquity  of  the  ecliptic  will  then  be  [  4-  ]  0,  and  ^  will  be 
thé  longitude  of  the  axis  x  with  respect  to  the  vemal 
equinoXy  which  is  the  intersection  of  the  two  planes  on  the 
sidé  of  +^;  the  distance  of  x,,,  and  y^^^  from  the  same  Une 

will  be  ^  and  ^+^  respectively,  thèse  angles  varying  with 

the  rotation  of  the  earth. 

Now  if  x^,  y^y  and  z^,  be  an  intermediate  System  of 
orthogonal  coordinates,  x^  being  the  line  of  the  vemal 
equinox,  y,  the  projection  of  the  earth's  axis  on  the  plane 
of  the  ecliptic,  and  2,  coinciding  with  the  axis  of  the 

ecliptic  z  ;  the  ordi- 
nales X,  y,  x^,  and  y, 
being  in  the  same 
plane,  we  hâve 
x=ix^  cos  4"+^,  sin  4^; 
^   y=y/COSiJ — x^sin  +  ; 

In  the  next  place,  let  x,,,  y^^  and  z^^  be  another  System 
of  coordinates,  of  which  x,,  is  parailel  to  the  line  of  the 
vemal  equinox,  and  z^,  to  the  earth's  axis,  y,^  being  conse- 

quently  in  the  plane  of  the 
equator  :  we  hâve  then  y^,  and 
z^^  in  the  plane  passing  throngh 
y,  and  z^,  while  x,  and  x^^  coin- 
cide:  conseqnently 


u 

«-•■"' 

m 

\ 

y/ 

• 
t 

• 
• 

t 
• 

ï 

\ 

X       . 

e 


ce. 


X.=X 


/y» 


y/=y^  cos  «+ a?,,  sinô; 
«/=«,/COs«— y,,sin#. 
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Laslly,  while  z,^,  is  substituted  for  its  equal  s^  with 
whicli  il  is  identicaly  we  shali  hâve  x,,,  and  y^,  in  the  same 
plane  with  x,,  and  y^^, 
which  is  that  of  the  equa-  \  p 
tor  :  we  hâve  tbus 
*//=^,/,co8^  — y,,,8in^; 
y..=y,..cos^  4-x,,,8in^; 

[The  second  sign  in  the  vaine  of  x^^  is  hère  négative» 
because  the  axis  x^^  is  not  between  x^,^  and  y^^^  while  y^^  is 
between  y^,^  and  x,,,.]  By  substituting  suocessively  the 
values  thus  obtained,  we  bave  [first 

*/=*///  cos  p—y,,,  sin  ^  ; 

y,'=iy,,,  cos  ^  cos  ô-f  x^^  sin  ^  cos  ô  +  i;^^,  sin  ô; 

^t'=='^,„  cos  ô — y^^^  cos  ^  sin  ô — a:,^,  sin  ^  sin  0;  then 

xnx,^^  cos  ^  cos  4. — y,^^  sin  ^  cos  + + y,,,  cos  ^  cos  6  sin  4^ + or^^ 

sin  ^  cos  0  sin  4^ + z^^,  sin  0  sin  4^  ; 
y = y,^^  cos  ^  cos  ô  cos  + + j:^^^  sin  ^  cos  ô  cos  4^ + z^^^  sin  d  cos  + 

— x^,,  cos  ^  sin  + +y^,,  sin  ^  sin  4^  ; 
zriiz:^,,  cos  ô— y^^,  cos  p  sin  ô — ^j:^^^  sin  ^  sin  ô;  or,  collecting 

the  coefficients] 
x=x,^,(cos9  cos  >P+  sin  ^  cos  dsin4')-fy,^^(cos^cosdsini^ 

—  sin  p  cos  +)  +  %,t,  sin  ô  sin  4^  ; 
yzsx,,^  (sin  ^  cos  ô  cos  if^—cos^  sin  +) +y//t  (cos  f  cos  ô  cos  + 

H-  sin  ^  sin  +)  •\'Z,„  sin  ô  cos  4^ ; 
z= — ^x^^^  sin  ^  sin  6 — y^^^  cos  ^  sin  ô+z^^^  cos  d. 

CoROLLARY  1.    We  find  aiso 
x^^^zzx  (cos  d  sin  4"  sin  ^+  cost)"  cosf) 

•f  y  (cos d  cos  ^  sin ^ — sin  ^cosf)-^z  sin  ^  sin  f; 
y,„'='X  (cos  d  sin  4^  cos^— cos 4^  ^in  ^) 

+y  (cos  d  cos 4^  cos  ^ -h  sin. 4^  sin  9) — ^z  sin  ^  oosf  ; 
z,^^=::x  sin d  sin  4'+y  sinP  cos4'4-z  cos^.  1 
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Thèse  values  are  obtained  by  mulUplying  each  of  tbe 
former  équations  by  tbe  respective  coeflScients  of  x^^^y  and 
adding  tbe  tbree  products  together;  and  by  repeating  the 
opération  for  y,,,  and  s,,,  in  the  same  manner  [:  or,  much 
more  simply,  by  merely  substituting — d,  ^,  and  4^  for  B,  4^, 
and  ç,  x^,,t  y,„f  and  x,,^,  for  x,  y,  and  z,  and  the  reverse, 
according  to  Ihe  terms  of  the  proposition]. 

ScHOLiUM.  Thèse  différent  transformations  of  the  co- 
ordinates  will  be  very  useful  hereafter.  We  may  distin- 
gaish  those  which  belong  to  the  bodies  m',  m", . . .,  by 
adding  accents  above  the  respective   characters,  as  ^, 

rf>     ,    •    •    •    >    '*'..,  9    •*///     »    •    •    • 


[CoROLLARY  2.     Putting  y,„=0,  and  ^  ,,=0,  we  bave 

X 

x=x^^,  (cos  &  sin  ^  sin  ^  +  cos  4^  ces  ç)  and  in  this  case 


X 


is  tbe  cosine  of  the  angle  formed  by  x  and  x^,,,  or  of  the  arc 
intercepted  between  them  :  while  &  is  the  spherical  angle  op- 
posite to  that  arc  or  side,  and 4^ and  ^  the  two  sides  including 

z 
it«    We  hâve  also  —  = —  sin  ô  sin  ç,  for  the  cosine  of  the 

X 

/// 
angle  formed  by  z  and  x^,^,  which  is  équivalent  to  sin  0 

Latzisin  Obi  Ecl  x  sin  0  Long.     ] 

[325.  Lemma  a.  If  a  perpendicular  be 
let  fall  from  the  vertex  of  a  triangle  on  the 
base,  the  différence  of  the  segments  will  be  a 
fourth  proportional  to  the  base  and  to  the 
sum  and  différence  of  the  two  sides. 

Tbe  segments  of  the  base  being  af  and  c^',  the  diffé- 
rence of  theîr  squares  is  c^^ — af'^;  but  the  différence  of 
their  fqaarea  is  equai  to  the  différence  of  the  squares 
of  the  two  sides,  siiiee  the  perpendicular  is  the   same 
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for  both  the  itght  angled  triangles  formed  by  the  divi- 
sion of  the  base:  wc  hâve  therefore  a'* — a"*=6* — c*: 
bnt  a'«-tf"*=(ci'-a")  (a'  +  a")=(ci'-0  a,  and  i«— c«= 

(JH-c)(i-c):  consequently  a'— a"=i^i^I^^\ 

a 

326.  Lemma  B.  If  an  angle  of  a  rectan- 
gular  parallelepîped  be  eut  ofF  by  a  plane 
passing  through  three  of  its  diagonals,  the 
three  planes  perpendicular  to  the  section,  and 
passing  through  the  edges  meeting  in  the 
angle,  will  be  perpendicular  to  the  opposite 
sides  of  the  section. 

For  the  perpendicular  falling  from  the  solid  angle  on  the 
diagonal  betwcen  the  sides  or  edges  a  and  b  will  divide 
that  diagonal  into  two  segments,  of  which  the  différence  is 

equal  to  ,  (325),  and  the  perpendicular  from  the 

^(aa  +  bb) 

opposite  angle  of  the  section  will  fall  on  the  same  point,  for 

in  this  case  the  différence  of  the  squares  of  the  sides  is  a^+c* 

— (&^  +  c^,  which  is  equal  to  a* — l^,  and  the  diagonal  is 

commpn  to  both  triangles:  but  both  the   perpendiculars 

being  perpendicular  to  the  same  Une,  the  plane  in  which 

they  lie  will  be  perpendicular  to  this 

line  and  to   the   section;    and   this 

plane  passes  through  the   edge  in 

question. 

327*  Lemma  C.  If  an  angle  of  a  parallèle- 
piped  be  eut  off  by  a  plane,  the  square  of  ihe 
area  of  the  section  will  be  equal  to  the  sum  of 
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the  squares  of  the  areas  of  the  three  trian- 
gular  faces  of  the  solid  angle. 

The  area  of  the  face  between  a  and  b  is  ^  ab,  and  the 
perpendicular  failing^  on  its  base  irom  the  solid  angle  is 

—:  but  this  perpendicular  must  be  perpendicular 

to  the  third  side  c,  and  the  square  of  the  hypoténuse  of  the 
triangle  lying  between  them  must  be  c^-\ --,  which 

multiplied  by  the  square  of  the  side  to  which  it  is  perpen- 
dicular^ or  a^  +  j^,  must  be  the  square  of  twice  the  area; 

consequently  the  square  of  the  area  is  ^  ^  (a^  +  6*)  c* + cfib^  > 

=^^^6^  +  ^aV4-i6*cS  which  is  the  sum  of  the  squares  of 
the  areas  of  the  three  faces. 

328.  Lemma  D.  The  sum  of  the  squares 
6f  the  projections  of  any  area,  on  three  ortho- 
gonal planes,  is  equal  to  the  square  of  the 
area  îtself. 

For  the  projection  of  the  area  on  each  plane  is  to  the 
original  in  the  same  proportion^  as  the  whole  face  of  the 
parallelepiped  is  to  the  whole  oblique  section:  the  pro- 
portion of  the  areas  being  determined  by  the  inclination  of 
the  planes^  whatever  the  form  of  the  area  projected 
may  be. 

329.  Lemma  E.  The  cosine  of  the  incli- 
nation of  the  section  to  either  of  the  faces 
wHl  be  expressed  by  the  area  of  that  face  di- 
yided  by  the  area  of  the  section. 
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For  if  the  area  be  resoWed  into  elementary  rectangles, 
the  breadth  of  eacb,  parallel  to  Ibe  common  section  of  the 
planes,  being  the  s£|me  in  the  projection  as  in  the  original, 
the  length  of  the  projection  will  be  to  that  of  the  original 
as  the  cosine  of  the  inclination  to  the  radias  ;  and  the 
whole  areas  will  be  in  the  same  constant  ratio  as  their 
éléments. 

CoROLLARY.  Hence  the  sam  of  the  squares  of  the 
sines  of  the  angles^  formed  by  the  three  faces  of  the 
parallelepiped  with  the  section,  is  eqaal  to  the  square  of 
the  radias,  or  unity.] 

330.  Théo  REM.  For  eveiy  independent 
System  of  bodies,  a  fixed  plane  may  be  deter- 
mined,  with  respect  to  which  the  sum  of  the 
projections  of  ail  the  areas,  described  by  the 
revolving  radii,  multiplied  by  the  masses  of 
the  respective  bodies,  is  the  greatest  possible  ; 
and  for  every  plane  perpendicular  to  which, 
the  sum  of  the  projections  vanishes. 

**  By  taking  the  fluxions  of  the  équations  for  the  yalaea 

^f  *///»  y  M*  ^^^  *///"  C»  ^®  angles  remaining  constant],  "  and 
substitnting  c,  g\  and  d\  for 

2m     ^■,/— ,  Si» t: ,   and    Sm  ^ — tt-— i  ▼« 

iXt  at  a» 

obtain 

Dai  ^///  Vm—y^f  ^iii^ç  cos«— </sindcos>H-c^'8in  «8in+; 

^^^/A^//— ^///  ^/f/sscsin^coty  +  <^(sin ^Anp  +  oosd 

cos^^cos^)  -f  e'Xcos^  sin  f — cosO 
sin  ^  cos  p)  ; 


220 


CELEfiTTAL    MSCHANICS.    I.  V.  21. 


Xm  VmiJjii^^IjslI^^  _c  sin  ô  sin  ç>  +  c'(sin  +  cos  ç>— cos  Q 

cos  4^  sin  ^)  i-  c''  (cos  4^  cos  ^  +  cos  ê 
sin  4^  sin  ^). 
'^  If  we  determioe  4^  ^nd  0  in  such  a  manner,  that  sin  0 


jf 


sin  4"= 


whence  cos  6zz 


^{CC'\'CC''\'C''C'') 

c 


,  and  sin  d  cos  4^ 


;  we  shall  bave 


>/(c-+c«  +  c"2) 
2m  ^.if^lM^-^:=  V(c«H-c'«  +  c"«)  ; 

consequently  Ihe  values  of  c'  and  c"  will  vanisk  when  the 
plane  of  x,^,  and  y^^,  is  Ihus  determined.  And  ihere  is 
only  one  plane  which  possesses  tbis  property  :  for  if  there 
were  any  other,  and  x  and  y  were  the  coordinates,  and  ù 
and  ç  the  angles  belonging  to  it,  we  shoald  bave 
x.dz... — z..jdx. 
HT 


Xm  ZiiCZ£îL.-ZJii^iiiiL^c  sin  ô  cos  ^,  and 


Xrn  y^'^^»-^^"^y'" = — c  sin  e  sin  ^  ; 

butsince  d  and  c^'=0,  bythe  supposition,  for  the  supposed 
plane;  and  since  thèse  quantities  bave  been  shown  to  be 
=0,  for  the  planes  of  a:,,,,  z,^^,  and  y,^^,  z^,^,  we  bave  sin  0=0, 
and  the  two   planes  must  coincide.     The  value   of  Dm 

^su^Vn—yn»  ^,„  being  equal  to   >/(c2  +  c'«  +  c"2)  whatever 


dl 


be  tbe  plane  of  x  and  y  from  wbicb  it  is  derived,  it  follows 
that  this  quantity  may  be  deduced  equally  well  from  any 
otber  System  of  coordinates,  and  that  the  plane  of  x^^^  and 
y^  determined  by  it,  will  always  be  that  which  makes  this 
elementary  area  a  maximum  ;  and  since  the  angle  ^  re- 
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mains  undetermined,  it  follows  that^  whatever  may  be  ils 
valae,  the  projections  oF  the  areas  on  the  planes  perpen- 
dicalar  to  this  plane  will  vanish.  Hence  we  may  at  any 
time  fincl  the  situation  of  this  plane,  in  the  same  way  as 
the  centre  of  gravitv  may  at  any  time  be  found,  notwith- 
standing  any  mutual  actions  of  the  System,  and  for  this 
reason,  it  is  as  natural  to  suppose  the  coordinates  x  and 
y  to  be  sitaated  in  this  plane,  as  to  make  them  begin  at  the 
centre  of  gravity." 

[This  proposition  may  be  much  more  simply  and  intel- 
ligibly  demonstratéd  by  means  of  Lemma  D  ;  for  if  e,,^ 
€^,^,,  and  </'^^^  be  the  sums  of  the  products  of  the  masses  by 
the  projections  of  the  areas  described  by  the  revolving 
radii  of  the  différent  bodies  of  the  System  on  the  three 
planes  belonging  to  the  System  of  ordinates  s,„f  y^,^, 
and  ic,,^,  the  sum  of  the  squares  of  c,^,,  c',,,,  and  c'\,,  wdl  be 
equal  to  the  sum  of  the  squares  of  c,  c\  and  c''  :  aiid 
smce  this  sum  is  a  constant  quautity  for  ail  Systems  ot 
planes,  it  is  obvions  that  when  the  portion  belonging  to 
any  one  plane  is  equal  to  the  ivhole,  there  can  be  none 
left  for  any  plane  or  planes  perpendicular  to  it.  We 
hâve,  therefore,  only  to  détermine  the  inclination  of  the 
section  of  the  parallelepiped  to  either  of  its  faces,  and 
we  shall  bave  the  angle  S,  the  cosine  of  which  will  be  ex- 

pressed   by        ^      ,^      „^.  for  the  plane  of  x  and  y  (329)  : 

and  since  ^  is  the  distance  of  x  from  the  intersection  of 
the  planes  (324),  that  is,  the  angle  of  the  face  c  adjoining  to 

X,  its  tangent  will  bc  —  =—?-,  since  the  areas  of  the  faces 

c'  and  cf'  are  to  each  other  as  the 
sides  X  and  y  to  which  they  are  ad- 
jacent, the  side  z  being  common  to 
both  triangles.] 


■^C'3„3Mian£.  »*__ 
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§  22.  Thê  principks  of  the  préservation  of  impeiuê 
and  of  areas  will  still  hold  good,  if  the  origin  of  the 
coordinates  be  snpposed  to  hâve  a  uniform  rectilinear 
motion.  In  this  case,  the  plane  ptusing  through  this 
point,  on  which  the  sum  of  the  areas  descrihed  is  a  maxi" 
mum,  remaiîis  always  paraUel  to  itself  Thèse  properties 
may  be  referred  to  the  relations  of  the  coordinates  of  the 
mutual  distances  of  the  bodies  of  the  system.  The  planes 
which  pass  throuqh  the  centre  of  gravity  of  each  body  of 
the  System,  parallel  to  the  gênerai  mean  plane  of  révolu- 
tion, are  possessed  of  similar  properties.  P.  61. 

331.  Theorem.  The  constancy  of  the 
impetus  and  of  the  areas  described  is  ob- 
served  by  a  system  of  bodies,  referred  to  a 
common  origin,  which  moves  uniformly  in  a 
right  line. 

If  we  call  the  coordinates  of  the  moveable  origin  of  the 
ordinates  of  the  system  X,  Y,  and  Z,  and  suppose 

a:=X+jr,;  yriF+y,  ;  zzzZ^z^ 

a/=X  +  x/;  y^Y-\'y\\  zfzzZ+z^;  the  coordinates 
of  m,wl,...,  referred  to  the  moveable  origin,  will  be 
x^  y,,  Zfl  x\,  ... ,  and  since  by  the  properties  of  the  centre 
of  gravity  (322),  we   hâve  for  any  detached  system  of 

(ddjT  \ 

----  —  P  ),...,  we  obtain,  by  substitution 
dt^  ' 

0=2:m  (d«X  +  d2x,)— XmPd<«  ; 
0=2m  (d«r+d«y,)— XmQd<2  ; 

0=2»i(d«Z+d«z^)  — SmEd/^;  consequentiy  Smd^x,— 
rOTPc|^=0,  since  d^X=0  by  the  supposition,  and  in  the 
samemanner»  Zmd^y, — SmQd^^zzO,  andSmd-z^ — ZmJRd<* 

=0.    Tbea  in  tlw  équation  (P),  0= Im&r(-^  -  P  j. . ., 
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Mbstîtatiiig  8Jr+&r,  for  &r,  we  hâve  [0=  Im  {SX+^x) 
(^  -  P  )  +  .  . .  but  ZmSX  (^  —  P  )  =  0,   becausc 

Tml-^-j  —  -P  )=0,  S.Y  being  the  same  for  ail  the  quanti- 
ties  of  which  the  sum  is  denoted  by  £  ;  consequently  0= 
IiuSxï-n^  ""  '  )  *  •  •  *  orjd^x  being  cqualto  d«xj  0=2)1» 

an  eqaatiou  which  is  cxactiy  of  the  same  form  with  the 
eqaation  (P),  supposing  the  forces  P,  Q,  R,  to  dépend 
only  on  the  coordinates  x,,  y,,  z,,  i\,  ....  If,  therefore, 
we  apply  to  it  the  same  reasoning,  as  was  grounded  on  that 
équation,  we  may  dérive  from  it  the  same  conclusions,  with 
respect  to  the  préservation  of  the  impetus,  and  the  de- 
scription of  areas,  relative  to  the  moveable  origin  of  the 
eoordinates. 

If  the  System  is  not  subjected  to  the  action  of  any  ex- 
traneons  force,  its  centre  of  gravity  will  bave  a  rectiiinear 
and  nniform  motion  (322)  :  so  that  if  we  suppose  the  or- 
dinates  x,  y,  and  z  to  begin  at  the  centre  of  gravity,  the 
laws  in  question  will  alwaj  s  we  observed  :  and  A*^,  Y,  and 
Z  being  the  coordinates  of  the  centre  of  gravity,  we  shall 
bave,  by  the  nature  of  this  point,  O^D/tix^,  Ozzllmy^^  and 

0=  SiTiz,;  whence  we  bave  Zm — —77 — = r: — — .  Xm 

^.2^£to^,  and  Tm    Ë£l±^|Ç±i£= 

l^±§!±^'2™  +  r.^^±^\.    for  dX    and 

dy  being  common  to  ail  the  System,  we  bave  ZmdX^n 
àXHm,  £mdF=d}^Zm;  and  the  sums  of  the  squares  of 
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(dJST+dr^)  (dX  +dx') .  . .  raust  be  equal  fo  the  sums  of 
tbe  squares  of  dX,  dX^  .  • .  >  dx,,  àx\f . . . ,  since  (dJSf -f 
dx,)«=dX«-fdx/+2dXdar,,  and  SindXdx,=  dJÏSwidx,= 
0,  since  ^mx,=0,  and  dÇEmx^)zzO'\.  It  appears,  therefore, 
that  the  qaantitieSy  concerned  in  tlie  impetus  and  the  areas, 
are  composed,  first,  of  the  qaantities  which  wonld  hâve  ex-* 
isted,  if  ail  the  bodies  of  the  System  had  been  united  in  their 
common  centre  of  gravity  ;  and  secondly,  of  the  similar  quan* 
tities  derived  from  the  centre  of  gravity»  considered  as  im- 
moveable:  and  the  first  system  of  quanti  tics  being  constant, 
it  is  easily  understood  that  the  second  must  be  also  constant. 
It  foUows,  tberefore,  that  if  we  fix  the  origin  of  the  co^ 
ordinates  x,  y,  z,  x\  . . .  of  the  équations  (Z)  (323)  at  the 
centre  of  gravity,  the  conclusions  derived  from  them  will 
still  hold  good,  and  the  angles  of  the  planes  concerned 
will  remain  unaltered  ;  whence  it  foUows  that  the  mean 
plane  of  révolution,  which  affords  the  maximum  of  pro- 
jected  areas,  must  pass  through  the  centre  of  gravity  of 
the  System,  and  remain  always  parallel  to  itself  du  ring  the 
motion  of  the  system  ;  and  that  the  sum  of  the  areas,  corn- 
putedfor  any  plane  perpendicularto  this  plane,  must  always 
vanish. 

[ScHOLiUM.  The  whole  of  this  elaborate  démonstration 
is  rendered  perfectiy  superfluous,  if  we  exclude  the  distinc- 
tion of  absolute  and  relative  motion  from  the  définitions 
relating  to  it  (218,  224)  :  but  it  is  satisfactory  to  tind  that 
a  complicated  analysis  is  still  true  when  applied  to  the  test 
of  demonstrating  by  it  a  very  simple  proposition.] 

332.  Theorem.  The  sum  of  the  projec- 
tions of  the  areas,  described  by  the  radii  join- 
ing  each  body  of  a  system  with  each  of  the 
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other  bodies,  considered  as  at  rest,  on  any 
pven  plane,  multiplied  by  the  products  of  the 
two  masses  respectively,  îs  equal  to  the  pro- 
duct  of  the  mass  of  the  wliole  systero,  into  the 
sum  of  the  projections  of  the  areas  described 
by  the  separate  revotving  radii  round  the  com- 
mon  centre  of  gravity  on  the  same  plane,  mul- 
tiplied by  the  separate  masses  respectively. 

SÎDCe  e=£m  — -^-^ — •  ^^  obtaÏD,  by  proper  sabatitu- 
tions   cXiii=£)mm'. 


(x'— r)  (dy*— dy)-^— y)  (d^-dx) 


[For  cSm=(m  +  m'  +  m"...)(wt'^  -^  ^     +m''  "zr- — 

+  ...)in  which^l  the  btnary  oombinatioDB  of  Ihe difiercDt 
Talae§  of  m  occor  once  witli  eacb  oftbe  two  correspondiDjr 
fractioDS  ;  asd  takiog  the  fint  tm  for  example,  we  bave 

(.+-0.(».  '±î^  +»-.  £fcïai')=(™.+„»',^y 

— (mm  +  mm';^x  +  (mm'  +  m'm')x'âj/ —  (mm'  +  m'm')^Aaf, 
neglecting  the  divisor  :  but  mm'  (y— :c)  (dy*— dy)  — 
(y— )0  (dy— dx)=m«'  («"dy— ydy— icdy+a^— yic' 
4-yd»-f  yd^ — ydx).  the  diflerence  of  tbe  two  expreuioss 
being  «mfdy— mmydi  +  m'm'jr'dy' — m'm'y'dx'+  mm'jc'dy — 
nm'y'dT+Mffi'xdy' — ram'ydj:',  or  m(i»r+m'ar')dy — m(Biy  + 
■iy)djc+m'(m'a:'+Mx)dy' — (ii'( m'y  +  my)dar' :  and  if  we 
added  together  any  others  of  the  bodies  in  pairs,  it  îs  ob- 
TÎoua  tbat  the  coeGScients  of  tbe  flaxions  io  tbia  différence 
wonid  make  tbe  séries  fflx+mV+m''x''  +  ...  =£iitT=0, 
by  the  property  of  the  centre  of  gravity  ;   conseqvently 
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the  différence  woald  at  last  vanish,  and  the  two  exprea- 
fioDS  would  be  equal»  as  was  to  be  proved,  thongh  the 
transformation  is  by  no  means  obvions  withont  a  démon- 
stration .j 

For  similar  reasons  we  bave 

d^ 
It  is  obvions  that  the  snm,  thus  ascertained,  will  be  liable 
to  tbe  same  conditions  of  becoming  a  maximum  and  va- 
nishingy  which  bave  been  demonstrated  respecting  the  radii 
drawn  to  the  common  centre  of  gravity  :  and  that  the  same 
mean  plane  of  révolution,  detèrmined  from  it,  will  always 
remain  parallel  to  itself. 

333.  Theorem.  The  sum  of  the  squares 
of  tbe  velocitîes  of  any  System  of  bodies, 
taken  in  pairs,  of  which  the  one  is  considered 
as  moving  round  the  other  at  rest,  and  mul- 
tiplied  by  the  products  of  the  masses  of  the 
respective  pairs,  is  expressed  by  a  constant 
quantity  lessened  by  twice  the  product  of  the 
sum  of  aU  the  masses  into  the  sum  of  the  reci- 
procal  forces  between  each  pair,  combined 
with  the  spaces  through  which  they  act,  and 
muUiplied  by  the  products  of  the  respective 

masses  ;  or  zmm •  -^,  -        ^ 

zsO—92mlfmm' Fdf 
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Forsinoe3;«Ëf!±^±!Ëf=  C-2S/-.W.  (S») 

[-«  ^^ +«  j^; +  . . .  ;  inDl»,>ly. 

i»gbT  Zm=n-rm'  +  m''-^...,  ve  bave  (m +  «'  +  ...)  (« 

Fd/";  bat  die  first  xzieii«ber  <»r  tke  eqBatioii  of  tiie  prap^ 
sitioo  will  be  foimd  to  be  eqoal,  wben  expandcd,  to  tbe  first 
member  of  tliis  last,  tbe  différence  of  eacb  part  becoiiihi|f 
=0  :  tku,  tikmg  m  and  m'  for  an  example,  tbe  differenoa 
wiU  be  sua'  (dx'— djr>"-(aB  +  m')  (wdjr^-l-ïR'da'ï)  =  fam'dx** 
+ami  dx<— 2jwiw'dx'dx— miï»dx«^f»jw'dx'^— m«'dx*  —  «W 
d*^  =— aaw'dx'djr— «midx*  -«Wdx'«=-  («dx+m'djr'y; 
and  by  tbe  successive  addition  of  tbe  différent  pairs,  this 
différence  will  become  (ImdxfzzO,  since  lmx=0  and 
£mdx=:0,  by  tbe  properties  of  tbe  centre  of  gravity,  con» 
seqnently]  tbe  two  expressions  are  equal  for  tbe  whole 
System. 

§  23.  Principle  of  thé  Uast  action.  CowAined  wiik 
that  of  the  préservation  of  tmpe^i»,  it  gives  tke  gênerai 
équation  of  motion.     P.  63. 

334.  Tu£OR£M.  The  momenta  of  a  sya^ 
tem  of  bodies  being  multiplied  by  the  fluxions 
of  the  spaces  respectively  described,  tlie  sum 
of  the  fluents,  taken,  for  the  whole  System» 
between  any  given  points  of  space,  is  always 
a  minmium. 

Tbe  équation  (R)  (319),  2m««=c+2^=2Im/'(Pd«  + 
Qdy  +  Ràz),  affords  us  tbe  variation  'lmviv:^lm  (/'Sor-f 
Qgy  +  RSz),  and  combining  tbis  with  Ûie  «c\u«.\iv)W  VP^^VT^ 
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0=2i»8r  (^-  P)  +  . . . ,  we  obtain  0=liii  (ixd  ^  + 

Sy  d  -l^  +  Sz  d  -r^W  SiitdtoSv.    Now  as  being  the  flaxion 

of  the  path  of  m,  lei  d/  be  that  of  the  path  o{m\... ,  and 
i;d<=:d«,  w'dfzzd/, . ..;  d«  being  ^/(ic«+dy«  +  dz«):  and 
as  it  bas  already  been  shown  (266)  with  respect  to  any  par- 

ticular  body,  that  8(t7d5)=d  . ^ ,  we  obtain 

by  adding  the  resalts  for  the  différent  bodies,  £mS  (vd«)=: 
Xmi  jfg^H-dy8y+dz8z^  ^^^  ^^  ^         ^^.^^  .^  ^^^  .^^ 

d^ 
dependently  both  of  the  variation,  and  of  the  intégration  ex- 

«ts/-     ,       ^     ^    dargj:  +  dySv -f  dz8« 
pressed  by  2,  gives  us  2S/mvd«=  C+  I>m> ^ ; 

the  variations  of  the  ordinates  being  those  which  belong  to 
the  extrême  points  of  thecurves  to  be  compared.  Hence  it 
appears,  that  when  thèse  points  are  supposed  invariable,  the 
eqaation  becomes  2)S/mvds=:0,  conséquent ly  the  quantity 
^fmods  is  a  minimum.  And  this  is  the  law  of  the  least  ac- 
tion* as  applied  to  the  motion  of  a  System  of  bodies,  a  law 
which  is  evidently  derivable,  by  mathematical  considéra- 
tions, from  the  fundamental  principles  of  equilibriuui  and 
of  motion. 

ScHOLiUM.  It  is  also  apparent  that  this  law,  combined 
with  that  of  the  préservation  of  impetus,  would  afford  the 
«quation  (P)(317),  which  includes  ail  that  is  necessary  to 
the  détermination  of  the  motions  of  the  System  ;  and  it  ap- 
pears from  the  preceding  propositions,  that  the  same  prin- 
dptea  are  applicable  to  the  case  of  a  moveable  System  of 
bodies,  provided  that  the  motion  of  its  centre  6f  gravity  be 
aniform  and  rectilinear,  and  the  system  be  detached  from 
the  /opération  of  ail  foreign  forces. 


CHAPTER  VI. 


0¥  THE  LAWS  OP  THE  MOTION  OF  A  SYSTEM 
OF  BODIES^  ACCORDINO  TO  ANY  RELA- 
TION MATHEMATICALLY  POSSIBLE  B£- 
TWEEN  FORCE  AND  VELOCITY. 


§  24.  New  principles  cwrresponding,  on  thia  mor§  «»• 
larged  hypothesisp  to  thase  of  the  préservation  of  bÊipetue, 
the  consiancjf  of  arecu,  the  motion  €f  the  centre  of  yrth 
vity,  and  the  least  action.  Forces  reduced  to  a  jfiven 
direction  :  referred  to  au  axis  ;  and  combined  witk  tie 
éléments  of  the  spaces. 

335.  Theorem.  The  sum  of  the products 
of  the  masses  of  any  System  of  bodies»  into  the 
fluent  of  the  product  of  the  velocity  into  any 
fmiction  of  the  velocity,  which  may  be  sup* 
posed  to  represent  the  force,  is  constant  with 
regard  to  the  intervais  between  any  two  places 
of  the  System. 

There  are  many  conceivable  relations  between  force 
and  velocity»  which  imply  no  mathematical  contradiction, 
ahhoogh  the  simplest  is  their  being  direcdy  proportional 
to  eaoh  other,  as  we  find  tbat  they  actaally  are  in  natare«. 
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The  preceding  équations  of  the  motion  of  a  System  of 
bodies  hâve  been  derived  fromthis  law:  but  the  same  mode 
of  investigation  may  be  easily  extended  to  ail  other  rela- 
tions between  forcé  and  velocity  which  are  matbematically 
possible,  and  the  principles  of  motion  may  thus  be  exhi- 
bited  in  a  new  point  of  view. 

For  thi^  purpose  we  may  suppose  F  the  force  and  v  the 

velocity,  putting  F=:^(t;),  and  let  ^'(v)=-j-' [or,  more 

simply,  let  p  dénote  ç{v)  or  F,  and  ^'dv,  d^  ].    If  this 

force  be  reduced  to  the  direction  of  x,  it  will  biscome 

djc         1  .     1      •  •      •■■  1        dr       ,    dx\ 

Çn-r-  •  and  m  the  next  mstant  it  will  be  9,-: — |-^(^«-ï- I  or 
a*  '  d^  àsJ 

p. -t-  +  a(-'-7-V  since  d^zzvd^. 
Qê        \vat' 

Now  if  P,  Q,  and  12  be  the  forces,  acting  on  the  body  m, 

ÎD  directions  parallel  to  the  respective  coordinates,  the 

•ystem  would  remain  in  equilibrium  in  virtue  of  the  action 

•f  ail  such  forces  combined  with  the  elementary  dififerences 

â(-^-— )  consideredas  nesrative,  since  thèse  dijQTerences 

are  the  effects  of  the  results  of  the  forces,  and  the  fluxions 
are  their  measures  :  we  shall  therefore  bave,  instead  of  the 
équation  (P)  (317), 

which  only  differs  from  it  by  the  snbstitation  of 
^for  -^  or  nnity.    This  altération  would  render  its  gène- 

rai  application  to  mechanical  problems  very  difficult:  we 
may  bowever  dérive  from  it  some  principles»  analogons  to 
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those  of  the  preBervalion  of  impetas,  tbe  coDstanoy  of 
areaa,  aod  the  motioD  of  tbe  centre  of  gravit;.  By  sub- 
stitutiog  dx,  djf,  and  dz,  for  ix,  ^,  and  ^,  we  obtaio 

tl^=Smvifil:  for,  did  [tf  )  =  ^  d?  +  î  did  ^' 
\dt  V'         dt     V      V  dt 

and  the  three  part»  together  make  ~r—  d  i-.  -?.  d  cm 
°  dt         V       V      xdt 

=  d  (-^.^-^)_-l,di«i(=  d  (  t^t)  -  ,MI  =  i 
((pvdl')  —  pàvdl^vd^dt,  and  the  intégral  Ja  tmly  ex- 
pressed  by  Xmvàpdt.l  Hence,  dividing  by  dt,  and  taking 
the  fluents,  ï/ïnrd^  =  c  +  2^  (Pdx  +  Qdy  +  fldz);  or. 
snpposing  tbe  latter  metnber  au  exact  fiuxioB,  aad  eqaal 
to  dh,  we  bave  Ibe  équation 

■SfmvA9=.c+x  (T) 

an  eqaation  resembling  (R)  (319)  and  wbich  îs  conrerted 
ÏDto  it  by  making  fziv  \  conseqaently  the  prÎDCÎpIe  of  lir- 
ing  force  is  matntained  in  tbts  hypothesis,  if  we  undentand 
by  living  force  tbe  prodnct  of  tbe  mass  into  "  twice"  the 
flnent  of  the  relocity  mnltiplied  by  the  fluxion  of  that 
function  of  tbe  velocîty,  whicb  expresses  tbe  force. 

336.  TuEOREH.  The  sum  of  the  finite 
forces  of  a  System,  reduced  to  any  giren  di- 
rection, is  constant,  and  vanîshes  in  the  cage 
of  equilibrîum. 

If  we  sobstitate,  in  tbe  équation  {8),  Sx-f  &^,  for  ^, 
^+8/, for ^.  &:  +  &',  for  îa;  8r+djr,for  &^,. . .;  we 
sbat)  obtaio,  by  making  Uw  tbree  variationa  vanMi  Mpa- 
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rately,  0=Sm  {  d  {%^)  -  Pd*  J  ;  0  =  Sm  {  d  (|-J  ) 

—Qdt^,  and  0  =  Zmf  d  (^— )  -  Bdi  |,exacUymthe 

same  manner  as  similar  équations  hâve  been  deduced  from 
(P)  in  article  322;  and  as  it  was  inferred  in  that  cas«9  t)iat 
the  motion  of  the  centre  of  gravity  must  be  uniform,  so 
hoWy  if  tbe  System  be  only  subject  to  the  mutual  attraction 
of  the  bodies  comprehended  in  it,  since  SmP,  SmQ,  and 
XmR  are  evanescent»  on  account  of  the  reciprocality  of 

action  and  reaction,  we  bave  cz=2iit  -r-*—  ;  c'=Sm-f--^ 

dt  V  Qi  V 

and  c^'=  2i»-r-.~;  but  wi-r-.  — :=.  m0  -ri    which  is    the 

d*   t;  dt    V  ds 

finite  force  of  the  body  m,  reduced  to  the  direction  of  x: 

consequently  the  sum  of  the  finite  forces  of  the  System, 

reduced  to  the  direction  of  any  given  axis,  is  constant, 

whatever  may  be  the  relation  of  the  force  to  the  velocity; 

aad  tbe  state  of  rest  is  distinguisbed  by  the  disappearance 

of  that  sum.    This  resuit  is  common  to  every  hypothesis 

respecting  the  relation  of  force  to  motion,  but  it  is  only 

in  the  natural  state  of  this  relation  that  the  motion  of  tbe 

centre  of  gravity  becomes  uniform  and  rectilinear. 

337.  Theorem.  The  sum  of  the  finite 
£3rces,  tending  to  tum  the  System  round  any 
given  axis,  is  constant,  and  vanishes  in  the  case 
pf  equilibrium. 

We  may  make  again,  in  the  équation  (jS), 

•        y         •  y 


OF    THE     MOTION    OF     A     SYSTEM.  93S 

80  that  Sx  may  be  made  to  disappear  from  the  variations 
of  the  mataal  distances,  /«/^  »  •  •  • ,  as  in  article  328,  and 
from  the  vaines  of  the  forces  depending  on  thèse  distances. 
We  shall  then  hâve,  if  the  System  is  free  from  foreign  in- 
terférence, by  making  8x  =0, 0\  =  Im.  <  xd  ^^  .  —  j— yd 

( — •— )  >  4.2m(Py  — Qx)d#;  and  by  taking  the  flaent, 

czzlm  '^y—y^^.JL  4, xfm  (Py— Qx) d^  ;  and  in  the  same 
ai        V       ^        '' 

manner,  taking  c^  and  &'  two  other  constant  qnanttties, 

M           xdsf— zdx  o         /•     -^       ««  ..  «  « 

</=:Sm ; .— +  Sm(Px— ltr)d/,   and 

If  the  System  is  only  subject  to  the  mntaal  actions  of  its 
parts,  we  hâve  2m  (Py— Qx)=0  ;  Sm  (Pz— Ifcr)  =  0,  and 
2ifi  {Qz — Ry)zzO,  as  has  been  shown  in  article  323:  and 

m  \  X  ^ —  y  -tt)  — is  the  rotatory  power  of  the  finite  force 

of  the  body  m,  reduced  to  the  plane  of  x  and  y,  and  tend- 
ing  to  tom  the  System  roiind  the  axis  parallel  to  z  ;  conse- 

^uently  the  intégral  ïm  CLS^ZSL — \jL  {%  the  sam  of  the 

rotatory  powers  of  ail  the  finite  forces  of  the  bodies  of  the 
System,  with  respect  to  the  same  axis  ;  and  this  sum  is 
shown  to  be  constant:  and  in  the  state  of  equilibriam  it 
vanishes  :  so  that  there  is  hère  the  same  différence,  be- 
tween  the  conditions  of  motion  and  of  rest,  as  with  respect 
to  the  forces  parallel  to  any  given  axis.  In  the  case  of 
the  natural  relation  of  the  forces,  this  property  implies  the 
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coDstancy  of  the  areas  described  by  the  reydving  radii  in 
^ven  times  ;  but  this  coostaDcy  is  not  observed  in  tbe  case 
of  any  other  supposed  relation. 

[Sgholium.  Tbe  définition  of  rotatory  power  onght 
properly  to  bave  been  premised  to  tliis  démonstration,  bat 
its  nature  is  so  purely  spéculative»  that  it  was  tbougbt  on* 
necessary  to  anticipate  any  part  of  the  important  investi- 
gation  of  rotation  on  this  occasion;  it  is  already  as  intelli- 
gible as  there  is  any  reason  to  désire  :  especially  consider- 
ing  the  unavoidable  confusion  attending  the  idea  of  a 
finite  force  as  possessed  by  a  moving  body^which  is  almost 
incompatible  with  the  true  conception  of  force,  as  a  OMUSê 
of  a  change  of  motion,'] 

338.  Theorjç^.  The  sum  of  the  fluents 
of  the  finite  forces  of  a  System,  multîplied  by 
the  fluxions  of  the  paths  described,  is  always 
a  minimum,  and  vanîshes  in  the  case  of  isqui- 
librium. 

By  taking  the  variation  of  the  (unction  Jl/m<pds,  ^hich  is 
heie  considered,  we  bave  ST/mfàszzJl/fnfSds-^lfindsi^: 

as  V  \at  at 

^  àBz)  (266);  consequenUy  SZfmfds=I.  ^[~  &c+  ^ 

8,+g8.)_î>  {8.d(§.î)+î,d(g.î)+J«d(^ 
i!Mi>t+t*i(^M).:   Mn  Ih.  utniralk»»  o< 

V    dt  ^  V  ût  ^ 

the  curveSy  described    by    tbe    différent  bodies  of   the 
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syitem,  beÎDg  fixecl»  the  part  of  the  variation,  not  in- 
claded  under  the  signjl  must  vanish  for  the  whole  paths, 
so  that  we  hâve  fromthe  eqaation  (S),  S£/^2^d5=£/md«S^ 
—Ifmàt  (PSx  +  Q8y  +  lfô«);  but  the  variation  of  the 
eqaation  (T),  multipliedby  dt,  afibrdsus  SS/mvdfd^^S/m 
d^  (P&r+Q^+ASc);  or,  i:fmtitBp::rZjinS(pà8^l/màt 
{Phc+QSy+RSz)  [since  the  variation  of  any  qaantity 
is  always  the  same  as  its  fluxion,  with  the  substitution 
of  the  character  of  a  variation  for  that  of  a  fluxion  :  the 
steps,  by  which  a  variation  and  a  fluxion  are  obtained, 
being  always  identical  and  undistinguishable  ;  consequently 
SZ/m^d«=0.  This  équation  corresponds  to  the  law  of  least 
action,  in  the  nataral  relation  of  the  force  to  the  velocity, 
since  tnf  is  the  total  force  of  the  body  m  ;  and  the  principle 
implies  that  the  sum  of  the  fluents  ofme  finite  forces  of  ail 
the  bodies  of  the  system,  combined  with  the  éléments  of 
Hie  spaces  described,  is  a  minimum  ;  and  in  this  form  the 
principle  is  applicable  to  any  relation  between  the  force 
and  the  velocity,  that  can  be  supposed  to  be  mathematicaUy 
possible.  In  the  state  of  equilibrium,  the  sum  of  the  forces, 
multiplied  by  the  cléments  oftheir  Unes  of  direction,  disap- 
pears,  in  conséquence  of  the  principle  of  virtual  velocities  ; 
so  that,  in  ail  cases,  the  same  differential  function,  which 
disappears  in  the  state  of  equilibrium,  becomes,  after 
taking  the  flnent,  a  minimum  in  the  state  of  motion. 


mSiSà 


CHAPTER  VII. 


OF   THE     MOTIONS     OF     A     SOLID     BODT     OF 
ANY    GIVEN    DIMENSIONS. 


§  25,  26.  [Introduction^]  Equations  which  détermine 
the  progressive  and  rotatory  motion  of  the  body  in 
question. 

[339.  Theorem.  •'  349/'  When  a  System 
of  bodies  has  a  rotatory  motion  round  any 
centre,  the  efFect  of  each  body,  in  turning  the 
System  round  a  given  point,  must  be  estî- 
mated  by  the  product  of  its  momentum  into 
the  distance  of  the  body  from  that  point  ;  and 
the  power  of  each  body,  with  respect  to  the 
original  centre  of  rotation,  will  be  expressed 
by  the  product  of  the  mass  into  the  square  of 
the  distance. 

Suppose  the  bodies  A  and  B,  fixed  to  the  ends  of  two 
equal  levers,  to  mect  each  other,  and  simply  to  commani- 
oate  their  motion,  and  let  B  be  twice  A,  and  moving  with 
half  its  velocity,  then  the  motion  of  A  wiil  exactiy  de- 
stroy  tho  motion  of  B»  and  this  effect  is  thcrefore  the  mea- 
sure  of  the  motion  of  A  :  but  if  the  bodies  A  and  B  be  con- 
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nected  with  ihe  arma  of  an  inflexible  Une,  and  move  with 
equal  velocities  in  tbe  same  direction,  they  will  obviouBly 
be  tolally  stopped  by  tbe  application  of  a  fulcrum  at  tbe 
centre  of  gravity  ;  for  the  propositions  respecting  eqni- 
iibrinm  are  as  well  deducible  from  tbe  composition  of  mo- 
tion as  from  tbat  of  force,  and  tbe  motion  of  A  is  bere 
équivalent  to  tbe  motion  of  B,  wbicb  now  moves  with 
equal  velocity  at  balf  tbe  distance  from  tbe  fulcrum,  being 
still  twice  as  large  as  A  :  but  it  was  before  sbown  to  be 
equal  to  tbe  motion  of  B,  wben  it  moved  witb  balf  the  ve- 
locity at  a  distance  equal  to  its  own  :  consequently  thèse 
two  motions  of  B  are  équivalent,  witb  respect  to  effect  in 
producing  rotatory  motion  :  and  tbe  same  may  be  sbown 
wben  ihe  bodies  and  their  motions  are  in  any  otber  pro- 
portions. It  is  also  obvions,  tbat  since  tbe  velocity  is  as 
tbe  distance  from  tbe  centre  of  rotation,  tbe  power,  with 
respect  to  tbat  centre,  will  be  as  tbe  square  of  tbat  dis- 
tance, or  as  tbe  square  of  the  velocity. 

ScHOLiUM.  It  is  tberefore  of  importance  to  bear  in 
mind,  tbat  altbough  the  equilibrium  of  a  System  of  bodies 
is  determined  by  the  equality  of  tbe  product  of  their 
weight  into  tbeir  effective  distances  on  eacb  side  of  tbe  cen- 
tre, y  et  tbe  estimation  of  tbe  mecbanical  power  of  eacb  body, 
wben  once  in  motion,  requires  tbe  mass  to  be  multiplied 
by  tbe  square  of  tbe  distance,  or  of  the  velocity.  For  this 
reason,  and  for  some  others,  tbe  square  of  tbe  velocity  bas 
been  considered  by  many  persons  as  affording  the  true 
measure  efforce;  but  tbe  properties  of  motion,  concerned 
in  the  détermination  of  rotatory  power,  are  in  reality  no 
more  than  necessary  conséquences  of  tbe  simpler  laws,  on 
wbicb  tbe  wbole  theory  of  meobanics  is  founded.  It  is 
only  within  abont  balf  a  centnry,  tbat  tbe  mecbanical  philo- 
sophersof  Great  Britain  bave  begun  to  entertain  Correct 
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notions  on  this  subject  ;  they  had  been  perhaps  in  some 
degree  misled  by  an  accidentai  error  committed  by  New- 
ton in  Computing  the  precession  of  the  equinoxes  :  the 
experiments  of  Smeaton  served  to  set  the  question  in  a 
clearer  point  of  view,  and  Dr.  Wollaston  lias  more  lately 
removed  every  remaining  obscnrity  from  tbe  subject,  in 
one  of  bis  Bakerian  Lectures,  published  in  tbe  Pbiloso- 
phical  Transactions.  Mr.  Smeaton's  apparatus  consisted 
of  a  vertical  axis,  tumed  by  a  thread,  passing  over  a  pulley, 
and  supporting  a  se  aie  witb  weights  ;  tbe  thread  vas  ap- 
plled  to  différent  parts  of  tbe  axis,  baviug  différent  dia- 
meters,  and  tbe  axis  supported  two  arms,  on  wbich  two 
leaden  weigbts  were  fixed,  tbeir  distances  being  variable 
at  pleasure.  Tbe  experiment  being  thus  arrangée!,  tbe 
same  force  produces,  in  the  same  time,  but  half  the  velocity, 
in  tbe  same  situation  of  the  weîghts,  when  the  thread  is  ap- 
plied  to  a  part  of  tbe  axis  of  half  the  diameter  :  and  if  the 
weigbts  are  removed  to  a  double  distance  from  the  axis, 
a  quadruple  force  will  be  required  in  order  to  produce  an 
equal  angular  velocity  in  a  given  time. 

340.  Définition.  "  350."  The  centre 
of  gyration  is  a  point,  into  which  if  ail  the 
particles  of  a  revolving  body  were  condensed, 
wîth  its  actual  velocity,  the  body  would  retain 
the  same  quantity  of  rotatory  power  ;  and 
the  radius  of  gyration  is  the  distance  of  this 
point  from  the  '  axis  of  motion. 

341.  Définition.  The  rotatory  inertia 
of  a  body  with  respect  to  any  given  axis,  is 
the  8um  of  ail  the  products  of  the  elementary 
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particles,  multiplied  by  the  squares  of  their 
distances  irom  that  axis. 

ScHOLiUM  1.  Conseqoently  Ihe  rotatory  ioertia  is 
equal  to  the  mass  multiplied  by  the  square  of  the  radius 
of  gyration,  Tbis  product  is  generally  called  on  the  con- 
tiuent  the^'  momentum  of  inertia,"  but  there  is  no  reason 
for  abandoning  the  Newtonian  acceptation  of  the  word 
momentum. 

ScHOLiUM  2.  The  éléments  and  the  squares  of  the 
distances  being  always  positive»  the  products  must  be  al- 
ways  positive,  and  any  addition  to  the  bulk  of  a  body, 
wherever  applied,  will  always  increase  the  rotatory  inertia. 

ScHOLiUM  3.  The  rotatory  inertia  will  generally  be 
différait  with  respeet  to  différent  axes,  but  the  varions 
cases  are  often  easily  deduced  from  each  other,  especially 
when  the  axes  are  paralleL] 

342.  Theorem.  If  .r,y,  and  z  be  the  ce- 
ordinates  of  the  centre  of  gravity  of  a  body, 
of  which  the  particles  are  subjected  to  the 
forces  P,  Q,  and  Jl,  acting  in  the  respective 
directions,  the  sum  of  the  quantities  relating 
to  ail  the  particles  being  denoted  by  the  cha- 
racteristic  S,  m  being  the  mass,  and  Dm  the 

particle,  we  shall  hâve  the  équations  m  ^= 
SPdwi,  m  ^=SQd«i,  and  m  '^::^SRwn.{A) 

The  fluxional  équations  of  the  progressive  and  rotatory 
motions  of  a  solid  body  may  easily  be  deduced  from  those 
wUoh  hâve  been  demonstrated  in  the  fifth  ciMipAer  ;  bat 
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their  importance  in  thc  System  of  the  worid  makes  it  con- 
venient  to  develope  them  somewhat  more  in  détail. 

If  the  coordinates  of  the  particie  Dm»,  referred  to  the 
centre  of  gravity,  be  y,  ^^  /,  so  that  its  whole  motion  is 
determined  by  the  sums  jr+j/»  y-^jf  and  2+2;";  ''the 
forces  destroyed  at  each  instant  in  the  particie  Dm,  in  the 
respective  directions,  considering  the  élément  of  the  time 
as  constant,  will  be 
ddjr  +  dda/ 


àt 


•Dm-f  Pd/Dm  r 


— — î^L SLom+Qd^Dm;  and 

dd«  +  ddr'  „-^ 

— ; Dm  +  Kd/Dm. 

d^ 

It  is  therefore  necessary'that  ail  the  forces  thus  destroyed 

should  be  in  eqailibrivm  with   each  other*'   [that  is,  as 

causes  and  effects]  :  and  that  the  sam  of  ail  the  forces  pa- 

rallel  to  any  given  axis,  shoald  yanish  (307)  :  hence  we 

bave  the  three  foUowing  équations 

Q  ddx+dda?'  «  _        -,  ddy  4-ddv'  «  ^ 

î> Dm=SPDm,  S — î21— - — -^  Dm=SQDm; 

d^  d^ 

and  S Dm=Sl{Dm.      Now  since  x,  y,   and  z 

df 

are  the  same  for  ail  the  partiales,  they  may   be  excluded 

from  the  qaantity  under  the  sign  S  ;    so  that  we  bave 

S  -; — Dm=m— r-7,...;  webave  also,  by  the  nature   of 
d<«  d*«  ^ 

the  centre   of  gravity    Sx'DmzzO,  ...  ;    consequently  S 
^^D«=0,S^Dm=0,andsi^Dm=0:  and  lastly 

m — -=:SPDm,  m-r^r:SQDm,  and  m  -r— =  S   'Ru  m. 
d**  d^*  di* 

Thèse  three  équations  détermine  the  motion  ef  the  centre 
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ofgravity  of  the  body,  and  being  analogous  to  the  équa- 
tions of  article  323  relaiiugto  a  System  offoodies. 

[ScHOLiUM.  Tbere  can  be  no  objection^  in  the  strictest 
geometrical  sensé,  to  the  employment  of  the  character  D 
to  dénote  the  élément  of  a  material  body,  as  we  bave  no 
évidence  to  make  it  necessary  to  suppose  that  the  particles 
of  matter  are  infinitely  small,  or  that  one  material  body  is 
ever  incommensurable  to  another  :  but  then  the  particular 
character  S  must  always  be  applied  to  the  corresponding 
intégral,  which  is  hère  an  actual  sum.] 

343.  Théo  REM.  Retaining  the  same  nota- 
tion, (342)  and  making  x\  y,  and  z'  the  or- 
dinates  of  the  particles  with  respect  to  the 
centre  of  gravi4;y,  we  hâve  also 


dt 
dt 


Dm=Sf(Rx' -  Pi')  dt  Dm=iN'; 


S  yd«^--g''^y  D„=  SfiRi/-  Qz')  dt  Dm=N".  (B) 

Since  it  is  necessary  for  the  equilibrium  of  a  solid  body, 
that  the  som  of  the  forces  parallel  to  x  multiplied  by  the  dis- 
tances of  their  lines  of  direction  from  the  axis  parallel  to  z, 
diminished  by  the  sum  of  the  forces  parallel  to  y  multiplied 
by  their  ^distances  from  the  same  axis,  should  vanish  :  we 
shall  bave 

S  I  (x+x')  Q-iy-¥t/)  P  ^  Dm  "  (1)"  :  and  tince 

S  (jrddy— yddx)  Dmzzm  (xddy — yàix),  **  [2J'  ;  and 
S  (Qx—  Py)  Dm=xSQDm— ySFDm,  "  [3J'  :  and  lastly 

R 
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S  (a/ddy+jcddy'— y^ddx— yddj/)  Diii=ddy  Sj/dw— ddx 
Sy^Diw+x  S  ddy^Dwi— y  Sdd/  Dm  ;  each  of  the  terms  of 
the  second  member  of  tbis  équation  being  equal  to  no- 
thing,   by  tbe  properties   of  the  centre  of  gravity,   the 

équation    **(!)"  will  become  S'^^^^T'/^^^vm^S  (Qi 

—  Pj^ivm),  since  the  parts  [2]  and  [3]  destroy  each  otber 
in  conséquence  of  the  équation  {jf)  of  the  preceding  pro- 
position ;  and  the  fluent  of  this  expression,  considered  with 

respect  to  the  time  ^,gives  us  S      ^  j.  ^ —  Diii=Sy  (Qa/ 

—  Pf/)  dtDm. 

ScHOLiUM  1.  Thèse  three  équations  include  the  prin- 
ciple  of  the  constancy  of  the  areas  described  ;  they  are  suf- 
ficient  to  détermine  the  rotatory  motion  of  the  body,  round 
its  centre  of  gravity,  and  iu  combination  with  the  three 
équations  of  the  preceding  proposition,  they  aflbrd  us  the 
complète  détermination  of  the  progressive  and  rotatory 
motion  of  the  body. 

SoHOLiUM  2.  If  the  body  is  attached  to  a  fixed  point 
with  liberty  to  move  round  it,  the  motions  may  be  deter- 
mined  by  means  of  this  proposition,  as  is  obvious  from 
article  308  ;  but  in  that  case  the  coordinates  y,  t/,  and  z' 
must  be  supposed  to  originate  at  that  point. 

344.  Définition.  The  three  principal 
axes  of  rotation  of  any  body  are  those,  with 
respect  to  which  the  three  sums  So^'y  Dm,  Saf' 
z'jym^  and  Sy'z'Dtn  vanish,  x\  y\  and  z'  being 
axes  moveable  with  the  body. 

[Sgholium  1.  If  the  body  revolve  about  jf\  the  sum 
Sjfjf'um  will  be  the  effect  of  the  centrifugal  force  of  ail 
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the  particles  Dm,  tending  to  turn  the  bpdy  about  7!\  since 
this  force  is  simply  as  the  distaDce  from  ^  (361)  ot  9&  »J 
(y"^+z"^,  but  wbcn  reduced  to  the  direction  ofy,  as  y" 
only,  acting  on  the  lever  a!'  ;  and  the  same  sum  will  ob- 
viously  be  the  rotatory  pressure  with  regard  to  the  same 
axis,  if  y  instead  of  x"  be  the  axis  of  rotation. 

ScHOLiUM  2.  The  rotatory  inertia,  with  respect  to 
thèse  three  axes,  is  S (a?"«+y'2)  Dm=  C,  S  {ûd'^'\-7!'^)Ym'=, 
B,  and  S(3^"«+2"^Dm=^  respectively. 

ScHOLiUM  3.  The  «vanescence  of  Sx"i/'Dm  and  Sj/' 
/'Dm  détermines  only  the  position  of  the  axis  x"  ;  but  when 
that  of  SyV'Dm  is  added,  it  obviously  gives  us  the  two 
necessary  conditions  with  respect  both  to  j/'  and  to  af\ 
since  we  bave  for  the  former  SyVDwinO  and  Sy'V'nm 
=0,  and  for  the  latter  S2'VDm=0,  and  Sz'y'D7w=0.] 

345.  TiiEOREM.  lî  a:\  y\  and  z\  parallel 
to  the  principal  axes  of  rotation  of  a  solid,  be 
the  coordinates  of  the  particle  Dm,  A  y  B,  and 
C,  the  rotatory  inertia  with  respect  to  thèse 
axes,  ô  the  angle  made  by  the  plane  of  a;''  and 
y"  with  that  of  a:  and  y,  f  the  distance  of  af' 
from  the  intersection,  and  ^  [that  of  or,  which 
is  also]  the  complément  of  the  angle  made 
with  s  by  the  projection  of  z''  on  the  same 
plane  ;  putting  dç>— d^'  cos  B=:pdt,  d4^  sin  e  sin 
*>— dô  cos  ^=gd/,  and  d4'  sin  o  cos  p-^de  sin  *>= 
rdtj  we  shall  hâve 

Aq  sin  &  sin  <p+Br  sin  e  cos  f—Cp  cos  ézn—N 
(Aq  cos  ^  sin  ^  + JBr  cos  ^  cos  p-^Cp  sin  0  cos  + 

R  3 
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+(Br  sin  <P—Aq  cos  ç)  sin  4^=— N' 
(Br  sin  9—Aq  cos  ^)  cos  4^  — {Aq  cos  6  sin  ^+ 
JBr  cos  ô  cos  ^+Cp  sin  ô)  sin  4^= — J^"; 
jVbeing=Sy(Q^— Py)dfDm,]V'=§/(E^— Py) 
d^Diw,  and  N"=^Sf{Ry—Qz')dtDm,  (343)  ;  and 
ar',  y,  and  z  being  the  coordinates,  referred  to 
the  centre  of  gravity,  and  parallel  to  Xj  y, 
and  z.  (C) 

We  hâve  first,  for  j/^  y  aud  z',  whicb  are  the  x,  y,  and 
c  of  article  324, 
a/=j/'  (cos  ô  sip  4/  sin  ^-|-cos  4^  cos  ^)+y"  (cos  ô  sin  4^  cos 

^— cos  4^  sin  ^)+z"  sin  9  sin  4^. 
yz:j/'  (cos  ô  cos  4^  sin  ç — sin  4^  cos  ^)+y'  cos  ô  cos  4^  cos 

^+5iu  4^  sin  ^)+z"  sin  ô  cos  4'- 
z'zzs^'  cos  ô — y"  sin  ô  cos  (f> — x"  sin  ô  sin  ^  :  [and  if  we  sub- 
stitute  for  thèse  équations,  in  order  to  shortcn  a  very  tedi- 
ous  réduction,  x'=aa:"-}-jSy"4-yz",y'=gx"4-Ey'4-^z";  and 
then,  in  order  to  obtain  the  value  of  x'dy'— y'dx'  (343), 
makc  da/=aVH-^y +  yV',  end  dy'zzS'a"  +  fy'4-^z",  we 
may  omit  in  tbe  products  ^11  the  terms  containing  x"y", 
x^V,  or  y"z",  since  their  sum  vanishes  for  the  whole  body, 
and  we  shall  obtain  a  resuit  in  the  form^ V^  -f  Rf^  +  CV'«, 
which  may  be  transformed  into  -J^ (^  +  C — A)  A+^{A'  + 
C—B')B+i{A  +  B--C)  C,  for  the  whole  body,  since 
il=S(y"«-fz"')Dm,  B=S  (3f'^-\-z''^)Dm,  and  Ci=S  {af'^+ 
j/'^Dm.     Now  for  x'dy'— y'dx',  we  hâve  aê'x"^  +  ^^y '«  4. 
y{'z"«-a'3ic"«— e'ey"^— y'f2"2,   and  A'=aS^-^a%  B-^b'— 
0i.  and  .C=y{'-y'f. 

Again, 
azicos  0  sin  4^  sin  ^  +  cos  4^  cos  ^ 
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an — àô,  sin  0  sin  4^  sin  ^-f  d4'.(cos  6  cos  ^  sin  ç — BÎn  ^ 
cos^) 

-fdf  .(cos  ê  sin  4^  cos  ^— cos  4^  sin  ci) 
S=cos  ô  cos  4"  sin  P — sin  4"  cos  ^ 

S^r: — dd.  sin  6  cos  4^  sin  ^ — d4'.(cos  0  sin  4^  sin^+oos  4^ 
cos^) 

+d^.(cos  ô  cos  4^  cos  ^— sin  4^  sin  ç) 
fizzcos  ê  sin  4^  cos  p — cos  4^  sin  p 

0ZZ — dd.  sin  ù  sin  ^  cos  ^+d4^.(cos  B  cos  4^  cos  ^+sin  4^ 
sin  p) 

— d^.  (cos  ê  sin  4^  sin  ^  +  cos  4^  cos  p) 
Ez:cos  B  cos  4^  cos  ^  +  sin  4^  sin  p 

«'= — dô.  sin  ù  cos  +  cos  p — d4'.  (cos  B  sin  +  cos  ^-^oos  + 
sin  p) 

— d^.  (cos  B  cos  +  sin  p — ^sin  4^  cos  p) 
7=sm  d  sin4' 

/=dd.  cos  B  sin  4'  +  d4'.  sin  B  cos  4^ 
(=8in  dcos  4" 

(zzAB.  cos  B  cos  4"— d^.  sin  B  sin  4^.     Hence 
C&ZZ — AB,  (sin  cos  B  sin  cos  ^  sin  ^  ^  -f  sin  B  cos  '  4^  sin  cos  p) 
— d^.  (cos  ^B  sin  ^^  sin  ^^  +  cos  B  sin  cos  4^  sin  cos  f -f 

cos  B  sin  cos  4^  sin  cos  f +  cos  ^^  cos  ^p) 
+  d^.  (cos  H  sin  cos  4^  sin  cos  ^ +cos  B  sin  '4"  sin  *^-f 
cos  B  cos  ^4"  cos  ^^  +  sin  cos  4^  sin  cos  p) 
â^S=:— dd.  (sin  cos  d  sin  cos  4^  sin  ^^— sin  B  sin  ^4"  sin  cos  p) 
+  d4'.  (cos  H  cos  ^4"  sin  ^p — cos  B  sin  cos  4^  sin  cos  f — 

cos  B  sin  cos  4^  sin  cos  f +  sin  ^  cos  ^p) 
-{•àp.  (cos  H  sin  cos  4^  sin  cos  ^— cos  B  cos  ^  sin  *p^ 
cos  d  sin  ^  cos  ^^-fsin  cos  4^  sin  cos  p) 
aS^ciZ'zz — dd.  sin  B  sin  cos  p 

— d4'.  (cos  H  sin  *p  -f  cos  ^p)  V  —  >|' 

-f  d^.  (cos  ô  sin  *p  +  cos  ô  cos  •^)  or  . .  -f     "" 
d^.  cos  B 
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P/zn—dù.  (sin  cos  6  sin  cos  +  cos  ^ç — sin  ù  <5ros«+  sin  cos^) 
— d+.  (cos  2ô  sin  ^^  cos  *^— cos  ù  sin  cos  4'  sin  cos  ^ 

— cos  ô  sin  cos  4^  sin  cos  ^ +oo8  ^  sin  V) 
— d^.  (cos  ^d  sin  cos  ^  sin  cos  ^-«cos  6  sin  ^4"  cos  *ç 
— cos  0  cos  *^  sin  *^  +  sin  cos  4'  sin  cos  ^) 
^err— dfl.  (sin  cos  d  sin  cos  ^  cos  *^4-sin  ô  sin  ^4^  sin  cos  f) 
+  d>)^.  (cos  ^d  COI  ^>)^  cos  ^p  +  cos  d  sin  cos  4^  sin  coi  f 

+  COS  ô  sin  cos  4^  sin  cos  ^4-sin  ^  sin  ^ç) 
— d^.  (cos  ^d  sin  cos  4'  sin  cos  ^-j-cos  ôcos  ^4^  cos  '^ 
+  COS  9  sin  24^  sin  2^  +  sin  cos  +  sin  cos  ç) 
fis^ffe^dô.  sin  0  sin  cos  ^  -v 

— d4..  (cos  «0  cos  «^  +  8in  2^)  >  =:B' 

+  d^.  cos  ô  (cos  «^  +  sin  «^)  or  . .  H-  d^.  cos  B  ' 
r^=dd.  sin  cos  ô  sin  cos  4^ 

— d4'«sin  «ô  sin«4' 
«y'f=dô.  sin  cos  d  sin  00^4^ 

-f  d4'.  sin  'dcos  ^4, 
7C—r':-—d^  sin  «ô=  C. 

Combining  thèse  results,  we  hâve  JB'  +  C — A':=:2d6.  sio 
dsincos^ — d4'(cos  *ôcos«^  +  sin  «^  +  siu  ^ô — cos'dsin  *ç 
— cos  •^)  or .  .d+  (cos  «ô  (1 — sin  «^— sin  «^)  +  sin  ^ç — 1 4- 
sin^^  +  sin  2ô)=d4<co3  «ô— 2cos  «ô  sin  «^  +  2  sin  «^ — 1  + 

8in«ô)=d4'^2sin«^(l— cos«ô)|=z2  d4'.  sin  «^  sin  «ô, 

and  ^  (jy  +  C^ — A')  A=:{dO.  sin  ô  sin  cos  <p — d4'.  sin  'ô  sin 
^*ç>)  A. 

If  we  subtract  this  from  C,  the  remainder  will  be  ^  {A' 
+  C — JB)=— dfl.  sin  0  sin  cos  ^  +  d4/,  (sin  «ô  sin  «^ — sin  «ô) 
;=•— dd,  sin  d  sin  cos  f — d4<.  sin  *ô  cos  ^^^  the  coefficient 
of  B. 

Snbtracting  the  same  qnantity  from  B*,  we  obtain  -J-  (Jf 
-f  5^—00= d4'.  (sin  «ô  sin  «^ — cos  «d  cos  *f — sin  *f)+df. 

DOS  6  zz  d4'.  j  —  cos  *ô  (sin  •^4-cos  «^)  ^  4-d^.  cos  0=— 
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d^.  C08  <d  +  (]^  cos6;  which  is  tbe  coefficient  of  C  io  the 
value  ofx^dy — j/dx\ 

We  bave  Dext  to  perform  a  similar  computation  for  the 
areas  a/dz' — zfdx^  and  y'dx' — z'dy'  :  and  the  same  charac- 
ters  may  again  be  employed  in  eacb  of  thèse  cases  with 
their  appropriate  significations:  half  of  tbem  retainingthe 
same  values. 

a  =  cos  9  sin  4^  sin  ^  +  cos  ^  cos  ç 
a::z  —  dO.  sin  6  sin  4"  sin  ^  +  d4^  (cos  ù  cos  ^  sin  ^—  sin  4^ 

cos^) 
-f  d^.  (cos  6  sin  4"  cos  ^— cos  4^  sin  ç) 
izz  —  sin  d  sin  p 

V:^  -^dù.  cos  6  sin  ^— d^.  sin  0  cos  ç 
$  r:  cos  d  sin  4"  cos  ^^cos  4^  sin  ç 
0ZZ  — dd.  sin  $  sin  4^  cos  ^  +  dif^  (cos  d  cos  4  cos  ç-^sin^ 

sin  ^) 

•— d^ .  (cos  6  sin  4^  sin  ^+cos  4  cos  ^) 
f  =:  —  sin  0  cos  f 

izz  —  dô.  cos  0  cos  ç  +  d^.  sin  6  sin  ^ 
y  =      sin  0  sin  i|r 

y'zz     dû.  cos  d  sin  4+d4«  sin  6  cos  4 
(  =      cos  0 
ffzi  —  dB.  sin  0 
a^z=  —  dd.(cos^d  sin  4  sin  *^-f  cos  9  cos  4^  sin  cos  f). 

—  d^.(sin  cos  9  sin  4"  sin  cos  ^ +sin  0  cos  4^  cos  'f  ) 
ciizi      dd.  sin  H  sin  4^  sin  V  —  ^^*  i?^^  cos  6  cos  4^  sin  V— 

sin  B  sin  4^  sin  cos  f  )-^d^  (sin  cos  6  sin  4^  sin  cos  f  — 

sin  6  cos  4"  sin^^) 
ay-^e^i^z  —  dB.  (sin  4"  sin  *f + cos  ê  cos  4^  sin  cos  f) 

+d4(sincos6co8  4' sinV  —  sin  fi  sin  ^^f^ 
sin  cos  f)  ,        "" 

—  df .  sin  fi  cos  4^ 
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j5f'=  —  dô.  (cos  *d  sin  ^  cos  *^— cos  9  cos  4^  sin  cos  p) 

+  d^.  (sin  cos  ô  sin  4^  sin  cos  f — sin  6  cos  ^  sin  *^) 
i^£=      dô.  sin  ^  sin  >^  cos  «^— dj. .  (sin  cos  ô  cos  4^  coa *?  + 
sin  6  sin  >P  sin  cos  ç) 
+  d^.  (sin  cos  ô  sin  4^  sin  cos  ^  +  sin  ô  cos  4^  cos  ^^) 
g/ — 0izz  —  iô.  (sin  4^  cos*  ^— cos  0  cos  4^  sin  cos  ^)  J 

+  d4<.(sin cosd  cos  4^  cos«^  +  sinô  sin  4^f  _  ^, 

sin  cos  ^)  ( 

— d^.  sin  6  cos  4^  J 

y{'  =  —  dd .  sin  ^  sin  4^ 
y'(  =       d9.  cos  *d  sin4'  +  d^»  sin  cos  d  cos  4^ 
yff — /f  n  —  dd .  sin  4'  *-d  4^  sin  cos  ù  cos  4'  =  C 

Hence  B'  +  C  —  A' = —iO.  (sin  4^  (cos  V— sin  «(p)— 
2  cos  6  cos  4"  sin  cos  p  +  sin  4^)  +  cl4< .  (sin  cos  0  cos  4^  (cos* 
f  — sin  *^)  +  2  sin  ô  sin  4^  sin  cos  ç  —  sin  cos  ô  cos  +)  =  — 
dô .  (2  sin  4^  cos  ^(p  —  2  cos  B  cos  4^  sin  cos  ç) — d4'  (2  sin  cos  ù 
cos  4^  sin  *  ^  — 2  sin  d  sin  4^  sin  cos  ç>),  balf  of  which  is  in  the 
coefficient  of  A  in  the  value  of  —  N\ 

For  that  of  B,  we  subtract  this  half  from  O,  and  ob- 
tain  —  dû  (sin  4^  (1  —  cos*^)4-cos  0  cos  4^  sin  cos  ^)+d  4^  (sin 
cos  B  cos  4^  (sin  *^ — 1)  —  sin  6  sin  4^  sin  cos  ç)zz  —  dO  (sin 
4^  sin  V  +  cos  ô  cos  4^  sin  cos  ç>) — d+  (sin  cos  ô  cos  +  cos  'f 
+  lin  0  sin  4"  sin  cos  ^):  and  subtracting  it  from  ff,  we 
hâve  d4'.  sin  cos  ù  cos  4^ —  d^ .  sin  d  cos  4^. 

It  is  easy  to  perceive  that  thèse  are  the  coefficients  ai- 
rekdy  assigned  for  the  value  of  N',  divided  by  dt:  for 
qdi  being  =  —  dd.  côs  ^  +  d4'*  sin  0  sin  ^,  we  bave  for  q 
cos  ù  sin  ç  cos  ^  —  q  cos  p  sin  4^»  —  dû.  (cos  ô  cos  4^  sin  cos 
f  —  sin  4"  cos  ^ç)  +  d4'. (sin  cos  ù  cos  4^  sin  ^ — sin  0  sin  4^ 
sin  cos  f)  ;  and,  since  rd^=dd .  sin  ^  +  d4'.  sin  û  cos  p,  for  r 
cos  B  cos  f  cos  1^  +  r  sin  ^  sin  4^,  dB .  (cos  B  cos  4^  sin  cos  f 
+  sin  4"  sin '?) + d4' .  (sin  cos  0  cos  4^  cos^+sin  6  sin  4^  sin 
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cos  p)  ;  and  pàt  being  =  — di^  cos  0  +  d^,  we  obtain  for  j^ 
sin  9  cos  ^,  —  dx^.  sin  cos  6  cos  i^+d^.  sin  d  cos  4^.    In  the 
last  place,  for  N'\ 
a=cosd  cos  4"  sin  ^  —  sin  i)^  cos  ^ 

0^=:  —  dû.  sin  ô  cos  ip  sin  ^  —  d^^»  (cos  d  sin  i|/  sin  f  4-CO8  ^ 
cos  ci) 
+d^.  (cos  d  cos  ^  cos  ^+8in  i|r  sin  ^) 
£=  —  sin  0  sin  ^ 

S^=: — à6  •  cos  0  sin  p — d^*  sin  6  cos  f 
0r=co8  d  cos  ip  cos  ^+sin  4"  sin  9 
0=z — dd.  sin  d  cos  4^008  p—d4^,  (cosd  sini^  cos^— cos^sin^) 

— d^.  (cos  0  cos  i)f  sin  p — sin  4^  cos  f) 
f= — sin  6  cos  ç 

f'=  — dô.  cos  ô  cos  iP+d^.  sin  0  sin  ^ 
7::=      sin  d  cos  4" 

y=:     dd*  cos  d  cos  4''*-'d4'.  sin  0  sin  4^ 
(zz      cos  $ 
{'= —  dô.  sin  6 
aiy^z — dû.  (cos  ^  cos  >^  sin  V — ^^^  6  sin  ip  sin  cos  ç) 

— d^.  (sin  cos  9  cos  4^  sin  cos  p — sin  9  sin  ^  cos'f) 
a^S=:      dd.  sin  ^9  cos  4^  sin  ^^  +  d4'  (sin  cos  9  sin  4^  sin  '^ + sin  6 

cos  4"  sin  cos  f) 
-^^•(sin  cos  9  cos  4^  sin  cos  ^+ sin  6  sin  4^  sin'^) 
«y — a'J=:— dô.  (cos  4^  sin*^ — cos  9  sin  4^  sin  cos  ç) 
-~d4'«  (sin  cos  d  sin  4^  sin  ^9 + sin  6  ces  4^ 

sin  cos  p) 
+  dp.  sin  d  sin  4" 
(5/=  —  d9.  (cos  ^9  cos  4^  cos  ^f + cos  9  sin  4^  sin  cos  ç) 

-fd^.  (sin  cos  9  cos  4^  sin  cos  ^  +  sin  0  sin  ^  sin  'f) 
08zr,     dL  sin  ^9  cos  4^  cos  ^f  +  d4^  (sin  cos  9  sin  4^  cos  '^ 
sin  9  cos  4"  sin  cos  f) 
-^dç.(8in C089  008 1^  sin  oos  9— «in  d  sic  4^  00e  *f) 


zzA' 


-—«ai 
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fft — 0ÊZZ — dd.  (cos  4"  cos  *f  +  C08  Bsin^f  sin  oos  ç 

— dif^.  (sin  cos  0  sin  +.  cos  *p— sin  tf  cos  4^  sin  f 

cos  ^) 
H-df.  sin  d  sin  4^ 

rf'z:  — d9.  sin  *fl  cos  ip 
y  (=:     dd.  cos  'd  cos  ifr— d^'.  sin  cos  6  sin  4^ 
y{' — y'f  = — d6.  cos  4^ + d^^  sin  cos  d  sin  4"  =  C' 

We  hâve  hère  B'  +  C?' — ^J'=  —  à9  (cos  4^  (cos  'f — sin  »f 
+l)+2  cos  9  sin  4^  wn  cos  ç) — d+  (sin  cos  6  sin  4^  (cos  *^ — 
sin*^ — 1) — 2sin  dcos4'8in  cos^)=:  —  dd(2cos4'COS*^  + 
2  cos  6  sin  4^  sin  cos  f)+d4'.  (2  sin  cos  9  sin  4^  sin  'f  2  sin 
9  cos  4"  sin  cos  ç)  twice  the  coefficient  of  A  ;  whence  we 
obtain,  as  before,  for  the  other  coefficients, — à9.  (cos  4^ 
sin  ^ — cos  9  sin  4^  sin  cos  çi)-¥à^.  (sin  cos  9  sin  ^  cos  ^p — 
sin  û  cos  4"  sin  cos  ci),  and — d4'.  sin  cos  0  sin  4^  +  àç.  sin  9 
sin  4^  ;  which  we  must  compare  with  — q  cos  ç  cos  +— g  cos 
9  sin  f  sin  4^,  with  r  sin  p  cos  4* — r  cos  9  cos  f  sin  4^»  and 
with — p  sin  6  sin  4"  respectively  :  of  thèse  the  first  becomes 
•f-  à9.  (cos  ^p  cos  4"  +  cos  9  sin  cos  p  sin  4^) — di^.  (sin  d  sin  cos 
p  cos  4'+sin  cos  9  sin  ^^  sin  i^),  the  second  d9.  (sin  ^p  cos  i^ 
—cos  0  sin  cos  p  sin  4^)  +  d4'.  (sin  9  sin  cos  p  cos  4^  —  sin 
cos  9  cos  '  p  sin  4^)  s^d  the  third  d4'.  sin  cos  d  sin  4"  —  ^f' 
sin  6  sin  4^  ;  agreeing  in  each  instance  with  the  réduction 
hère  detailed,  which  is  inserted  more  for  the  sake  of  pre- 
•erving  the  uniformity  of  System»  and  of  leaving  nothing 
nndemonstrated,  than  for  its  immédiate  importance  to  a 
«tndent.] 

346.  Theorem.  Retaining  the  notation 
of  the  last  propositions»  and  making  4.  infi- 
nitely  small,  or  x  infinitely  near  to  the  plane 
of  oT  and  y',  putting  alsQ  Cp^^j/^  Aq:^^^  and 
Br^r\  we  obtain  the  équations 
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dp'+--j^  q'ràtzzdN.  cos  a_d  N'.  sin  0  ; 

dg'+-^^/pdt:=:^(dN.  sin  «+dN'cos  0)  sînf + 

dN''.  cos  p  ; 


d/  +  - 


^~C 


Ac  'Pgdt=-{dN.sm9+dN\cos6)cosp^ 

dW.  sîn  ^.  (D) 

The  équations  for  iV  afford  us,  by  taking  their  floxiona,  / 
when  sin  4^=0,  and  cos  4^=1, 

àO.  cos  6  (Br  cos  p  +  Aq  sin  p)  +  sin  d.d  (£r  cos  f  +  Aq 
sin  ^)  —  d  {Cp  cos  ô)  =  —  diV; 

dif^.  (Br  sin  ^—  -Aç  cos  ^)— dd.  sin  ô  (Br  cos  ^4-  ity  sinf) 
+  cos  d  d  (Br  cos  ^  +  u4ç  sin  ^)-|-d  (CJp  sin  0)= — dJT; 
d  {Br.  sin  ^ — -4ç  cos  ç)  —  i-^.  cos  d  (Br  cos  ^+il}  sin  ^) 
— Cpd  4^  sin  d  =  —  d^T''. 

Hence  we  bave  [d  A'",  cos  d= — dô.  cos  'ô  {Br  cos  f +ii9 
sin^) — sin  cos  ô .  d  (Br  cos^  +  ^jr  sinp)-f-coB  ô.  d  (C|>cobI), 
and— dJT.  sin  ô= —  dô  .  sin  H  (Br  cos  ^  +  Aq  sin  ^)+  sin 
cos  9 .  d  {Br  cos  ^  +  Jf  j  sin  ^)+sin  Q .  d  {Cp  sin  d)  +  d4^. 
sin  9  (  Br  sin  ^ — Jq  cos  ^),  and  adding  thèse  together» 
the  sum  wiU  be  — dô  {Br  cos  ^+-4?  sin  f +  d  (Cjp)  H-d^'. 
sin  ô  {Br  sin  ^—  Jç  cos  ^)  -f  d  {Cp)'=:Br  (sin  J  sin  f .  d^^»' 
cos  ^ .  àS) — Aq  (sin  ^  .  d^+ sin  0  cos  q> .  d4')=Brgd^ — Aqràt 
+  d^,  and  dp'+  {B—A)  qrAizz^  d  ^.  cos  B  —  diV'.  sm  9 

r:dp'+  ^    JT     .gVd^    In  the  next  place  [ — d^.  sin  9 
AB 

sin  f =dd  .  sin  cos  d  sin  ^  (Br  cos  f-k-Aq  sin  ^)+sin*9  sin 

f .  d  (Br  cos  f-^-Aq  sin  ^)--sin  0  sin  f  •  d  (Q>  cos  6)  ;— dZV'. 

coft  d  sin  ^=: —  dd  .  sin  cos  9  sin  ^  {Br  cos  9+ilgr  sin  ^)4- 

diff .  cos  È  sin  ^  (Br  sin  ^ — ^jr  cos  f)  +  cos  H  sin  ^  •  d  {Br 

cos  f +^9sin^)4-cosdsin^.d(C^sind);-f  diV''  cos  f^ 

di)f .  coB  0  cos  9  (Br  oos  ^4- il?  sin  ^)— cos  ^.d  (Br  sin  f 
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-^Aq  cos  ç)  +  Cpd^  sin  G  cos  ^  ;  tbe  sum  of  which  is  sin  f. 
à  {Br  cos  ç+Aq  sin  ^) — cos  ^.d  (J3r  sin  ^ — Aq  cos  ^)-f 

cld.(8iii^d  +  cos ^).  sin^  Cp  +  d^  j  cos d  sin  ^  {Br  sin 

ilg  cos  ^)+cos  6  cos  ^  (£r  cos  p+Aq  sin  ^)  ?  +  C/>d  4^ 

sin  6  cos  ^= — Brà  p  +  à  (Aq)  +dd  .  sin  f  Cp  +  d^^  (cos  d 
J5r  +'Cp  sin  ô  cos  ^  =  dj^  +  Q>  (d6.  sin  ^  +  d+.  sin  9  cos 

f)— Br(d^— d+.  cos  ff)=:d^ -{-{Cpr—Btp)  d<=]  dî'+"^«- 

fyd^=:— (dN sin  ô+dJV  cos  ô)  sin  f +dW"  cos  ç.  Lasily 
[( — dN.  sin  ù  cos  ^=dd.  sin  cos  6  cos  ^  (Br  cos  f+Aq  sin  ^) 
+sin  <d  cos  ^.d  (£r  cos  f-\-Aq  sin  ^)— sin  0  cos  f  d  (C]p  cos 
t)  ; — d  JV^'.  cos  6  cos  f = — dô.  sin  cos  ô  cos  (p  (Br  cos  ç+Aq 
sin  f)+d4^  cos  ù  cos  ^  (£r  sin^ — Aq  cos  ^)+cos^  ù  cos  fd 
(Brcos  f+Aq  sin  ^  +  cos  d  cos  ^.d  {Cp  sin  ô);  and — dJV" 
sin  ^=: — d^'  cos  ô  sin  ^  {Br  cos  ç>'\-Aq  sin  ^)+sin  pd  (Br 
sin  P'^Aq  cos  ^) — C^d  ^  sin  d  sin  ^  ;  and  adding  thèse 
together  we  bave  cos  ^.d  (Br  cos  ^•\-Aq  sin  p)  —  cos  ^.d^. 

Cp  +  di^  cos  ô  ^  cos  ^  {Br  sin  f  —  J  j  cos  f)  —  sin  ç  {Br 

cos  f+Aq  sin  ^)  ^  +sin  ^d  (Br  sin  f — Aq  cos  ^)  —  Cp.d^ 

sin  Ô  sin  ^=d  (Br)+^î.d^+cos  p.àO,  Cp—d^i^.  cos  ùAq 
+  Cp  d4^  sin  6  sin  ^ —  d/  +  Aq  {dç  —  d'^  cos  6) — Cp 
(d4f  sin  ù  sin  ^  —  dô  cos  ç)zz  d/  +  Aqpdt  —  Cpdt  =:  ] 

d/+  ^-^  p'^dtz^-(dN  sin  ù^dN'  cos  ô)  cos  ^— AW" 

sin  ^. 

ScHOLiUM.  Thèse  three  équations  are  very  convenient 
for  the  computation  of  the  rotatory  motion  of  a  body,  wben 
it  tams  Tery  nearly  ronnd  one  of  its  principal  axes,  which 
il  the  case  with  the  rotations  of  the  heavenly  bodies. 
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§  27.  Of  the  principal  axes  of  rotation.  In  générai 
a  hody  has  only  onê  System  of  principal  axes.  Of 
[rotatory]  inertia.  The  greatest  and  least  inertia  belong 
to  the  principal  axes,  and  the  least  ofall  belongs  to  one  of 
the  three  principal  axes  passing  through  the  centre  of 
gravity.  Case  in  which  there  is  an  infinity  of  principal 
axes.     P.  73. 

347.  Theorem.  Every  material  body  has 
at  least  three  principal  axes  of  rotation,  at 
right  angles  to  each  other. 

In  order  to  détermine  the  âitoation  of  the  axes  of  y^, 
and  a^\  in  such  a  manner  as  to  agrée  with  the   conditions 
of  the  définition  (344)  we  hâve  (324  Cor.) 
x!'z=.xf  (cos  ô  sin  4'  sin  ^  -f-  cos  -^  cos  ^) 

-f  y  (cos  d  cos  4'  sin  (p — sin  4^  sin  ^) — z^sin  ô  sin  f  ; 
j/':=:z!  (cos  è  sin  ^  cos  ç — cos  ^  sin  ^) 

+y'(cos  ô  cos  4*  cos  ^-hsin  +  sin  p) — 2'  sin  ô  cos  ^; 
/'zzj/  sin  ù  sin  J'-l-y'  sin  ô  cos  4^+2'  cos  ô.      Hence    wc 

readily  obtain 
a/'  cos  ^ — j/'  sin  ^=a^cos>^— j^  sin  ^ 
J'  sin  ^+y  cos (pzix'  cos  ô  sin 4<+y  cos  ô  cos  4^ — 7I  sin  ô. 

If  we  now  put  Sx'^Dm  ==  aS  S/^pni— 6-,  Sz'2Dm=c*  ; 
Sjf'i/iim:=:f,  Sx^z'Dmzng,  Sy'z'Dm^iA,  we  shall  hâve  Ssf'z^ 
Dm.  cos  ç — Sj/'z"Dm  sin  ^=[S  (x'^  sin  ô  sin  cos  '\^-\-a!\f 
sin  ô  cos  *+-|-a:V  cos  ô  cos  4^ — od^  sin  ô  sin  *+ — y'^  sin  ô  sin 
cos  4. — 1/2!  cos  fl  sin  4^)  Dw=:]  (a^ — 6-)  sin  ô  sin  cos  -^  -V  f 
sin  ô  (cos*4'— sin  ^)  +cos  ô  (y  cos4^^A  sin  +);  S  a/'z^Dm. 
sin  ^  +  Sy'VDm.  cos  ^  =  S  {x'^  sin  cos  9  sin*  +  +  Jp'y'  sin 
cos  0  sin  cos  4^  +  v!^  cos^  d  sin  ^-{-xfj/  sin  cos  d  sin  cos  4^+ 
y'*  sin  cos  ô  cos  *+  +  y^^  cos  H  cos  4^ — a?'z'  sin  *d  sin  +  — 
yV  sin  •ô  cos  +— z'*  sin  cos  6)  Dm]=sin  coi  ù  (a*  sin'  4^  + 
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i» cos «4.  —  c^+^sin cos ^)  +  (cos «fi— sin «d).  {g  sin^  +h 
008  4^). 

Now  since  the  Grst  members  of  each  of  thèse  équations 
mast  yanish,  the  second  will  vanish  aiso,  and  we  hâve  sin  6 

<  (a* — h^  sin  1^  cos  i|/+/(cos  ^^ — sin  «4.)= cos  0  {h  sin  ^ — g 

cos  4d»  consequently  ~—  =: 

cos  V 

h  sin  4^ — g  cos  1^ 


,,        ^  — -  ;  and fsince  sin  cos  6 

(a*— i«)  sm  cos  +  +  /(cos  «4.— sin  «4.)  ^ 

(tf«  sin  «4^4- J«  cos  «4.  — c«  -f  !^s^n  cos  +)  =  sin  «d— cos  «d 

(jf  sin  4"+^  cos  4')»  whence 

o*sin  V-f  y  cos  «4.— c«-f  2/'sin  4^  cos  4._sin  fi       cos  9 
jT  sin  1^+A  cos  4"  cos  fi      sin  fi' 

8abstîtutinffi«fortanfi:4'= r>havinffdividedby = 

cos  +  cos  4^ 

cos  4^     g*  sin  »  4^  4-  b^  cos  «  4^ —  c«  +  2/*  sin  4.  cos  4^  _ 

Att— y            ;__  j  (gg— ftg)ii+/(l— M^)  j  cos«+ 
(a«-4«)ii+/(l-i««)  Â^iZ;^ '^^ 

(a<8iD<4.  +  6«  cos«4- — c«  +2/'sin  cos4^)  ^  (a«—  6«)  «  +  / (1— 
tt«)J(Au-g)=(Ai«-5r)«(5rtttA)— J(a«  — i>+/(l_t«2)|« 
co8*4.(^+A);  or  0=(gw+A).  (Am— g)«_y(a«_j«),i^y' 
(1— ii«)J(  J(a«— 6«)u-f/(l— tt«)|cos  24,(^1^4.^)  ^  (^, 

rin  H+i*  cos«4^c«+2/sin  0084^)^  Ak— ^  ^  V  in  which 

tiie  latter  part  becomes — c«  (Au— g)+a«  (m  cos  24,  (gu  +  h) 
•f8in  ^  (A»— g)— i«  (u  oos  «4^  (srtt+ A)— c6s  «4^  (Am— ^)  +/ 

^(1— ii^co8SK^+A)+2 sin  cos  4'(Au— g)  |  =  ^(^(hu—g) 
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+  ^  ( JW*  cos  »4.  +  Au  cos  '4- + Ai*  sin  *4 — J  sin  N-)^**  (jW* 
008  "tj-  +  Au  cos*<J. — Au  cos  'ij-+  g  cos  S-)  -^fig^  <"*«  *+ 
— gu'cos  *4-+Acos  'ip — Au  'cos  V+2  Auniii  co3i|.  —  3g 
sin  cos  4.)=— c«(Aii— y)  +  a*  (Au)— 6«{y) +/(— g«+A), 
vheoce  the  wbole  équation  vill  be]  0  =  (yit+A).  (Au — gf 
+   J(a«— i«).u  +/  (I— u»)  j.J(Ac*— Ao«+/y)  M  +  j  i« 


-ffc'-A/}- 


By  Bolving  this  cubio  équation,  we  may  alwàys  fiod  a 
Talue  of  u,  such  that  both  cos  p  S^'^'om — sin  f  Sy"**!)!» 
and  sin  f  8:^z"Dm  +  co*  f  SyVDm  may  vanish  ;  conse- 
qaently  their  squares  and  the  snm  of  their  squares  (Sx"V 
Dmf  +iS^'irDmf  will  vanisb,  and  each  of  tbese  intégrais 
mnst  vanisb  separately. 

Haviog  found  the  angles  4-  and  8  (rom  this  compntatioD, 
ve  may  detennioe  f  by  means  of  the  value  of  SyyDst, 
which  may  be  obtained  in  terms  of  the  angles  S  and  4'>  and 
of  a',  b*,  c*.  f,  g  and  A,  and  makiog  this  expression  vanisb, 

ve  shall  bave  the  value  of :—-—^^\iaxxe:^\,ava^ 

oos'^p — sm»p     *       *      ■■ 

3  sin  cos  ^=8in  2p,  and    (I — 4sin  •  cos'p)=cos^=;  (\—^ 

àa  'p  (1 — sin*f )  =  1—4  sin  *ç  +4  sin  *p=  (1—2  sin<ip)»  = 

(cos  •(! — Bin*p)*]. 

By  thèse  means  ire  may  find  the  angles  0,  <]>,  and  p,  SQch 

as  to  make  Siï''y"Dm=0,   Sx"z"Dm=0,  and  Sy"2"iM»=0. 

It  might  indeed  be  expected  that  the  équation  of  tbe  third 

degree  wonld  afibrd  three  values  of  u,  and  three  Systems  of 

axes;  {ainoe  Jn  gênerai  the  équation  {x — à).(x — b)4,x — e) 

=0  most  vanish  wben  x  is  equal  to  a,  to  6  or  c;]  but  ve 

must  observe  that  uis  tbe  tangent  ofthe  angle  i^  formed  by 

s  vith  the  intemection  of  tbe  tvo  fîrst  planes,  and  ag  tbera 

il  no  condition  to  distiognisb  the  plane  of  x"  and  y^  from 
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tiie  planes  o(x^'  and  z''  and  ofy"  and  :^\  the  solution  most 
be  equally  applicable  to  the  three  intersections  formed  by 
the  plane  of  x  and  y  with  the  three  principal  planes  of  the 
body  respectively  :  hence  it  foUows  that  ail  the  three  roots 
of  the  équation  are  possible,  and  that  they  détermine  in  ail 
cases  the  same  System  of  three  axes  in  the  body  :  [although,  / 
asEuler  observes,  it  would  be  difficult  to  demonstrate,  from 
a  direct  considération  of  the  équation,  that  ail  its  roots  must 
necessarily  be  possible.] 

348.  CoROLLARY.  If  O  be  the  rotatory 
inertia  with  respect  to  the  axis  z\  we  shall 
find  C'=  A  sin  'e  sin  V  +  JB  sin  ^e  cos  '^  +  C 
cos  •». 

This  may  be  shown  by  substituting  the  values  of  or'  and  j/ 
in  the  expression  C=:S(jr'*  +y*)D7w[  ;  or  rather  in  CzzS 

5  (jf'i  ^.y"«  ^.jg/'f)— /«  i  Dfn,  which  is  equal  to  it,  zf*  being 

=jc"«  cos  «ô4-y"*  sin  *ô  cos  «^4-j"«  sin  «ô  sin  «^;  since 
ail  the  products  of  the  cross  multiplications  vanish  in  the 

intégral,  and  C=s|a/'«  (1— sin  «Ô  sin  «?>)+y"2  (1— sin«d 

cos  *f)   +  z"*  (1  —  cos   *ô)  >  Dm,  whence,  by  adding  to- 

gether  two  of  the  coe£5cients,  and  subtracting  the  third, 
as  in  article  345,  we  bave  sin  *ô(sin  ^ç — cos  «^)4-sin  *ô=: 
sin  ^6  (2  sin  ^ç — 1  +1)  and  half  this,  or  sin  ^ç  sin  %  is  the 
coefficient  ofJ.;  hence  we  hâve,  secondly,  sin  *d — sin '^ 
sin  <0=sin'd  cos  ^f;  and  thirdly,  l —  sin  ^ù  cos  *f — sin  ^ 
sin  ^fzzl —  sin  ^6=  cos  ^6  for  the  coefficient  of  C.]. 

SCHOLIUM.  The  qnantities  sin  'ù  sin  ^(p,  sin  ^û  cos  ^, 
and  cos  %  are  the  squares  of  the  cosines  of  the  angles  made 
by  gf  with  c^',  f/\  and  t^  :  [for  with  respect  to  gf\  it  is  Ob' 
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tisDB  thu  the  Éngle  0  ht 
eqtta)  to  (be  aii^fe  fortnéd 
Irf  Ikt  twoaX0»p«rpe&£e«- 
lar  to  the  planes  of  which  it 
ù  the  inclinatioa;  and  the 
\  projection  of  s'en  the  eqaa- 
torkil  plane  ùf  the  b«d;,  or 
on  tbatof*"aiirfy",  bciDgz* 
sio  9,  anJ  tbe  perpendicutars  ftiHing  from  its  extremi^,  on 
^  And  on  y,  z'  sin  i  ain  f  and  z'  sin  S  ces  p  respectlvelyt 
ttese  pefpendicatars  will  bo  tbe  cosities  of  tbe  angles 
f«nned  with  /,  when  z*  ts  t&e  radius.    ] 

SciroLIOH'  2.  Hence  it  Tollows  in  gênerai,  tbat  if  we 
maltiply  tbe  rotator^  ioertia  belooging  to  eacb  principal' 
axis  by  tbe  sqnare  of  tbe  cosine  of  tbe  angle  wbich  it 
makes  «itb  any  other  axis,  tbe  sum  of  tbe  three  pn>- 
ducts  vil)  be  tbe  rotatory  inertta  wîlb  respect  to  tbis  àxis. 

349.  C0R0LI.AEY  2,  The  greatest  and 
the  least  rotatory  inertia  beloug  to  two  of  the 
principal  axes  of  rotation. 

For  the  qaantity  C  is  always  less  tban  tbe  greateat  of 
the  tbree  qaantities  A,  B,  and  C,  [,  because  their  joint  co- 
efficients are  always  eqaal  to  unity]  ;  it  is  also  greater  than 
tbe  smallestk  for  a  similar  reasoD. 

350.  CoEOLLART  3.  Thc  minimum  of 
rotatory  inertia  belongs  to  one  of  the  principal 
axes  passing  through  the  centre  of  gravity. 

Let  the  coordinates  of  the  oentre  of  gravity,  reckoned 
from  tbe  common  origia  at  the  centre  of  motion  be  X,  Y, 
and  Z,  theo  the  coordinates  of  tbe  poirtiele  din  as  Afemd 


iôS         CfiLESTIAL    MECHANICS.   I.  VU.  Vf. 

to  tfae  centre  of  gravity,  will  be  a/ — X,  %f — Y,  and  / — Z\ 
conseqnently  the  rotatory  inertia  with  respect  to  an  axîi 
parallel  to  z^,  and  passing  throagh  the  centre  of  gravity» 

willbeS  ^(^c^— X)»+(y'— yy|.Dm;   now,  by  the  pro- 

perties  of  the  centre  of  gravity  we  bave  SjfDnfzzmXf  and 
S  %/DmzzmY\  consequenUy  S(j:^«-2a:'X  +  X«+/*— SyT 
—  r*).Dm=— m(XHr*)+S(yHy'*).Dw[.Xand  Fbe- 
ing  invariable  in  the  intégration].  We  may  thus  obtain 
the  rotatory  inertia  of  the  solid  with  regard  to  an  axis  pas- 
sing through  any  point  whatever,  when  it  is  known  with 
regard  to  the  axes  passing  through  the  centre  of  gravity^ 
and  it  is  obvions  that  [when  X  and  Y  vanish,  and  the 
centres  of  motion  and  of  gravity  coincide,  the  rotatory 
inertia  with  respect  to  the  centre  of  motion  is  only  equal 
to  that  which  belongs  to  the  centre  of  gravity,  exceeding  it 
in  other  cases  by  m  (X^4-  Y^\  so  that]  the  minimum  of  the 
rotatory  inertia  takes  place  with  respect  to  one  of  the  prin- 
cipal axes  passing  through  the  centre  of  gravity. 

351.  Theorem.  If  the  rotatory  inertia 
with  respect  to  two  of  the  principal  axes  of  a 
solid  îs  of  equal  magnitude,  it  will  also  be  the 
same  for  any  other  axis  situated  in  the  same 
plane  with  them. 

If  yi=B,  we  bave  Cz=,A  sin  H  sin  V  +  -B  sin  ^  cos  V 
+  Ccos*^=ji  sin  *d-fCcos*d;  and  whenever  the  new 
axis  z^  is  in  the  plane  of  jif'  and  y\  it  forms  a  right  angle 
with  /',  and  C=^. 

It  is  easy  to  understand  that  in  this  case,  for  the  axis  x^ 
and  for  any  two  j<,  and  y^,  that  are  perpendicular  to  it»  we 
haT0  SjryDm=0,  Sâ/x^'om^O,  and   S  yi^'Dm=:0,   for 
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taking  i"  end  y"  for  the  two  given  principal  axes,  we  hâve 
by  the  snp  loi.ition  S(x"'+z"')D»»=S(y"*+z"*)D«,  whenM 
S*^Din=Sy^Dni:  now  if  i  be  tho  angle  made  by  ar"  and 
ar",  we  sbalt  hâve,  as  in  article  324,  j/^x''  cos  t+y  sia  i, 
y=y"  cos  (  -x"  BJn  t,  whence  Sj/^am  ~  Sx"y"D»i  (cos't 
— 8in'f)  +  S(y"* — j''*)Dm  sin  cos  i=0.  And  in  Ibe  same 
manneritmay  bcsbown  tlta^SaVonirrO,  and  Sy's''otn=0; 
ao  tfaat  ail  the  axes  perpendicular  tu  s"  will  be  principal 
axes;  and  their  uumbcr  will  be  uulimited. 

352.  CoROLLARV.  ÎÏA=B=C,  we  hâve 
in  gênerai  C'=^,  and  the  rotatory  inertia  is 
equal  for  every  axis. 

We  bave  bere  S  x'y'Dffi^O,  S:!^z'Dm=0,  SyVDm=0 
whatever  may  be  the  position  of  the  axes  x'  and  y",  so  tbat 
«11  tbe  linea  paasing  tfarough  the  centre  al'  gravity  are 
principal  axes.  This  is  tbe  case  with  the  sphère,  and  we 
sball  hereafter  &nd  tbat  the  property  belongs  to  an  infinité 
namber  of  other  solids,  of  whlch  the  génotal  équation  will 
be  demonstrated. 

§  28.  Invesliffation  ofthe  momentary  asis  of  rotation  of 
a  hody:  the  quantities,  which  determiiw  itspotUion  viith 
respect  to  tke  principal  axes,  give  at  the  tàme  txme  the 
velocity  of  rotation.     P.  79. 

353.  Theorem.  There  is always  one  axis 
at  rest,  in  every  body  of  which  any  point  is  at 
rest,  although  the  same  axis  may  only  be  at 
rest  for  a  moment. 

[We  may  readily  concnve  the  nature  of  a  momentary  . 
axis,  by  considorîng  tbat  a  rolling  cylinder  revolves  roaod 
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every  Une  of  its  snriaoe  in  succession  as  an  axis  ;  but  io 
more  complicated  cases  it  is  not  so  obvions,  witbout  a  de- 
monstration,  that  the  vhole  of  some  one  Une  mnst  neces- 
aarily  be  ai  rest  at  each  instant  Now]  the  quantities  p^ 
q,  r,  which  bave  been  introduced  into  the  équations  (C) 
(345),  are  remarkable  for  affording  the  situation  of  the  true 
momentary  axis  of  rotation  with  regard  to  the  principal 
axes.  For  if  we  take  the  fluxions  of  the  values  of  af,  jf, 
and  z^  (345  or  324)  and  make  them  vanish,  and  afterwards 
take  also  4^=0,  which  is  always  allowabie,  sînce  the  posi- 
tion of  the  fixed  ordinates  is  whoUy  arbitrary,  we  shaU 
bave,  [retaioing  the  notation  of  article  345,  dsfzzaW'+ffjf' 

+V2r.  and  d/=8'y'+fy  +  C2\  or  dx'=  j^i—dB .  sin  9 
sin  4*  sin  ^+d4'.(cos  0  cos  4^  sin  f — sin  4^  cos  ^)+d^.(cos  ê 
sin  4^  cos  ^-— cos  +  sin  ç)  >  +y"  <  — dô .  sin  6  sin  4*  cos  f + 
d4'  •  (cos  9  cos  4"  cos  ^+ sin  4^  sin  ç>) — d^  •  (cos  9  sin  4^  sin  ^ 

-f-cos  4^  cos  ç)  >  +a:"(d^ .  cos  6  sin  4^4- ^4*  .  sin  9  cos  4*);  or 

putting  4'=0,]  daf=:/Xd^ .  cos  9  sin  <p — d^  .  sin  ^)+/'(d4.. 
cos  9  cos  ^— d^.  cos  f,  4-z"(d4' .  sin  ô)z=0.  In  the  same 
manner  we  obtain  dy= 

j/'(— dfl.sin  ôsin  f — d4'.cos^+d^.cos  d  cos  ç)+j/X — dd. 

sin  9  cos  ^  +  d4'  .  sin  ^ —  dp  ,  cos  9  sin  ç)+z^d9 . 

cos  9=0;  and  d:^zz 
jc^(— dô .  cos  9  sin  ^— d^  .  sin  9  cos  ^)+y"(— dô .  cos  9  cos  p 

+d^ .  sin  dsin  ?)+«"( — d9.  sin  ô)=0. 
If  we  multiply  the  first  of  thèse  équations  by — sin  p,  the 
second  by  cos  9  cos  ç,  and  the  tbird  by  — sin  9  cos  ^,  and 
then  add  them  together,  we  obtain 

[^>  — d^sin  cos d  sin  cos  ^— sin  cos  9  sin  cos  ç) 
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— di)'.(cos  Asiu  V+*='>B  '  <^0B  *f) 
+df  .(sin  V+coB  *S  cos  V+sin  *i  cos  V)  J  + 
^'  ^  — d0.(sin  cos  9co9  *p — sin  cos  9  cos  'p) 
— ()it.(coa  S  sin  cos  9 — cos  (sin  cos  p) 
+df.(8iii  cos  9— cos  *9  sin  cos  ^ — sin  *6  sin  cos  9)  >  + 
z"  ?  dS.(cos  *B  oos  f +Bin  *i  cos  f  ) 
— dit-  -  BÎD  0  sin  7  >  = 

*"(— dij. .  cos9+d9)+z"(dfl.oo8  p— d*  sin  flBinp)=d*.Xf^ 
-qz")=0. 

Secondly,  multiplyiog  tbe  firat  eqoatiôn  by  oos  f,  Ibe 
second  by  cos  0  sin  f,  and  the  third  by  — sic  S  sio  f ,  we 
bave 
[x"^  dâ.( — sin  cos  9  sin  *9+8in  coa  0sin  *fi) 

+di^.(cos  S  sin  cos  p — coa  B  sin  cos  p) 

+d9.(— sin coaf+GOs'J sin cosf+sÎD 'Sain oosf)  >  + 
y"  }  d9.(— sin  cos  0  sin  COS  9+sincos0sin  oosf) 

+dft<coa  6  cos  *p+eta  9  sin  *p) 

+d^— cos  *p — cos 'A  sin  '9— sin  "fl  sin  V)  j  + 
X*  }  dS.(co8  *A  sin  9+sin  *t  sin  9) 

+d4>  .sinSoos^  >  = 

y"(di^.oo8S— d^)+z"(dtjiii  9    dj-sinA  oos  9)=(— py'-f 
riOd(=:0;  and] py*— ra:"=0. 
Lutly,  if  wa  malt^tl;  tiie  Mcond  eqnatioD  bj  sin  I;  ami 
ihe  third  by  oos  6,  and  add  tbem  together,  or  more  simply. 
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[if  we  multiply  fy!* — çz"  by  r,  and  py" — rii'  by  j,  we  bave 
prsi' — jfrz"=:0  and  jt;^^'— jrz"=0;  wbencei  by  subtrao 
tion,]  qif-^raf^'ziQ.  Thus  Ihe  evanescence  of  the  three 
fluxions  is  reduced  to  the  two  conditions  pai'zzqT!',  and 
py":=irz'\  'which  belong  to  a  right  Une,  forming  angles  with 

x'\  y,  and  z"  of  wliicb  the  cosines  are  — tt-ttcTTïx» 


r 


^(^.+5.4:;3).  «°d  ^(p«.r^»+^)  '  consequenlly  thi»  line 

is  at  rest,  and  forms  the  true  momentary  axis  of  rotation» 

since  the  équations  hold  good  equally  with  respect  to  ail 
its  pobts,  whatever  may  be  the  actnal  magnitade  of  theîr 
coordinates  y,  y\  and  z\ 

354.  Theorem.  Retaining  the  notation 
of  article  345,  the  angular  velocity  of  rotation 
is  ^  {p''^q^'^r^)^ 

We  may  consider  the  motion  of  a  point  so  situated, 
that  2^^  may  be  1,  y^=:0,  and  y"=0;  we  shall  then  bave 
the  velocity  of  this  point,  in  the  directions  of  x%  %Jy  and  z', 
by  dividing  the  respective  fluxions  by  d^  and  we  shall  thus 

obtain-T — sin  ô,  --—  cos  ô,  and—- — sin  ô  respectively;  con- 
d/  At  d^ 

sequently  the  whole  velocity  of  the  point  in  question  will 

be-^^-^^ 1-r-I ^  z=  >/(g*+r2)[,  smce  jd^=:d>^sm  ôsin 

^ — dô  cos  ^,  and  rd^zid^'  sin  ô  cos  ^  +  dô  sin  ^].  Now 
dividing  this  velocity  by  the  distance  of  the  point  in  ques- 
tion from  the  momentary  axis  of  rotation,  which  is  evi- 
dently  the  sine  of  the  angle  made  by  that  axis  with  /^,  of 

.V  /;    ,  .   -^  is  the  cosine,  tbat  is,  by  J  ■  '     ^, 


OF   THK    MOTIONS    OF    A    SOLID    BODT.      263 

we  flhall  bave  «/i^+q^+r')  for  tbe  an^lar  volocity  of 
rotation. 

ScHOLiUM.  Itis  obvious  that  the  quantities  p,  j,  and 
r,  of  wbicb  the  détermination  is  extremely  important  in  ail 
inquiries  respecting  rotatory  motion,  are  independent  of 
tbe  situation  of  tbe  plane  of  x'  and  y',  and  that  they  are 
lufficîent  to  express  tbe  relation  of  tbe  momentary  axis  of 
rotation  lo  tbe  principal  axes  of  tbe  body,  being  bowever 
tbemselTes  susceptible  of  perpétuai  variation  at  suocea- 


§  S9.  Equations  for  determining  thé  potîtion  of  tkt 
■momtniartj  axis,  avd  of  the  principal  axes,  in  tema  of  th» 
tinté.  Case  of  rotation  derivedf roman  impulse  notpassij^ 
through  the  centre  of  gravity.  Formula  for  détermina^ 
the  direction  of  the  primitive  impulse.  Examgle  of  th» 
rotation  of  the  planets  and  of  the  earth  in  particular, 
P.  80. 

355.  Theoeeh.  When  the  body  revolves 
freely,  without  any  foreign  disturbance,  we 
bave,  with  respect  to  the  plane  of  greatest  ro- 
tatory  power,  cos  s  =  y-,  ta  f  =7;  and  d+  = 
~*1j^(l^y  '  ^  being=p" H-g-'+fs and  H 
being  a  constant  quantity  ;  d/  being  also  in 
gênerai  = 

ABC^'         

»/  i  (4Cifc«- JH» + ( AB- J  C)p'«) .  (iP-BCjfcM-^B-fiCy»)  ï 

Tbe  équations  (i))  X349),  afford  us,  bj  making  th» 

Baxùma  d^,  iN',  aoaiN',  irtiioh  dépend  on  the  foroai. 


vimî^h,  Wd  piMltif>lyiDg  them  respectively  by  j/,  çf,  ma  p^, 
p'dp'zz?Z^.p'qVdt;  q'dQ'=^^  q^p'At,  and  /d/ = 

^^.  r^p'q'it-MtBC—AC+JC—JB+JB—BC:::  0, 

aod  the  sum  of  the  three  équations  becomes  Ozzj^àp^ -fq'dq' 
-^r^dt^ ;  or  taking  the  fluent,  p^^+q'^  +1^*=**,  it  being  a 
oonstant  qoaniity,  to  be  deteimined  by  the  conditions  of 
the  motion. 

Again,  if  we  moltiply  the  three  équations  by  ABj/, 
BCq\  and  jiCr\  and  add  them  together,  we  obtain,  by 
taking  the  fluent,  JBpt*^BCq'^  +  ACr^^z=:H»,  an  équa- 
tion which  indudes  the  condition  of  the  préservation  of 
the  impetus  of  the  System,  [being  équivalent  to  ABC{p*  + 
j*-f  r')=jBr*,  which  implies  that  the  square  of  the  angu- 
lar  velocity  of  rotation  is  constant  ;  and  H^=JBŒ^,  if 
tf  be  the  angular  velocity.] 

Now8ince^C(p'«+y'«+r'«)=^Cifc«,  we  hâve  JCk^ 

—  Br«  =  ^C(jp'«  +  ^^)  —  AB pf^  —  BC(f\  and  ^«  = 

JC¥r^U^'h(AB—AC)p'^        ,  .     ., 

^ ^  .*  ^ — T-r^ LSL^ ;  and  m  the  aame  manner  we 

AU — -oC 

.   ,.,    b*^PClfiHBC—AB)p'\     ,  .   , 

find  f^:^r^ 1  j^   \^^, ■^^*— •  whence  we  may  find 

ef  and  t^  from  p'  if  ^  and  £  are  known.    Now  tba  first 

ABdp' 

of  the  équations  (1>)  gives  in  this  case  d^=:    ^   ri 

^  ^  {A  —B)q'f' 

and  by  substîtuting  for  q'  and  /  we  obtain  the  équation  of 
the  theorem,  which,  however,  cap  only  be  integrated  when 

The  détermination  of  |i^  ^,  and  f^  from  i  indudes  there- 
fere  Hiat  of  three  independeiit  quantities  JET,  h,  and  the 
em»tant  qwmlity  to  be  introduoed  hi  the  fluent  of  I.    Bot 
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this  détermination  relates  only  to  the  situation  of  tke  no- 
mentary  axis  of  rotation  with  regard  to  the  principal  axes» 
and  to  the  angular  velocity  of  rotation.  In  order  to  asoer« 
tain  the  true  motion  of  the  body  with  respect  to  a  qnias*- 
cent  space,  the  position  of  the  principal  axes,  with  regard 
to  that  space  must  be  known  ;  and  for  this  purpose  three 
new  iadependent  quantities  are  required,  and  three  more 
intégrations,  which  united  to  the  former,  afford  the  com- 
plète solution  of  the  problem.  The  équations  (C),  of  uiicle 
345»  include  three  iodependent  quantities,  N,  N\  and  N", 
but  they  are  not  altogether  distinct  from  U  and  k,  for  if 
we  add  together  the  squares  of  the  first  members  of  the 
équations  (O,  we  have|>'«+9'2-fA=^«+N'«  +  N"«=:R 
[For  thèse  équations  are  q*  sinO  sin  ^  +  ^  sÎQ  ^  cos  ^— ji' 
cos  Bzi — N  ;  (f'  008  9  sin  ç-i-t^  cos  ô  cos  ç-^p'  sin  6)  cos  ^ 
+  (f^  sin  p—q'  cos  ç)  sin  4^= — ^^'»  and  —  {q'  cOs  0  sin  p+f' 
cos  9  cos  ç  +  p'  sin  6)  sin  4^  +  )  ''sin  f — ç'^cos  f)  cos  4^= — 
N",  which  may  be  called  (a  +  /3  — y),  (>  +f  -^i^eoB^  +  n 
sin  4^9  and— -(S+e+0  sin  ^^-^-n  cos  4^  ;  now  the  sum  of  the 
squares  of  the  two  latter  quantities  is  (S-fi +4"^  +  )i^»  and 
the  whole  becomes  (a  +  ^ — y)*+  (8  +«+rt*+ti*,  which, 
since  hère  (a  +  0).yz=,  (8+«)  (,  is  equal  to  (a  -f  ^)*+?*+ 
(8-f«)«+{»+ii«:  now  («^-^;;?î'«sii>«ô  wn^^  +  f^^Mi^ô 
Qos  «^  +  %'/  sin  ««  sin  co»  f ,  and  (g-f  <)  *=  9'^  cas  «ô  eip  »f 
4. /s  cos  ^d  cos  ^^^S^V  cQf  <^  sin  çps  ç\  tbeir  sma  being  j/'* 
si^  ^ip  4.  f^^  cos  «(^  +  25^1^  sin  cos  ^,  to  whicb  addiof  7^+<î* 
+t^  or  |/2  cos  «Ô4-  +jp'*  sin  ««+*'  *  sin  V+î'*  00s  «^— 2^r' 
sio  cos  ^,  we ha?^  fiaally  |/ «+9'«+y^=N«+N'^+ N"».] 
The  ^pstapt  quantiti^s^  ^,  N',  aad  N",  correspoiid 

to  c,  é",  and  </'  «f  article  338  [^  being  there  Im     ^^^    , 

and  Nhere  ST  rT^    -DU];  and  the  quanti^  ^i  «/(j/"+ 

d# 


con- 
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g/^+f^^  expresses  the  sam  of  tbe  areas  described  in  ibe 
time  t  by  tbe  projections  of  the  revolving  radii  of  atl  the 
molécules  on  tbe  plane  witb  reg^ard  to  wbich  this  sum  is  a 
maximum^  and  witb  respect  to  wbicb  N'  and  N"'  vanish. 

For  this  plane  we  obtain,  by  making  N*  and  N"^  =  0,  0= 
Br  sm  f — Jq  cos  f,  [or  r'  sin  ^= j'  cos  ç,  and =:tap 

=^-^j»  ftiid  -^Ç  cos  6  sin  f — Br  cos  6  cos  f  +  Cp  an  êzzO, 

[•or      — p'  sin  ô  zz  q'  cos  d  sin  ^  +  r'  cos  0  cos  ^^  whence 

sine        .    .     à"  .  r  .     ^        taf 

— -=  — taôzr^Mn^H — ;  cos  o:  now  sin  ^  = = 

cos  ô  P  F  *^** 

^^.  <y  n     ^       .  and  cos  ^  =     ^-: 

seqaently  —  ta  ô  =:    ,^   ^ —  =      ^1-^i^ — :^,1   vbence 

i»         1      -  P'  P'      '     .     ' 

sec«         v'di's+j'a  +  r'^)         i'  ^ 

-  *—•  ^(i^)=     *  •   ^°^    «n  ôcos  ^z= 

V  (y^«-f /«)  y^       _      r^ 

By  means  of  thèse  équations  we  obtain  tbe  values  of  ê 
and  ^  for  any  given  time  witb  regard  to  the  plane  of 
greatest  rotatory  power.  We  bave  only  further  to  déter- 
mine the  angle  ^,  made  by  a/  witb  tbe  common  intersec- 
tion  of  tbe  fixed  plane  and  that  of  the  two  principal  axes 
a^  and  ]/\  wbich  reqnires  a  distinct  intégration.  Now 
since  qitzzd^^.  sin  6  sin  f — i9  .  cos  ^,  and  ritzzd^^ .  sin  0 

cos  ^  •  4-  dd .  sin  p,  we  hâve  ^dl .  sin  0 .  sin  ^  -f  rdt.  sin  ê 
00»^  =  d4^ .  8in«fl,  and  dt)^  =  —  qdt.     ,,  ^  ^  —  rdt. 
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and   B/t    -h   -^r'»   =    ^~^^V'\     ^^    havc     d*  = 
— ibd/,(IP  — ^J3p^«) 

If  we  snbstitate  in  this  équation  the  value  of  d^  already 
foundy  we  shall  be  able  to  find  ^  in  terms  of  p'  :  and  we  shall 
thuB  obtain  the  three  angles  d,  ^^  and  ^  in  terms  of  j/,  if^ 
and  #^,  which  will  aiso  be  derived  firom  the  time  t.  Hav- 
ing  therefore  compated  in  this  manner  the  vaines  of  thèse 
angles,  with  regard  to  the  plane  of  J  and  y  which  has 
been  considered,  it  will  be  easy  to  deduce  firom  them,  by 
spherical  trigonometry,  the  similar  quantities  which  belong 
to  any  other  plane»  and  of  which  the  détermination  will 
introduce  two  new  independent  quantities,  which,  with 
the  three  already  mentioned,  and  that  which  belongs  to 
die  flnent  of  4^»  will  constitute  the  six  independent  quan- 
tities required  in  the  complète  solution  of  die  problem: 
but  the  investigation  is  obviously  aimplified  by  referring 
ît  to  the  fixed  plane  of  greatest  rotatory  power. 

SCHOLIUM.  The  position  of  the  three  principal  axes 
with  respect  to  the  body  being  supposed  to  be  known,  if 
we  are  acquainted  with  that  of  the  momentary  axis  of  ro- 
tation for  any  instant,  and  with  the  angular  velocity  of  ro- 
tation, we  shall  hâve  the  values  of  p,  ^,  and  r,  for  tfie 
given  time,  since  their  values  are  equal  to  the  products  of 
the  angular  velocity  into  the  cbsines  of  the  angles  formed 
by  the  momentary  axis  with  the  principal  axis  :  hence  we 
shall  obtain  the  vaines  of //,  j^,  and  r^,  which  are  propor- 
tional  to  the  sines  of  the  angles  formed  by  the  principal 
axes  with  the  plane  of  greatest  rotatory  power,  which  ii 
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snpposed  in  this  proposition  to  be  that  of  a/  and  y\  and 
vith  respect  to  which  the  setn  of  the  projections  of  the 
areas  described  by  the  revolving  radii,  multîplied  by  the 
masses  of  the  respective  particles,  is  a  maximum.  We 
may  tberefore  détermine  at  every  instant  ttie  intersection 
of  the  surface  of  the  body  with  this  plane,  and  may  conse- 
qoently  find  îts  situation  by  the  actual  conditions  of  the 
motion  of  the  body. 

[356-  Lemma.    The  square  of  the  radius 

of  gyration  of  a  s;Àere  is  -?  of  the  square  of 
the  semidiameter- 

The  llaxion  of  the  surface  of  a  sphère  is  as  dx — «y  =: 

T 

tàx^  that  of  a  great  circle  being  Ax  — ,  where  the  sine  is 

9p  aad  the  cosine  y:  and  at  last,  wfaen  x=r,  the  surface 
of  the  hémisphère  becomes  eqnai  to  that  of  the  cor- 
respondingsemicyKnder  (183):  the  fluxion  of  the  rotatory 
nertia  of  the  surface  wîll  be  represented  by  rdx.y*==(r*-— ^ 
s^  rdx=:r*dx  —  raMx,  and  the  flnent  byr^x  —  -J-nr*  or, 
for  the  hémisphère,  by  -|  r*  which,  divided  by  r*,  gives  the 
sqnare  of  the  radius  of  gyration  f r',  and  the  rotatorj  in- 
ertia  f  t^M,  M  being  the  content  or  mass  of  the  furfaoe 
of  which  the  radius  i9  r. 

If  the  sphère  be  now  supposed  to  increase  by  conceo- 
tric  snrfoces,  the  fluxion  of  the  mass  will  be  as  r*dr.f,  if  f 
be  the  density,  and  Ihat  of  the  rotatory  inertia  as  ff^dr  •  f , 

and  the  square  of  the  radius  of  gyration  will  be  f^^T^  , 
wbioh,  when  fr=l,  becomes  f  •£---  =  j.  r*,  and  the  rota- 

•y  f^ 

tory  inertia  of  the  homogeneous  sphère  will  be  f  rH».] 
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357*  Th£or£M.  In  a  homogeoeous 
sphère,  the  distance/,  at  which  an  impulse 
must  hâve  been  given,  in  order  to  cause  a  re* 

volutîon  and  a  rotation  at  once,  must  be  ^.— •  -& 

R  being  the  radius  of  the  sphère,  r  its  dis- 
tance from  the  centre  of  révolution,  p  the 
angular  velocity  of  rotation,  and  U  that  of 
révolution. 

An  impulse  actiog  od  any  part  of  the  bodj  will  prodace 
the  same  progressive  motion  as  if  it  were  immediately  ap- 
plied  to  the  centre  of  gravity  itself  (322,  331)  and  the 
same  rotatory  motion   as  if  tlie   centre  of  gravity  were 
fixed.     [Thus   if  we  iuiagined  the  force  to  be  communi- 
cated  by  a  particle  moving  ¥^ith  a  given  velocity,  and  at- 
taching  itself  to  the  substance,  it  is  évident,  from  the  pro- 
perties  of  the  centre  of  gravity,   that  the  velocity  of  this 
point  will  be  the  same,  whatever  be  the  part  of  the  body 
to  which  the  particle  attaches  itself;  and,   with  respect  to 
the  velocity  of  rotation  round  the  centre,  it  is  obvions  tbal 
this  velocity  would  not  be  affected  by  the  subséquent  appK- 
cation  of  any  force  to  the  centre«of  gravity  capable  of  de- 
stroying  the  progressive  motion,  neither  will  it  be  aflTected 
by  the  interférence  of  the  obstacle,  either  immediately  after, 
or  at,  the  very  beginning  of  the  motion.]    The  sum  of  the 
areas  described  round  the  centre  of  gravity,  by  the  projec- 
tions of  the  revolving  radii  of  the  différent  particles  on  a 
fixed  plane,  multiplied  by  their  masses^will  idwaysr  be  pro* 
portional  to  the  rotatory  power  of  the  primitive  force,  pro- 
jected  on  the  same  plane  ;  and  the  plane,  with  respect  to 
which  the  projection  of  tho  momentum  is  greàtest,  mntt 
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obvionsly  be  the  plane  in  which  the  force  itself  acts,  and 
which  passes  throagh  the  centre  of  gravity  :  this  plane  is 
therefore  the  invariable  plane  of  rotation.  Now  calling 
the  distance  of  the  direction  of  the  primitive  impulse  from 
the  centre  of  gravity  /,  and  t;  the  velocity  eommunicated 
to  the  centre  of  gravity»  m  being  the  mass  of  the  body» 
the  rotatory  power  of  the  impulse  must  hâve  been  mfv  ; 
and  multiplying  this  by  ^t,  the  product  will  be  equal  to  the 
Bum  of  the  areas  described  during  the  time  i,  which  has 
already  been  found  equal  to  ■J^^v'(p'*  +  y'*  +  r^^)  (355); 
consequently  v'  (/)'* + q'*  H-  f'O  =  ^{f^-  Hence  if  we  kno w 
the  origin  of  the  motion,  and  the  position  of  tlie  principal 
axes  of  the  body  with  regard  to  the  invariable  plane,  as 
determining  the  angles  9  and  f,  we  shall  bave  the  values  of 
p'pg\  and  f^  in  the  first  instance,  and  consequently  those  of 
p,  q,  and  r,  whence  the  vaines  of  the  same  quantities  may 
be  found  for  any  other  time. 

Now  if  we  imagine  any  one  of  the  planets  to  be  a  homo- 
geneous  sphere,[deriving  its  rotation  and  its  annual  motion 
round  the  sun  from  a  single  impulse,  the  radius  being  R, 
and  the  angular  velocity  of  révolution  U;  r  being  the  dis- 
tance from  the  sun,  we  shall  hâve  vizrU:  and  if  y*  be  the 
distance  of  tbe  direction.of  the  impulse  from  the  centre,  it 
is  plain  that  the  planet  will  acquire  a  rotatory  motion  round 
an  axis  perpendicular  to  tbe  invariable  plane.  If  therefore 
we  consider  this  axis  as  the  third  principal  axis  2f\  we  shall 
hâve  0:^0,  and  consequently  ^=0  and  7^=0,  and  p'zzimfv, 
or  Cp:zmfrU.    Now,  in  the  sphère,  C=:fmR^  (356),  con- 

R^     p 
seqaently  /=|.-i-.«  ^  whence  we  havey^  the  distance 

of  the  direction  of  the  impulse  from  the  centre  of  the 
planet,  which  corresponds  to  tbe  proportion  between  the 


two  velocities.      With    regard   to   the  earth,  ~     being 

=366.26638,and— ,  the  sun's  parallax,  =  .000042665,  / 

r 

is  found  very  nearly  y6-ô^>  l^^  about  25  miles], 

ScHOLiUM.  The  planets  not  being  homogeneous,  they 
may  hère  be  considered  as  formed  of  conceDtric  spberical 
strata  of  différent  deusities,  and  in  this  case  we  bave  C  :z.\ 

'^J^FdR'  ^^^^  ''*''"'^'  J"'  TU'  JÛMR'  ^""^  '^'  ^ 

it  is  natural  to  suppose,  the  strata  nearest  the  centre  are 

fpR^dll 
the  densest,  the  quantity  '^^  will   be  less  than  AJR*, 

and  the  value  of  f  will  be  less  than  for  a  homogeneous 
body. 


§  30.  Of  the  oscillations  of  a  hody  which  turns  very 
nearly  round  one  of  the  principal  axes,  Stàbility  of  the 
motion  round  the  principal  axes  of  which  the  rotatory  in- 
ertia  is  the  yreatest  and  the  least  :  instability  with  re- 
spect to  the  third  axis,     P.  85. 

[358.  Le  M  MA.     The  cosine  of  an  imagi- 

nary  arc  may  be  expressed  by  a  real^  expo- 

nential  quantity  :  thus  we  hâve  sîn  s/"^  vt  = 

e — ^^ — e^^       ,  e~^^  +  e^^ 

and  cos  n/  — i>v/= 


2V-1      2         • 

If  r  =  008  yt  H-  >/3   sin  yt,  dTzz  — sin  yt .  ydt  +  ^Zî 

cos  yt  .  ydt  =  T y/'^  ydt,  and  — -  =r  dhlr  =  v^ITiyd^ 
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«•Zi  MÛ  yd^  d  r=:(— sin yt — ^~\cosydt)ydtzz — r  ^/ZÎ 
yd*  and  T  =:  «  :    cooseqnently   T  —  T  =  2  v^  _i 

sin  yt  =  e  '^T^^^-^-ir*^  and  F  +  r  =  2  cos  yt  = 

6  +«""   ""^^  •    And  if  we  sttbstitute    ^/I^iy  for 

tbe  indetermînate  qnantity  y,  we  bave  2^/IIi  sin  y/~ivt 

sr«       — ê  ,  and  2  cos  ^  ^x»t  ^e       +«   •] 

359-  Théo  RE  M.  The  permanency  of  ro- 
tation round  two  of  the  principal  axes  of 
every  irregular  body  is  stable,  and  round  the 
third  unstable. 

We  migbt  deduce  the  laws  of  the  oscillations  of  a  body 
tarning  ronnd  an  axis  very  near  to  the  third  principal  axis 
from  the  fluents  fonnd  in  the  preceding  propositions  ;  but 
ît  is  more  simple  to  dérive  them  at  once  from  the  différen- 
tiel équation»  (1>)  of  article  346.    The  forces  acting  on 

g j£ 

the  body  being  supposed  to  vanish,  we  bave  àp'zz»»»     ■ 

9Vd*=0,  d?'  +  ^^rydf=:0,  and  d/^^:^pY<*<  = 

0;  aad  substituting  Cp,  Jq,  and  Br,  for  p\  q\  and  t^,  dp 

4*  ■■  qrdt^O,  dqH -z — rpdizzO,  and  drH -—  pg 

\J  A.  JB 

dt=0. 

Now  supposing  the  solid  to  perform  its  rotation  very 

nearly  round  the  third  principal  axis,  so  that  q  aad  r  may 

be  very  small,  their  squares  and  their  products  may  ob- 

yiouBly  be  neglected  in  comparison  with  the  other  quan- 

tities  concemed  ;  we  shall  therefore  bave  dpzzO,  and  if  we 

substitute  Ib  the  odier  équations  the  indeterminate  values 

q^fd,  sin  (nl-|-r)f  &nd  r::z/i  cos  (nt+y)  [in  order  to  obtain 

a  particular  solution  of  the  problem],  we  sball  bave  nzzp 
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two  coDstant  ÎDdependent  quantities  ;  and  tfae  angular  ve- 
locityof  rotation,  which  is  >/(^+ç'  +  r=),  will  be  redaced 
simply  to  p,  by  ceglecting  thc  squares  oF  q  and  r,  so  that 
this  velocity  may  be  considcred  as  constant,  and  the  sine 
of  tlie  minute  angle  Tormed  by  the  momentary  axis  ofrota' 

tion  with  the  third  principal  aiis  will  be  Jli2 i.  [For 

P 
tfae  value  of  dg,  being,  according  to  the  substitution,  >*  cos 
{nt+y)ndt,  and  that  of  dr= — //  ain  (nt+y)nit,  we  hâve/* 

C~B 
A 


s  (n/+T)n+;>At' cos  (»(  +  >)  _— _ =0,  or/wt+^^'l 


=0  and  — lÂ  sin  {nt-vt^n-vp y.  sin  (n/  +  y)  — — — =0,  or  — 

and  B  — — — =r-=p — —- ,  consequentlynMJB=p«  (.C—A) 
p^C — if)  nJi 


^^^^_ ,(,C-AMC-B)    A 

A(C~A) 


.(C-B,  ;  and  ,  =—.7,  V j^^ .^-5=  -  ,  V 


-j-y; — jT-.]     Now  if,  at  the  beginning  of  (he  motion,  g~ 

0,  and  r—9,  that  is,  if  the  momentary  axis  ofrotalion  ooin- 
cides  vith  the  principal  axis,  we  shall  hâve  >t=0,  >t'=0, 
and  g  and  r  will  always  remain  =0,  the  axis  of  rotation 
always  coinciding  with  the  thini  principal  axis;  wbence  it 
follows  that  if  the  body  begins  to  tnm  round  one  of  the 
principal  axes,  it  will  continue  to  turn  uniformly  round  tbe 
same  axis;  This  remarkable  property,  beloDging  to  the 
principal  axes,  has  caosed  them  to  be  deDoraînated  axeaof 
permanent  rotation,  aad  it  belongs  to  them  exolasively  ; 
for  if  Ifae  momentary  asii  of  rotation  be  nippoced  invariabl* 
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with  respect  to  the  body,  we  masthave  dpirO,  dqziO,  and 

g A 

drzzO,  whence.  from  the  équations  (!>)  we  bave  — r=j — ^ 

=0,  -— —  rp=:0,  and  — 5— W=0-  a^d,  in  the  gênerai 

estent  of  the  theorem,  A,  B,  and  C  being  ail  unequal,  it 
folio ws  that  two  of  the.  three  quantities  p,  g,  and  r  must 
vanisfai  whioh  supposes  the  momentary  axis  of  rotation  to 
coïncide  with  one  of  the  principal  axes. 

If  two  of  the  three  quantities,  A,  B  and  C,  are  equal, 
for  example  i{  A  zz  B,  thèse  three  équations  only  give  us 
ty =0  and  pq=iO,  which  will  be  true  ifp  only  bc  supposed 
to  vanish,  so  that  the  axis  of  rotation  may  be  perpendicular 
to  the  third  principal  axis,  and  it  bas  been  already  shown 
that,  in  this  case  (351),  ail  the  axes  so  situated  are  principal 
axes.  And  again,  if  il,  B,  and  C  are  ail  equal,  the  three 
équations  will  be  true,  whatever  may  be  the  values  ofp,  q, 
and  r  ;  but  in  this  case  ail  the  axes  are  principal  axes  (352). 

Hence  it  folio  ws  that  the  principal  axes  only  can  be 
permanent  axes  of  rotation  :  but  they  do  not  possess  this 
property  in  the  same  manner:  the  rotation  round  that 
axis,  with  regard  to  which  the  rotatory  inertia  is  inter- 
mediate  between  the  two  others,  may  be  disturbed  in  a 
sensible  degree  by  the  slightest  cause,  so  that  such  a  mo- 
tion is  possessed  of  no  stability. 

Stability  consistsin  such  a  state  of  a  System,  that  when 
it  is  very  slightly  deranged,  the  dérangement  eau  only  re- 
main extremely  slight,  and  the  System  will  oscillate  about 
the  state  of  stability.  Thus  if  we  imagine  the  momentary 
iBûLxs  of  rotation  to  be  infinitely  little  removed  from  the 
third  principal  axis,  in  this  case  the  values  of  q  and  r  will 
always  remain  infinitely  small,  and  the  momentary  axis  will 
only  make  excursions  of  the  same  order  about  the  third 
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principal  axis.  But  if  the  value  of  n^  became  négative, 
and  n  were  consequently  imaginary,  the  values  of  sin 
(nt-^-y)  and  cos  (nt+y)  would  be  cbanged  into  exponential 
or  logarithmic  quantities  (358),  and  the  expressions  for 
q  and  r  might  then  increase  indefinitely,  and  thèse  quan« 
tities  would  no  longer  be  infinitely  small,  so  that  the  mo- 
tion would  bave  no  stability.  Now  the  value  of  n  is  real  if 
C  is  the  greatest  or  the  smallest  of  the  three  quantities 
A,  B,  and  C,  for  then  the  product  (C— il)  .  (C — B)  is 
positive,  but  this  product  is  négative  when  Cisofinter- 
mediate  magnitude,  and  n  then  becomes  imaginary. 

360.    CoROLLARY.      Retaining  the  same 
notation,  if  o  be  very  small,  we  shall  hâve 

sin  ù  sin  ç>=Ç  sin  {pt+>) —  ^  a*  sin  (n^+y),  and 

sin  ù  cos  <P=^  cos  {pt+>) —  -^a*'  cos  {nt+y)  ;   C 
and  X  being  two  new  constant  quantities. 

In  order  to  détermine  the  position  of  the  axes  with  re* 
gard  to  a  quiescent  space,  we  may  suppose  the  third  prin- 
cipal axis  very  nearly  perpendicular  to  the  plane  of  j/  and 
l/,  so  that  we  may  be  able  to  neglect  the  square  o{  9,  and 
to  make  cos  ùzzl,  we  shall  then  find  for  the  value  o{pdt, 
instead  of  d^  —  d^/.  cos  ù,  d^ — d^',  whence  ^  =  ^ — pt — b, 
£  being  a  constant  quantity.  We  hâve  then,  since  qdtiz, 
d^/.  sin  9  sin  ^ — dû,  cos  ^,  and  rdtzzd^^.  sin  ù  cos  ^+dd. 
sin  ^,  putting  sin  ù  sin  fzzs,  and  sin  9  cos  ç=u,  d«=cos  0 
sin^dd  +  sind  cos  ^d^=sin  ^dd+sin^  cos  ^d^,  pudti=, 
sin 9  cos  ^  (d^ — d4^),ds—pudt=zsm  «^d^+sin  9  cos  fd4^=:rdt  ; 
and  dti=cos  ^d^^sin  6  sin  ^d^,  p8dtz=:sin  9  sin  ç  {dp — d4) 
and  dt<+i>«d^=cos^dd — sind  sin^d4'= — qdt.    Now  the 

T  2 
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conditions  of  this  fluxional  équation  are  ftilfilled  by  putting 

s  =  €  sin  (pt+x) — -r-—  fjL  lin  (nt+y)  or  =  C  sin  (p*+x)  — 

Cp 

^  j,  and  u=C  cos^pt+x)  --  —  fi'  cos  (nt  -f  y),  or  =  C 
cos(/?*+a) —  TT-y*  [»  since  d*  becomes  =:C  coi  (/)f+x)/>d# 
^  _.  d j,  and pudtzzC  cos  (/?« -fx);)d*—  ^  rd«  :  but  since 
dg=  :^?rpd^(360),  ^  Aqzz^:^  rdf,  and  d5-;>tid/= 

/^_J?:ZÎ?)  rdenrdf,  and  dti=— C  sin  (p^-|-x)pd«— 

D  ^  J5  C A 

■^  Ar.psAtzzQ  h\n{pt-^x)pit — 77îd^  and  —  dr=:  — -p — 
Cp  C  Cp  c 

jdf,  whence  dw-f  p5d^i=  — qàf]. 

In  this  manner  the  problem  is  cjmp'etely  resolved,  since 

the  values  of  ^  and  u  afibrd   us  ù  and  ^  in  terms  of  the 

time,  and  since  ^  is  deduced  from  ^  and  t.     If  the  quan- 

tity  ff  =  0,  the  plane  of  x'  and  y'  becomes  the  invariable 

plane,  to  which  the  angles  ù,  ç,  and  ^  hâve   been  referred , 

in  the  preceding  section  (355). 

§  31.  Of  the  motion  of  a  solid  hody  round  ajixed  axis. 
Détermination  of  the  simple  pendulum  oscillating  in  the 
same  time  with  the  hody.     P.  88. 

361.  Théo  REM.  The  vibrations  of  a  gravi- 
tating  body,  whatever  may  be  its  form,  are 
synchronous  \tith  those  of  a  simple  pendulum 

of  the  length  ^>  C  being  the  rotatory  inertia 

with  respect  to  the  axis  of  motion,  or  S  (y"*+ 
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z'^)  Dw,  m  the  mass,  and  A  the  distance  of 
the  centre  of  gravity  from  the  axis  of  motion. 

The  preceding  investigatioDs  are  sufficientfor  determin- 
ing  the  motioD  of  a  solid  round  its  centre  of  gravity,  when 
it  is  either  at  liberty,  or  fixed  to  a  single  point  of  suspen- 
sion only  :  it  now  remains  for  us  to  consider  the  motion  of 
a  solid  round  a  fixed  axis. 

We  may  call  the  axis  of  motion  j/,  and  suppose  its  di- 
rection to  be  horizontal:  the  last  of  the  équations  {B) 
(343),  will  be  sufficient  to  détermine  the  motion  ;    that  is 

S  y^Zlf!^  Dm=S/(By— Çz')  dtDtn=zN\    We  may 

suppose  1/  to  be  aiso  horizontal,  and  z'  vertical,  or  per- 
pendicular  to  the  horizon,  the  plane  of  1/  and  a^  passing 
through  the  centre  of  grayity  of  the  body,  and  a  moveable 
axis  being  supposed  to  pass  constantly  through  this  centre 
and  the  origin  of  the'  coordinates.  Now  ô  being  the  angle 
which  this  new  axis  makes  with  z\  and  t/'  and  if'  being 
the  coordinates  perpendjcular  and  parallel  to  this  new  axis 
in  the  plane  of  2^  and  z^,  we 
hâve  y=y"  cos  ô+zf'  sin  ô, 
and  z'zzzf^  cos  ù — y"  sin  0, 
consequently  [j/dzf — sfdt/zz 

d9  I  (y"  cos  ù + «"  sin  6).  (—     ^ 

z"  sin  $ — j/'  cos  ô)— (z"  cos  6 
—j/'  sin  Ô).  (— /  sinô+ic'' 

cos«)}  =dô{  —(y"  co*^ 

+«''  8inô)«-(x''  cos«-y'  sin  dyî=:-dd  J/^oo8«ô+aân«d) 

-f   z"*  (sin  •«  +  cos  H)  J  and]  S  ^^^^^^  ^'"=~d7  '^ 


278  CELESTIAL    MECHANtCS.    I.  vil.  31. 

(y"«+«"0  Dm=—^  CzzN"',  and  takingthe  Buxion,  -^ 

;=  Cf  M  being  constant  :  and  the  body  being  sub- 

ject  only  to  the  force  of  gravitation,  P  and  Q  will  be  =0, 

and  R  wili  be  constant;  therefore  àN"  =:  dSpiyd^EHTi  =: 

dJV 
SB^d^Dm  ;    -r —  =  Slîy'Dm=:  lîSy'Din  =  12  cos  9  Sy dwi 

+  jR  sin  d  Sz"Dm  :  but  since  z^'  passes  through  the  centre 

of  gravity  of  the   body,  we  bave  Sy"Dm=0;   and  if  A  be 

the  distance  of  the  centre  of  gravity  from  the  axis  of  mo* 

tion  x\  we  hâve  S2''Dt»=97tA,  m  being  the  mass  of  the  body, 

,  AN"  ,  T»    .    .        ,  ddô       —mliRsmù 

wnenoe  --—  =  mhH  sin  ô,  and  — —  = < — 7^ . 

d^  at^  C 

If  we  now  considéra  second  body,  of  which  ail  the  atoms 

are  united  in  a  single  point  at  the  distance  /  from  the  axis 

sf\  we  bave  in  this  case  Czzmfl^,  m'  being  the  mass:    and 

•     ,                     ^,     dàO     —  m'hR  sinô      R     ,     ,        «,, 
A=:i;  consequenUy  -r^j-z: 775 =  -y-  sm  ù.       The 

two  bodies  will  therefore  bave  exactly  the  same  oscillatory 
motion,  if  their  initial  angular  velocities,  when  their  centres 
pf  gravity  are  in  the  vertical  Une,  are  equal,  and  if  {  = 

C 

«-7.  The  second  body  hère  taken  iuto  considération  is  the 
ma 

simple  pendulum,  of  which  the  oscillations  bave  been  de- 
termined  in  §  11  (280)  ;  and  we  may  always  assign,  by 
means  of  this  formula,  the  length  /  of  the  simple  pendulum, 
of  which  the  oscillations  are  isochronous  with  tiiat  of  the 
solid  hère  considered,  which  constitutes  a  compound  pen- 
dulum. It  is  thus  that  the  length  of  the  simple  pendulum, 
vibrating  in  a  second,  ha9  been  determined  from  observa- 
tions on  the  Wbrations  of  compound  pendulums. 


CHAPTER  VIII. 


OP    THE    MOTIONS    OF    FLUIDS 


§  32.    [Introduction.'}     Eqtuitions  of  the    motion  of 
Jluids  :  condition  relating  to  their  continuity. 

[Introduction.  The  subject  of  tbis  section  being 
somewhat  intricate,  and  involving  a  yariety  of  connected 
quantities,  it  may  probably  be  of  advantage  to  premise,  as 
a  detached  illastration  of  the  mode  of  treating  H,  the  in- 
vestigation of  Poisson^  whicb  is  nearly  similar,  but  redaced 
to  more  elemontary  principles,  and  in  some  instances  more 
clearly  expressed.  Traité  de  Mécanique,  1811»  Vol.  II« 
P.  472. 

"  We  are  now  about  to  consider  the  motion  of  fluids  in 
the  most  gênerai  point  of  view,  and  to  examine  the  condi- 
tions of  the  motion  of  the  fluid  mass,  for  which  we  bave 
already  investigated  the  laws  of  equilibrium.  The  flnid 
may  be  either  homogeneous  or  heterogeneous,  eitherincom- 
pressible  or  elastic  ;  ail  its  particles  are  supposed  to  be  ao- 
tuated  by  given  forces,  such  as  their  mutoal  attractions, 
and  o^her  attractive  forces  directed  either  to  fixed  or  to 
moveable  centres.  But  ail  ^ese  forces  we  suppose  to  be 
reduced  to  three,  paraUel  to  three  fixed  orthogonal  axes, 
and  to  the  coordinates  x,  y,  and  z  ;  and  we  may  call  thèse 
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three  forces  A^  Y,  and  Z.  Thèse  forces  are  simply  dé- 
pendent on  x,  y,  and  z,  when  tbeir  intensity  is  invariable 
in  magnitude  and  direction  ;  but  when  they  are  directed  to 
moveable  centres  of  attraction»  or  are  dépendent  on  the 
mutaal  actions  of  the  particles,  their  values  vpUI  compre- 
hend  the  time  Ibat  has  elapsed  :  so  that  calling  the  time  t, 
we  may  consider  the  forces  X,  Y,  Z,  in  gênerai  as  func- 
tions  of  X,  y,  z,  and  t, 

"  Now  if  we  call.the  velocity  of  the  élément,  to  which 
the  ordinates  x,  y,  and  z  belong,  reduced  to  the  direction 
of  the  axes»  u,  v,  and  w,  thèse  quantities  will  be  unknovpn 
functions  o(x,  y,  z,  and  t;  they  must  dépend  on  the  ordi- 
nates Xf  y,  z,  because,  at  the  same  instant,  or  for  the  same 
value  of  t,  the  velocity  may  vary  between  one  particle  and 
another  in  magnitude  and  in  direction  :  they  must  also  dé- 
pend on  the  time  t,  because  in  the  same  place,  and  for  the 
same  original  values  of  x,  y,  z,  the  velocity  may  change» 
from  one  instant  to  another.     If  we  wish  to  compare  the 
yelocities  of  any  one  particle  in  two  consécutive  instants, 
we  must  suppose  that  the  variable  quantity  t  becomes  f -f 
d^,  [or  rather  ^-fA^];   and  in  the  same  time  the   coordi- 
pates  of  the  particles  x,  y,  and  z,  will  become  [x  +  wa*, 
y-ft7Af,  aud  z-\-wàt'];  for  in  virtue  of  the  velocities  w,  v,  u?, 
the  same  particle  which  belonged  to  the  coordinates  x,y,z, 
at  the  end  of  the  time  t,  will  correspond  to  x  +  uAt,  y  +  vàt, 
and  z  -fîTAf ,  at  the  end  of  the  time  t  -f  a^.    It  follows,  then, 
that  io  order  to  obtain  the  variation  of  the  quantities  u,  v, 
and  w,  with  regard  to   the  same  particle  at  the  différent 
instants,  we  must  take  the  différences  with  regard  to  i^ 
,  and  with  regard  to  x,  y,  and  z,  considering  uAt,  vAt,  and 
wàt  Bs  the  elementary  variations  of  thèse  quantities.     We 
hâve  therefor» 
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-         d'il  ,  d'tt    j^      4'ti     j-   .    d'tt      j^ 

du=  -r-d^  -f  -T— Md^-f-^  vdf  +  -r—  «?<J*  î 

at  Qx  dy  dz 

d't?  j,      d'tt     ,,        d'«    ,^   .  d't?      ,,         .        ^ 
d^  dx  dy  dz 

,         d'iCj^      d'tr     j,   ,  dw    ,.   ,  d*ti7     ,. 

dw  =  -; — d*  +  -T—  t<d*  +-7—^*  +-7— ird*. 

dt  dx  dy  dz 

"  The  fluid  being  sapposed  to  be  divided  into  iofinitely 
small  rectangalar  paraUelepipeds,  of  which  the  sides  are 
parallel  to  the  coordinates,  we  hâve,  for  the  Tolame  of  the 
élément  corresponding  to  x,  y,  and  z,  [DxDyDz,  using  the 
characteristic  d  with  regard  to  the  variations  of  space  for 
the  same  instant  of  time,  while  a  and  d  are  employed  for 
the  successive  changes  only.]  The  density  of  the  flnid 
may  be  considered  as  constant  thronghout  this  space,  and 
may  be  called  ç,  so  that  the  mass  will  be  f  DxDyDz.  We 
may  also  designate  by  p  the  pressure,  on  each  unit  of  the 
surface,  exerted  by  the  fluid  in  contact  with  the  difierent 
faces  of  the  parallelepiped,  and  which,  according  to  the 
fundamental  property  of  fluids,  is  the  sanie  in  ail  direc- 
tions. The  two  quantities,  f  and  p,  as  well  as  the  veloci* 
ties  tt,  V,  w,  are  nnknown  functions  of  x,  y,  z,  and  i  ;  the 
five  quantities,  u,  v,  w,  f ,  and  p,  are  required  to  be  found 
for  the  solution  of  the  problem;  and  when  thèse  hâve  heea 
obtained,  in  terms  of  x,  y,  z,  and  t,  the  state  of  the  fluid  will 
be  known  for  every  instant,  the  velocity  and  direction  at 
the  motion  of  each  particle  being  determined,  together 
with  the  density  of  the  floid  and  the  pressure  .^xerted, 
whether  at  the  surface  or  wîthin  the  substance  of  the  fluid. 
W  e  must  therefore  proceed  to  seek  for  die  équations  ex- 
pressing thèse  five  quantities. 
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''  Now  three  of  thcse  équations  are  immediately  aSbrded 
QS  by  the  principle  of  Dalembert.  The  velocities  "  lost** 
duiÎDg  the  instant  aU  hy  the  particle  subjected  to  the 
action  of  the  forces  X,  Y,  and  Z,  are  XM — Ati,  YAt — av, 
and  ZAt — Aw;  for  au,  av,  and  aw,  express  tlie  augmenta- 
tions of  velocity  which  really  take  place  in  the  given  in* 
stant,  and  XAt,  Yàt,  and  Zaî,  those  which  would  be  pro- 
duced  by  the  forces  X»  Y,  and  Z,  if  the  particle  were  firee 
and  insulated.  Thèse  supposed  velocities,  divided  by  At, 
will  give  the  measures  of  the  forces  capable  of  producing 
them  ;  and  calling  the  quotients  X',  1",  Z\  we  bave 

Y     d'u d'u     __ d'tt  du     _  ^, 

d^  dx  dy  dz       ""        * 

-,      d'v       d'v  d'v  d'v  -^,         , 

T— .-— T~  î''"-T~^'~-7-"^  =  ^  •  ^^^ 

dt         dx  dy  dz  ' 

-,      d*M?         d'il;  d'u?  d'il?  ^, 

Z :; -j--  M—  - —  V -— w  =zZ'. 

d^  dx  dy  dz 

**  Now,  according  to  the  principle  in  question,  the  fluid 
mass  would  be  in  equilibrium^  if  ail  the  particles  were  actn- 
ated  by  forces  capable  of  communicating  to  them  the 
velocities  lost  or  gained  at  each  instant;  [or in  other  words 
the  unemployed  forces  of  the  whole  system  must  hold  each 
in  equilibrium:]  we  may  therefore  satisfy  the  gênerai  con- 
ditions of  equilibrium  by  considering  X'  Y'  and  Z'  as  the 
forces,  parallel  to  the  coordinates,  acting  on  each  particle, 
instead  of  X,  Y,  and  Z,  which  represent  the  whole  forces 
in  those  directions.     Hence  we  hâve 

^zzgX';^=zçY';    and    i^=fZ':    or   subsU- 
dx  dy  dz       * 

tuting  for  thèse  quantities,  and  dividing  by  f  ; 
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d> 

■.X- 

d'» 

d'n 

d'i> 

fdl- 

TT" 

-17"- 

•"¥ 

•i'p- 

Y- 

d'i) 

d'o 

dV 

(dy- 

""ar~ 

■ST»- 

dy 

^  = 

:  Z- 

d'» 

d'» 

d« 

d'w 
dy  dr 

"  Each  or  tfae  elemeots,  into  wbich  tlie  fluid  is  sopposed 
to  be  divided,  will  cban^  i(s  form  during  tbe  iostant  it, 
and  it  m»y  aiso  change  its  volume,  if  tbe  fluid  is  compre»- 
ùble  :  bot  since  tjie  mass  must  alwaya  remain  conatant,  ît 
follows  tbat  if  we  find  its  volume  trnd  its  density  at  the 
end  of  the  time  t  +  At,  tbeir  product  rnnst  be  tbe  same  as 
at  the  end  of  the  time  t:  and  by  makiog  the  variationof 
this  product  vanish,  we  sball  obtain  a  new  équation  for  the 
motion. 

"  In  order  to  fonn  this  équation,  we  may  consîder  the 
rectangular  parallelepiped,  of  which  the  volume  was  ex- 
pressed  by  dxd^dz  at  the  end  of  tbe  time  t,  and  examine 
the  form  wbicb  it  will  assume  at  tbe  end  of  the  time  t  +  &t. 
snpposing  M  to  be  tbe  summit  of  tbe  parallelepiped  which 
corresponds  to  ihe  coordinates  x,  y,  z,  and  MX,  ML,  HK, 
the  three  sides  or  edges  which  meet  in  it,  and  wbicb  are 
parallellotheaxes  Qz  0y  and  @xrespectively,  sotbatita 
baTeMN=DZ,  ML=D¥,  andMK=DX:  supposing 
aIso  £,F,G,  and  H,  to  be  the  four  other  angles  of  tbe  pa- 
rallelepiped ;  and  the  points  M,N,L,K,E,F,G,H,  to  be 
removed,  dnritig  the  instant  &t,  to  M',  N',  L',  K',  E',  F,  G', 
H'.  Tbe  new  sotid  will  stiU  be  a  parallelepiped,  as  may 
be  thas  demonstrated. 
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i,/S: t/p 

6C.~~. J^/ 
^  F 


*'  The  coordinateSy  x,  y»  z,  of  the  pointM,  become»  at  the 
endofthe  instant  Af»  or -ftfd^  y'\-vàt,  andz+t£^i^>  which 
are  therefore  the  coordinates  of  the  point  M^  and  those  of 
any  other  angular  point  may  be  found  by  substituting  the 
corresponding  variations  :  thus  for  the  point  N\  the  ordi- 
nates  are  at  first  x,  y,  and  z  +  Dz,  and  afterwards,  u  being 
changed   to  ti  +  d  tiin  each  instance,  we  bave  for  the 

new  ordinates  x  -f  u^t  +  — r-  dza*  ;  y  4-  vAt  +  -3--  DZAt, 


dz 


dz 


and  2-l-D2-ft«?A*4-  -r-  DzA^.   The  différences  are  -t-dza^ 

dz  dz 

-T — DZAt,     and    Dz-f  -t — DzAf,    and   the   sum  of  their 
dz  dz 

squares  will  be  the  square  of  M' N'  :  but  the  two  former 
being  infinitely  small  in  comparison  with  the  latter,  their 

squares  may  be  neglected,  and  M'N'z:Dz-f--r— dzd^. 

dz 

**  The  coordinates  of  the  point  £'  must  be  deduced 
firom  those  of  M",  and  the  coordinates  of  F  from  those  of 
N^  by  substituting  x+Dx  and  y  +  Dy  in  the  place  of  j:  and 
y:  oonsequently  the  length  of  E'  F  may  be  deduced  in  the 
same  manner  from  that  of  M'N^;  hence  we  bave 


OF   THE    MOTIONS    OF    PLUIDS.  285 

EF=DZ+-- —  DZA^  +  7-7-   DXDZA* -f-    -— pDyDZAf; 

Qz  dzQX  azdy 

which  only  differs  from  M'N'  by  quantities  evanescent  in 
comparison  witb  itself;  and  in  the  same  manner  K'H' 
and  L'G'  may  be  shown  to  be  ultimately  equal  to  M'N'. 

Precisely  in  the  same  manner,  by  substituting  first  y  and 
V,  and  then  x  and  u,  for  z  and  w,  we  obtain 

M'L'=  Dy-f-r  DyA^and  M'K'=Dx-i- —-  Dx^t;  and  the 

dy    "^  dx 

opposite  sides  of  the  parallelepiped  will  be  found  to  be 

respectively  equal  to  them,  so  that  the  figure  still  remains 

that  of  a  parallelepiped,  altbougb  its  angles  are  rendered 

oblique  ;  but  the  obliquity  produced  in  the  instant  At  is 

infiuitely  small,  so  that,  without  neglecting  the  cosine  of 

the  angles,  their  sines  may  still  be  considered  as  tinity,  and 

the  volume  of  the  solid  will  be  expressed  by  the  product  of 

its  three  sides  M'N'.MX'.M'K'.    This  product,  neglecting 

the  terms  involving  the  higher  powers  of  the  différences, 

which  are  comparatively  evanescent,  becomes  DxDyDz(l + 

It-  +-T-  +-r— )^0-  and  this  is  the  volume  of  the  élément 
Vdx     Qy      QZ  I 

which,  at  the  end  of  the  time  #,  was  DxDyDz.     Now  the 

density  ^  being  a  function  of  x,  y,  z,  and  f,  it  folio ws  tbat 

when  t  becomes  if  +  Af,  and  x,  y,  and  z  are  changed  to  x-f- 

MA^,  y-hvAt,  and  z+wAf,  it  becomes  f-f-pAf-f—itiAf  + 

-r^  vAi-h-r-^  wAt:  and  if  we  multiply  this  density  by  the 
dy  dz 

corresponding  volume,  the  product  will  express  the  mass 

at  the  end  of  the  time  :  from  which  if  we  subtract  fDxDyDz, 

the   initial  mass,  the  remainder  will  be  the  variation   of 

the  mass  :  and  this  must  vanish.    Hence,  neglecting  the 
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terms  wliich  contain  tbe  square  of  At,  and  dividing  by 

DxpyDzAf ,  we  obtaiD 

<*V  .  *^'f       .  dV       ,  d'p  /d'il  ,  d't;  ,  d'tox     ^  ,    . 

amoonts  to the same,  ?? +Ë^?îî} +£(?!:> +fe>=0."   Itis 

d^        Qx         ûy         Qz 

unnecessary  to  pursne  Mr.  Poisson's  investigatioD  any  ftir- 

ther,  since  it  is  only  introduced  as  an  illustration  of  some  of 

the  less  perspicuous  parts  of  Laplace*s  mode  of  consider- 

ing  the  subject,  to  which  we  are  now  to  retum.] 

363.  Theorem.  The  motions  of  fluids  in 
gênerai  may  be  deduced  from  the  équation 

SF  hemg:=^ P^x-ï-QBy+RSZj  p  tiie  pressure,  f 
the  density,  and  P,  Q,  R  the  external  forces 
acting  in  the  directions  of  the  coordinates  Xy 
y,  and  z. 

It  will  be  convenient  to  deduce  tbe  laws  of  tbe  motions 
of  fluids  from  those  of  tbeir  equilibrium,  in  tbe  same  man- 
ner  as,  in  Cbapter  V,  tbe  laws  of  tbe  motions  of  a  System 
of  solid  bodies  bave  been  deduced  from  tbose  of  tbe  equi- 
librium  of  tbe  system.  For  tbis  purpose  we  may  résume 
tbe  équation  3/}r:p  (P&r  4-  ÇSy  +  lî^'-z)  from  tbe  démonstra- 
tion of  article  316. 

Now  wben  tbe  flaid  is  in  motion,  tbe  forces  unemployed 
in  generating  motion  are  P — r—,  Q ^,  and  JR ^r , 

wbich  must  hold  each  otber  in  equilibrium  :  we  must  there- 
fore  sobstitute  tbese  forces  for  tbe  P,  Q,  and  JR  of  the 
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equatioD  orequilibriuni,  and  it  willbecoineS/)=f  <  SxfP — 

PSx-hQ^y  +  R^z  to  be  an  exact  variation,  and  equal  to 
g  dt*       '  àt*  d<« 

364.  CoROLLARY.  Sîiice  the  three  varia- 
tions are  independent,  their  coefficients  may 
be  made  to  vanish  separately,  and  the  theorem 
may  be  resolved  into  three  distinct  équations. 

365.  Theorem.  The  condition  of  the 
continuity  of  the  fluid  is  expressed  by  the 
équation  f^=(f);  (G) 
(f )  being  the  initial  value  of  the  density  f , 

and  €=^^.^J^^^^^^' ^.^ +^ ^ ^  — ^.£yË!î 

da  i\b' de     da  de  dfr      d&'dc'da*     d6  da'dc 
d'x  dV  à'z     d  X  d'v  d'z     .i       •    •.•   i        i  r 

-^TcTa'db'-dcdbTa'  the  mitial  values  of  ^, y, 
and  z  being  expressed  by  a,  6,  and  c,  which 
are  variable  from  particle  to  particle  only. 

The  coordinateSy  x,  y,  and  z,  are  functions  of  the  primi- 
tive coordinates  a,  b,  c,  and  of  the  time  t  :  [it  is  évident, 
for  example,  in  the  propagation  of  a  wave,  that  the  motion 
of  any  particle,  to  which  the  ordinates  x,  y,  and  z  belong, 
dépends  entirely  on  the  initial  state  of  other  ordinates  of 
the  sarface  of  the  fluid,  in  combination  with  the  time 
elapsed  from  the  beginning  of  the  motion  :]  conseqnently, 
[if  the  variations  S  be  taken  with  respect  to  aoy  one  instant 
of  time,] 
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By  substituting  thèse  values  in  the  équation  {F)  (363), 
we  may  obtain  three  separato  équations  oF  the  coefficients 
of  Sa,  Sb,  and  Se,  considered  as  vanishing  separately  ;  thesé 
équations  expressing  the  relations  of  the  partial  fluxions 
of  the  coordinates  x,  y,  and  z,  the  primitive  ordinates  a, 
b,  and  c,  and  the  time  t, 

We  must  next  investigate  the  conditions  requircd  for 
the  continuity  ofthe  fluid.  For  this  pnrpose  we  may  con- 
aider  the  elementary  portion  ofthe  fluid,  at  tlie  beginning 
of  the  motion,  as  a  rectangular  parallelepiped,  of  which 
the  sides  are  Da,  D&,  and  Dc,  and  the  mass  (^)  vaDbDc. 
We  may  call  this  parallelepiped  (A)  :  and  it  is  easy  to  see 
that  ailer  the  time  t  it  will  be  changed  into  an  oblique  pa- 
rallelepiped ;  for  ail  the  molécules  at  first  situated  in  any 
face  of  the  parallelepiped  {A)  will  still  be  in  the  same  plane, 
at  least  if  we  neglect  the  infinitely  small  effect  of  curvature 
on  the  infinitely  small  faces;  and  ail  tbc  particles  situated 
in  the  parallel  «dges  of  {A)  will  be  found  in  elementary 
right  lines  equal  and  parallel  to  each  other.  We  may  call 
this  new  parallelepiped  {B),  and  we  may  conceive  two 
planes,  parallel  to  thatof  x  and  y,  to  pass  through  the  ex- 
tremities  of  its  edge  formed  by  the  particles  which  in  (A) 
occupied  the  edge  dc.  Then  if  ail  the  edgei  of  (B)  be 
prolonged,  until  they  meet  thèse  two  planes,  they  will  form 
a  new  parallelepiped  (C),  equal  to  (£)  ;  for  it  is  clear  that 
as  mach  as  one  of  thèse  planes  cuts  off  from  the  parallele- 
piped {B)p  8o  much  is  ^added  to  it  by  the   other.      The 
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of  vieff  X,  y,  and  t  may  ail  be  considered  as  constant,  and 
the  same  values  only  aî  a  and  b  enter  inlo  the  determina- 

tioD,  the  élément  will  be  merel;  j-  dc  [,   wbicU  muit  be 


The  base  oF 

tbe  parallelepiped  (C)  wîll  be  tbund  by  observingf  that  it  îs 
equal  to  the  section  oi{S)  by  a  plane  parallel  to  that  of  x 
and  y;  and  we  may  call  Ihis  section  (i)  :  wïth  respect  to 
tbe  particles  situated  in  it,  tbe  value  of  z  will  be  the  same 

for  ail,  and  we  shall  hâve  iiz  —  ii=.-—  Da+  77-  ob-^-—  dc. 
aa  au  de 

Now  if  Dp'  and  Bq  be  two  contiguous  sides  of  the  section 
(Oi  the  first  derived  froiii  the  face  answering  to  D&Dv  of 
{A),  the  second  from  DsDc:  if  througb  the  extremities  of 
the  side  vp'  we  imagine  two  right  lines  to  be  drawn  paral- 
lel to  X,  and  the  slde  opposite  to  op'  to  be  produced  so  as 
to  meet  thèse  Irnes,  they  will  Intercept  a  ne*  parallelugram 
(x)  equal  tu  ((),  having  its  base  parallet  to  a-.  The  side  Dp' 
is  formed  by  some  of  the  particles  belongingr  to  the  face 
d6dc,  that  is,  by  those  particles  with  regard  to  whicfa  the 
value  of  X  \i  invariable,  and  it  is  casy  to  sec  that  the  height 
of  the  paraltelugraiii  (x)  is  tbe  élément  of  y,  taken  00  tbe 
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sapposition  that  b  and  c  only  vary,  while  a»  t,  and  x  remain 
constant.     Hence 

^       d'y    .      dV         A    d'«    r  .  à'z 
do  de  do 


de 


consequently  Mr=;< 


db 


d<r 


D& 


d]yd^^ 
,  and  Dy=DH:3f ^^ 


\db 


de 


ZZDb. 


dy  dj  d>  dj 

d&  de      de  *di 
d^ 
de 


:   whicb  is  the  height  of  the  parai- 


lelogram  (x).  Its  base  is  eqnal  to  the  section  of  the  pa- 
rallelogram  formed  by  a  line  parallel  to  x,  belonging  to  a 
plane  in  whicb  those  particles  of  the  parallelepiped  (A)  are 
found^with  respect  to  whicb  z  and  y  are  constant:  the 
length  of  tbis  section  is  tberefore  equal  to  the  élément  of 
Sf  Bupposing  z,  y,  and  f  to  be  constant. 

We  bave  tberefore»  for  the  élément  Dx,  the  three  équa- 
tions 

d'x  d'*r    -      d*x 

Dx=-—  Da+-rr  i>6+  t-  De 
da  do  de 

A    d'y^    .  d'y    -^  d'y         ^     d'z       .    d'z    .     d'z 


da 


db 


de 


da 


d& 


de 


[and  multiplying  the  second  by  j- ,  and  the  third  by  ;r^»we 

bave 

^  d'y  d'z     d'y  d'z  ,  d'y  d'z     d  y  d'z  ,   ^ 
0=-r^.T- Da-f  TT'T-  DO — t^.^"  Da —  r^.-rr do:  wbence 
da  de     do  de     de  da     de  do 


!>*= 


da  'de     de  'da 


d>d;z_d>d;z 
de  *dft     db  *dc 


r-.va;  and  in  asimilar  manner  we  obtaiD 
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^ da'db     db'da         ^  .,    _       d*x   ^^, 

Vc^--- — — -— .Da:]  consequently  Dx=---  .Da-j- 

dydz_dyd'z  -^  ^         ^  da 

db  de     de  db 

^ ^  4i«45  dy  d;z  dV  dy  d;5_d;a- dy  d^ 

dft'dc'da     dft'da'dc  dc'da'dft     de  .d6  "da  , 

— ; ; ; •    Dtt  ;  ftOd 

d'y  d'z     d'y  d  z 
dfc'dc     de  *d6 


Dx=dy  dz^dy  d'z;  which  is  the  base  of  tlie  parallèle- 
db  de     de  'db 

epaub 
gram  (x)  ;  and  ils  height  being  Dy,  its  area  is  rz    d'z    : 

AT 
wbich  is  aiso  the  area  of  the  parallelogram  {e),  and  wbicb» 

d'z 
maltiplied  b;  —  .  Dc,  will  1)ecome  CDaDbDc,  for  the  vo- 

lame  of  the  parallelepipeds  (C)  and  (B):  and  g  being  tfae 
density  after  the  time  t,  the  mass must  be gSDaubDc,whâch 
being  equal  to  (f)  DavbDc,  we  shall  bave  fff=(f)  for  the 
équation  implying  the  continuity  of  the  fluid. 

§  33.  Transformation  of  thèse  équations  :  shoum  tobe 
integrable  provided  that  the  density  be  anyfunction  ofthe 
pressure,  and  that  the  sum  ofthe  velocities  parallel  to  three 
orthogonal  coordinates,  each  being  multiplied  by  the  élé- 
ment ofits  direetion,  make  an  exact  variation.  This  con- 
dition  fulfilled  at  every  instant  if  it  is  at  a  singk  one. 
P.  94. 

366.   Theorem.    If  II,  Vy  and  w  be  the 
velocities  of  a  particle  in  the  directions  of  a:, 

y,  and  z,  we  hâve  8  V—  ^=8x(^+  ^^-f  v  J^^ 

u  t 
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.    -  d'««*  j^S    /d'»-^       ^'«.L       «l*»      «  <ï'«\  J-K  K"   4.  « 


d'io  .      cTio  .      d'iD\ 
.— «-f  v ^w —  ) 

àx         dv  dz  /* 


(H) 


dx_     dy_ 


dz 


For  since  -r-=u,-2-=:t;,  and  -j-  =  lo,    if  we   take  tbe 
d^         d^       '  d^ 

fluxions  of  thèse  équations,  regarding  ii,  v,  and  w  as  fanc- 

tions  of  tbe  coordinates  x,  y^  and  z  of  tbe  particle,  and  of 

tbe  time  t,  we  sball  bave 

ddjr    d'ii^     d'ti^     d'ti  .      d'u 


d<«     d^ 


dx 


dz 


ddy^d't;^     d'v  ,      d'v  ^     d't;         , 

dl*      d^  Ax         Ay         ds 

ddjr_d'tt?  .      d'il?  ,      d't?  .      d'io      -^ 
-—=—-+  w-j— +  t;_  +tt?-^— .     [For  smce 
at*      at  Qx         Ay         Az 

dttz:  -— d*4--r-^*+T— 4y+T-  dz,  and  dx=:tid^,  dy=:vd^ 
d^  (Lr         Ay  Az 

and  dz=iod^,  tbe  truth  of  tbe  équations  is  manifest;  and 

by  substituting  tbese  values  in  tbe  équation  (F)  363,  we 

obtain  tbe  équation  (H)  of  tbis  proposition.  ] 

367.  Theorem.  For  the  équation  of  con- 
tinuity  we  hâve  also  o=i;+^V'-^V^^ 

\k) 

If  we  suppose  tbe  coordinates,  x,  y,  and  z,  to  be  infi- 
nitely  near  to  a,  b,  and  c,  we  may  conceive  a,  b,  and  c  in 
tbe  value  of  S,  to  be  equal  to  x,  y,  and  z,  and  x,  y,  and  x 
to  become  x+ti^,  y  4-^^^»  and  z  +  t^^^  :  we  sball  tben  bave 

i»    1  .    ^  /d'ti  .  d'i;  ,  A'w  \     -  .        A'x  ,  d'x   , 

vdx     dy      dz  /     ^  Aa  Aa 

d'u        d'x^Au   ,    .      ^dii  dV    ,  .    ^   d't;       ,  d'z 


da^=ds     d» 


Ax'  db 


dy 


de 


OF  THE  MOTIONS  OF  FLUIDS.      999 

1-f  A#.-r— ,  80  that  the  first  tenn  of  the  valoe  of  C  becomes 

dz 

equal  totbe  product  of  thèse  three  quantities,  and  the  fiye 

otherterms  vanish,  since  -yi^=0, -5=0, -Jf =0,-^=0, 

do         de         da         de 

à*z    ^  d'z     ^^    ^  ^.      ,^,,  ,      , 

T-  =0,  —  =  O.J    The  équation  (G)  becomes  therefore 

fA*  (^î^+^+^j+p— (P)=0:andiffbeconsîder6d 
as  a  fanction  o(x,  y,  z,  and  #,  we  bave 

(p)=:p— -Ae  -J* — uM  -i— «A*  'T'^^^^T^i  ^  th^tthe  pr»> 
ceding  équation  becomes 

dt       dx         dy         dx  ^ 

It  is  easy  to  see  that  this  équation  is  the  fluxion  of  tbe 
équation  (6)  (365)  taken  with  regard  to  the  time  I  [  :  for  it 
has  been  deduced  from  G  by  taking  the  différence  of  its 
terms  with  regard  to  the  evanescent  élément  of  time  Al]. 

368.  Theorem.  If  w&r  +  v^y  +  wiz::z  if^  f 
being  any  function  of  the  pressure  p,  we  shall 

and,  for  homogeneous  fluids,   jp— +  "jkX"+ 
dd>_ 

d2«  "• 

When  uSr-f  vi^+tD^s  is  an  exact  variation  of  x^  y,  and  s 
(813)  and  g  is  aiso  a  function  of  the  pressure^  the  équation 
(H)  is  susceptible  of  intégration,  for  it  becomes  SF— - 
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d>  ^       d'u^       d'«^       d'tt.  d'à  -         d*»- 

+g8z  (314).  and  ^8  0*=«S.^+  u3y  g+«8. 
d*» 


,    and    the  variations   of  the  otfaer  parts   of  the 

expressions  being  transfonned  in  a  similar  manner,  the 
Bom  wiil  obviondy  be  eqoal  to  the  corresponding  tenns 

of  (H)  ].    The  fluent  of  this*equation  is  V-f^  =  ît- 

+  i  {  C^YHlfÎH^y}'  Itwonldbeneoes««y 

to  add  an  iudepeDdent  constant  qnantity»  expressed  in 
tenus  of  t,  to  this  fluent,  but  this  quantity  may  be  sup- 
posed  to  be  included  in  ç.  The  telocity  of  the  particles, 
in  the  directions  of  the  coordinates,  is  obtained  from  the 

•   A -a—  dV         dV        1         d'ô 

qnantity  ç;  since u=-r^»  v=--i:,  and  wzz--^. 

QX         dy  dz 

The  équation  (K),  expressing  the  continuityof  the  flnid, 

,.d'(,dXçu).dX(v)_^dXfw)  ,  ^     dV^d'p   d> 

orOr=-l+r-^  +-4*— +— ^,becomesO==-7^+-r^  .-^ 

dt       dx         dy  dz  dt     dx    dx 

.  dVd>    £f  d>        /dd>    d£ç>    ddVv .  ^^^_^^^^,^ 

wtth  regard  to  homogeneous  flaids,  since  df =0^  we  hâve 
dd>  ,  dd>  ,  dd>  r_d'ti     d't?  .  d'il;-! 
""  dit*      dy*      dz^  L     dx     dy       dz  S 

369-  Theorem.  If  the  quantity  «  a»  + 
vhf  +  w^z  is  an  exact  variation  of  <r,^,  and  Zj  at 
any  one  instant,  it  will  always  remain  so« 

If,  for  example,  tUs  variation  be  at  any  one  biatant 
equal  to  dip:  it  will  be  at  the  next  instant  eqiial  to.d^-f  Al 
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vanatioD  if  -p-  Sx+'-rr^V-i — t^Sz  m  an  exact  vanation 

dr  d^    "^       d^ 

in  tbe  first  iDstance  :  now  we  bave  from  the  eqaation  (H)  in 
th.«  ca.e  — *r  +  -^h^-^  &  =  8F-  |«  J  (-^).+ 

(d'^  \s     /  dV  \^  7      Sp 
-î —  )  +  (  "5 —  )  \  — ^«  the  first  member  of  the  équation  is 

coDsequently  an  exact  variation  of  a  fonction  of  x,  y,  and  z; 

the  function  uSr +t;Sy +«?9lz  is  tberefore  an  exact  variation 
in  the  subséquent  instant  if  It  is  in  the  preceding  :  it  is 
tberefore  an  exact  variation  at  every  instant. 

370.  Theorem.  When  the  motion  of  the 
fluid  is  infinitely  small,  we  hâve  V  --f—  =:-jn. 

Neglecting  the  squares  and  products  of  u,  v,  and  w^ 
the  partial  velocities,  the  latter  part  of  the  équation  (H) 
(366, 368)  wili  vanish;  and  in  this  case  u^+viy  -h  wizzt 
S^  must  be  an  exact  variation  whenever  j>  is  a  fonction  of 

f  :  and  when  the  fluid  is  homogeneous,  the  équation  of  o<m- 
tinuity  remains  0=  -r-£-  +  -—^  ■**"TT''      Th«*«  two 

équations  contain  the  whole  tbeory  of  infinitely  small  on* 
dotations  of  homogeneoos  fluids. 

§  34.  Case  of  the  rotation  of  a  homogeneoue  Jbtid 
mase,  with  a  uniform  velocity,  round  ane  of  the  axes  of 
the  coordinatee.    P.  97. 

371*  Theorem.  In  the  case  of  a  homo- 
geneous  fluid,  revolving  roi^id  an  axis  wîth  a 
uniform  velocity,  the  équation  of  the  pressure 
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becomes— =î  F  +  n«(yîy+z8«);  and  tiie  quaiir 
tity  u^x+vBy+zs^z  is  not  an,  exact  variation. 

Sqpposing  x  to  be  the  axis  of  motion,  and  the  angolar 
velocity  n,  at  a  distance  considered  as  unity,  we  shall 
bave  t;= — nz,  wzzny,  and  the  équation  (£r)(366)  becomes 

^=:8F_^«;îy_^  vSjf  =8F+  n.ny.Sy  + 

f  if 

fi.fiz.S2=:SF+n^(y^y+2Sz):  an   équation   of  which  both 

the  members  are  exact  variations,  and  which  is  therefore 
possible.     The  équation  (JET)  (367),  will  become   0=At 

1^  4-  uàt  -J-  4-  v£d  -r-?  -f  w£it  -r^;  and  it  is  obvions  that  thia 
d^  Qx  dy  dz 

équation  will  be  satisfîed  if  the  fluid  is  homogeneous.  Both 

équations  therefore  beiug  true,  the   supposed  motion  îs 

possible,  and  a  fluid  may  move  uniformly  round  au  axis, 

[without  any  internai  change  of  the  disposition  of  its  par- 

ticles.] 

The  centrifugal  force,  at  the  distance  >/  (y^  +  ^'  )  from  the 
axis  of  rotation,  is  expressed  by  the  square  of  the  velo- 
city it'(y*+z*),  divided  by  the  distance;  consequently  the 
quantity  n^(jiiy-\rziz)  is  the  product  of   the  centrifugal 

force  n*'s/(y^  +  z')  into  the  élément  of  its  direction     ^^ 

it  is  évident,  therefore,  by  comparing  this  équation  with 
the  gênerai  équation  of  the  equilibrium  of  fluids  in  §  17 
(316)  that  the  conditions  of  the  motion  are  reduced  to 
tbose  of  the  equilibrium  of  a  fluid  actuated  by  the  same 
forces,  and  by  the  centrifugal  force  in  addition  to  them  : 
which  is  aiso  snfficiently  obvious  from  the  nature  of  ^àm 
oase. 
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If  tbe  external  surface  of  the  mass  is  at  liberty,  we  bave 
hère  8p=0,  and  consequently  0=:SF+n*(ySy  +  2&;);  con- 
sequeDtly  the  resuit  of  ail  the  forces  that  act  on  the  extemal 
surface  must  be  perpendicular  to  that  surface;  it  must 
aiso  be  directed  towards  tbe  interior  of  tbe  flaid  :  and 
when  thèse  conditions  are  fulfilled,  a  bomogeneous  flaid 
mass  may  be  in  equilibrium,  whatever  may  be  the  form  of 
the  solid  which  it  covers. 

This  case  is  one  of  those  in  which  the  variation  uBx+ 
vh/'\'wSz  is  not  exact;  for  this  variation  becomes  equal  to 
— n{zSy — yiz):  and  zSy — yiz  is  not  an  integrabie  quan- 
tity.  Consequently  in  the  theory  of  tho  tides  we  cannot 
suppose  the  variation  S^  to  bo  exact»  since  it  is  not  so  in 
the  very  simple  case  of  the  sea  having  no  other  motion 
than  its  rotation  in  common  with  the  earth. 

§  35.  Détermination  of  the  very  small  oscillaiions  ofa 
homogeneousfluid,  covering  a  revolving  spheroid,   P.  98* 

372.  Theorem.  If  r  be  the  primitive  dis- 
tance of  a  particle  from  the  centre,  $  the  angle 
formed  by  r  with  the  axis  «r,  «  the  angle 
formed  by  the  plane  of  x  and  r  with  that  of  s 
and  y  ;  and  if,  after  the  time  *,  r  become  r+ 
o^,  d,  fl+aw,  and  «,  w/  4-  '»+«t^j  »  being  very 
smal],  we  shall  hâve 

angfl.C^  — 2n  sm  cos  q.  -^j  + 

/  •     iù  ài^  .  ^       •  ^**  .2*  sin  ms  X  . 
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«Sr(-^  — 2«r  sin«6  -^)=^^W+ «*^sin    +««)  j 


+8F- 


(i) 


It  is  obvious  that  the  coordinate  x  wiU  be,  at  the  end  of 
tbe  time  t,  (r+o^)  cos(6+«ti);  and  the  projection  of  the 
radius»  on  the  plane  perpendicular  to  x,  being  (r+os)  ain 
{6+au)  we  shall  hâve 

y=(r+a*)  sin(0+atf)cos  (nf  4-«r+at;), 

c=:(r+^)  sin  (d+au)  sin  (nt-k-if+aiv);  and  sabstituting 
tfiese  values  in  the  équation  (F)  (963),  that  is  S  F — ^  =: 

&-j^  +  Sy-jjf-+  ^^  dF"'  neglecting  the  square  of  a, 

[and  calling  x,  x  cos  /ea;  y,  y  cos  {;  and  z,  v  sin  (],  we  bave 

[2x=:Sx.  cos  lA — 3/A.x  sin  ia 

i^x^d^K  cos  /»— d^^  sin  a»,  since  dA  d/tc=0,  and  dfi^izO, 

thèse  quantities  being  multiplied  by  a^  • 
Sxd'x=:SA(d^x  cos  V— d^M  sin  cos  /*)  —  8iii(d*x.x  sin  cos  fi — 

d^^*  sin  ^fi) 
ijf^h.  cos  f — 8f .  ysin  | 

A^^d^v.  cas  I— 2dyd{.sin  l-Hi'l.ysin  {— d?,»  cos  | 
^^zsl^d^v*  cos  <|— âdyd{.  sm  cos  |— d^l.vsin  cos  {— -d{*. 

»cos*D 
—SI  (d«y.»  sin  cos  f— 2dydf •»  sin«e-i.d«iy«  sin  •!— dî«  »• 

sin  cos  1) 
tE=:Sy.  sin  |+S|.  vcos  | 

d*;8=d*F.  sin  {+2dvd|.  cos  |+d«|.  »  cos  J— d|   f  sin  { 
fsd*zzz^d^.sinH  +  2dfd{.  sin  cos  (  +  d%¥  sin  cos  (--d|*t 

sin'O 
+S£  (d<y.y  sin  cos  |+ddyd(.v cos  'S+d*{.  y<  cûi  •  {-^ 
d{^.y^  sin  cos  Q 
^^+SzdM.s8Kd''--«l<'-^)^S{(3d«div+dH^ 
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Now  bi^Sr-haès 

d«x=rad«« 

dfA^zadu 

iv±(ir+ah)  sin  ù  +  (r-^as)  cos  ù(èB+aSu) 

dir=r  cos  6  adu  +  ads .  sin  0 

d-yrzr  cos  ù  aàHi+ ad* s.  sin  ù 

Si:=iSv+adv 

di=:ndt+aSv 

dHzzad^ 

Hence  îr  d^x=(h'+a8s).(ad*s.  cos  *6 — ad*u.r  sin  cos  I) 
— (^ô-{-aSu).  (ad^s.r  sin  cos  6 — ad^ur*  sin  *ù);  in  which 
aS5  and  aSu  may  obviously  be  omitted  :   again^  9yd*y  + 

&d«z=:  |(gr  +a&)sind  +  (r+a«)cosd(8d+a8M)|.l  (r 
cos  6  ad^u-\-ad*s.  sin  ^>— 2and^dt;.r  sin  0  (— J  S(y*).n^dP 
+(>ar+a3t;)<  2(^cos  dadtf +ad«.  sind)iid^.  r  sin  d  +ad*t;.r* 

sin  ^^   ?  =:(Sr.  sind+r  cosd  S^)  a<  (r  cosdd*tf+d<«.8in0 

—2ndtdv  .r  sin  9  |--JÎ(v«).ii«de«+d«r.a(2r«  sin  cos  0  duMt 

+  r  sin^B  nd^  .  d*  +  d*t?.  r«  sin  *0);  consequently  ixà^x  + 

8yd«y+&d«z=: 

Sr.a(d^«*  cos  ^ — d^.r  sin  cos  ^+d^.r  sin  cos  0 

+d2*.  sin«d— 2dl— dr.nisin    6) 
+S^^( — d«*.r  sin  cos^  +  d«u.r«  sin*ô  +d«u.r«co8^* 
+  d<«  •  r  sin  cos  ù — 2dtdv.r*n  sin  cos  S) 

+^u^uàt.   f^sinooB0f2àsdt.mtàBH+dh9j^m*l)ii 
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and  tbis,  divided  by  d^*,  becomes  équivalent  to]  the  ex- 
pression contained  in  tbe  proposition. 

373.  CoKOLLARY.     At  thc  surface  of  the 
sea,  we  hâve  r'Sô  (^  —  2n  sin  cos  ^  5^)  +  ^^ 

(Adv        ^        •  i,  du      ^      .      d*\ 

siDf  tf  jTj-  +  2n  sm  cos  «  d7'  +  2iîsin«dTT)=  — 

ggy +SF:  g  being  the  force  of  gravity,  o^y  the 
élévation  above  the  surface  of  equilibrium» 
and  aSP  the  part  of  g  F  which  relates  to  the 
disturbing  forces  only. 

At  the  extemal  surface  of  the  fluid,  we  bave  Sp  =  0, 
and  in  the  state  of  equilibrium 

0=|fis8  Ur+as)  sin  (ô  +  aii)  j«  +  (S  F),  (JF)  being 

the  value  ofS'F which  belongs  to  this  state:  [since  tbe  cen- 
trifugal  force,  together  with  the  force  contained  in  V,  must 
in  this  state  balance  each  other;  and  the  quantities  s,  u, 
and  V  being  constant,  the  first  member  of  the  équation  (Zr) 
must  necessarily  vanish.]  If  the  iluid  in  question  be  the 
sea»  the  variation  (S'F)  at  its  surface  will  be  the  force  of 
gravity  multiplied  by  the  élément  of  its  direction:  and 
calling  this  force  g,  and  making  m/  the  élévation  of  a  par* 
ticle  of  the  surface  above  the  surface  of  equilibrium,  which 
may  in  this  case  be  considered  as  the  true  level  of  the  sea  ; 
it  will  be  évident  that  the  variation  (tV)  will  be  increased, 
in  tbe  state  of  motion,  by  the  quantity — agi^,  because  the 
force  of  gravity  acts  very  nearly  in  the  direction  of  y^,  and 
tends  towards  its  origin  [  :  the  t/  hère  intended  being 
however  very  différent  from  the  y  of  the  former  part  of  the 
proposition,  which  is  an  immoveable  Une,  and  the  force 
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considered  being  referred  to  the  pariicles  situated  at  the 
surface  of  equilibrium»  and  oot  at  the  momentary  sarface, 
OD  which  the  gravitation  of  the  particles  below  it  can  hâve 
no  effect.]  Then  if  we  dénote  by  oS  F'  the  part  of  8  F  which 
relates  to  the  new  forces  depending  on  the  state  of  mo- 
tion, whether  they  arise  from  the  changes  produced  by  the 
motioDy  or  from  the  attractions  of  the  solid  or  the  fluid,  or 
of  any  foreign  bod y,  we  shall  hâve,  at  the  surface  [of  equi- 
librium],  8F=(8F)-aSf8y'  +  aSF. 

The  variation  ^n^^  )  (r  +  a«)  sin  (ù-^-au)  ?  isincreased 

by  the  quantity  an^Sy.  r  sin  *d,  in  virtue  of  the  élévation  of 
the  particle  of  water  above  the  level  of  the  sea  ;  [since  Sr 
becomes  =  aij/^  and  i{r^  sin  <d.)=2^.r  sin  >dj:  but  this 
quantity  may  be  neglected  in  comparison  with  — aghf.  be- 

cause    even  ,  the  value  of  the  centrifugal  force,  at 


the  equator,  where  it  is  greatest,  is  only  a  very  small  firao* 
tion,  equal  to  ;— -.    Lastly,  the  variation  of  the  radios  r 

is  so  incoDsiderable,  for  the  différent  parts  of  the  surface, 
in  comparison  with  its  whole  magnitude,  that,  for  the  pre* 
sent  purpose,  we  may  make  ^r=iO;  and  dividiog  the  equa* 
tion  (L)  thus  modified,  by  the  coefficient  a,  we  obtaiii  the 
équation  of  the  proposition. 

374.  CoROLLARY  2.  The  équation  of  con- 
tinuity  will  become  0=r'  [  p'  +  ^f^  (-^  "•"  J^  •*"  ^ 

cota 6  ) \ ■^^f^'dT''  Ac  deusity, aflter the time /, 
being  expressed  by  (f)+af'- 
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with  regard  to  the  variable  qaantity  r,  between  the  sur- 
face of  tlie  solid  spheroid  and  that  of  the  sea,  it  is  obvi- 
ous  that  tbe  value  of  s  will  be  a  fuuction  of  6,  «»  and  I» 
independent  of  r,  together  with  a  very  small  function  of  r, 
standing  in  tbe  same  relation  to  u  and  v,  as  y  does  to  r. 
Now  at  the  surface  of  the  solid  covered  by  the  sea,  when 
tbe  angles  B  and  ^r  are  changed  into  ê-^-au  and  n^+'s^  +  ov» 
it  is  easy  to  see  that  the  distance  of  a  particle  of  water  con- 
tiguous  to  that  surface,  from  the  centre  of  gravity  of  the 
earth,  can  only  vary  by  a  quantity  which  is  very  small  vith 
respect  to  au  and  av,  and  which  is  ofthe  same  order  as  the 
products  of  thèse  quantities  into  the  eccentricity  of  the 
spheroid  covered  by  the  sea;  consequently  the  iunction, 
independent  of  r,  that  enters  into  the  expression  oï  s,  must 
therefore  be  ofthe  same  order,  aud  very  minute,  so  that 
we  may  in  gênerai  neglect  s  as  inconsiderable  in  compari* 
son  with  u  and  v.  [Thus  if  the  sea  were  4  miles  deep,  y 
would  be  about  xôVô  ^^  ^»  ^°^  ^^^  ascent  and  descent  of  a 
particle  even  atthe  surface  ofthe  sea  would  in  gênerai  be 
little  more  than  -j-oW  ^^  ^^^  horizontal  motion,  supposing 
tbe  neighbouring  particles,  for  a  considérable  extent  in 
comparison  with  the  radius,  to  be  moving  in  the  same  di<- 
rection.]  We  may  therefore  omit  the  quantity  d^  in  the 
équation  of  article  373,  and  it  afibrds  the  équation  of  this 
proposition. 

376.  Théo  REM.     The  équation  of  conti- 
nuity  becomes  y=_^'--^)-:ï^',      (N) 

y  being  the  élévation  above  the  surface  of 
equilibrium,  and  y  the  depth  of  the  sea. 

The  équation  (Zr),  article  372,  which  is  applicable  to 
every  particle  of  the  fluid,  aSbrds  us,  in  the  case  of  equi- 
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librium,0=iw«gy  r-f  «*)  sin  {ù^au)  ?  «  -f  (8F)— ^;(ÎF) 

and  (8/>)  being  the  values  of  S'Fand  ip  whicb  belong,  îd  the 
State  of  equilibrium,  to  tbe  quantities  r-^-as,  ô-^-au,  and 
'23- 4- au,  aod  whicb,  in  the  state  of  motion,  we  may  suppose 
to  become  8F=(8F)  +  aSP,  and  3>>=(3^)+aSp';  and 
[since  the  variations  and  forces  in  the  three  différent  di- 
rections afford  independent  équations,]  we  hâve 

V    ,     "7  ^  =  T-s — 2nr  sin^ô-r-  :  [the  other  parts  of  the 
j L-      ci^8  at    ^  *^ 

dr 
équation  remaining  the  same  as  in  the  case  of  equilibrium, 
and  therefore  balancing  each  other].    Now  it  appears  from 

the  équation  {M)  (375),  that  n  j-  h  of  the  same  order  with 

y  or  with  s,  and  consequently  with  —  ;  the  value  of  the  first 

r 

member  of  the  présent  équation  must  therefore  be  of  the 

same   order  ;  and  if  we   multiply  tbis   value  by  dr,  and 

find  the  fluent  for  the  whole  depth  of  tbe  sea,  we  shall  hav^ 

for  F' — ^  a  verv  small  fnnction,  of  the  order  — ,  besides  & 
ç  -  r 

function  of  9,  'sr,  and  t  independent  of  r,  whicb  we  may  call 
X;  consequently  if  in  the  équation  (L)  we  only  consider  tbe 
two  variable  quantities  6  and  v,  it  will  afford  us  the  équa- 
tion (ilf),  with  this  différence  only,  that  the  second  member 
wilI  become  ^.  But  since  x  is  independent  of  the  depth 
ofthe  particle,  this  équation  becomes  equally  applicable  to 
the  surface  and  its  neighbourhood,  and  the  équations  (Jf) 
and  (L)  must  in  this  case  coïncide  with  each  other:  hence 

wehave  5xz=8F— jrîy,  and  consequently  8( F'—-) =3'F 

— gSy;  the  8  F'  in  the  second  member  of  the  équation  re» 

X 
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lating  to  the  surface  of  the  sea.  It  will  appear,  in  the 
theory  of  the  tides,  that  ibis  value  is  very  uearly  the  same 
for  ail  the  particles  situated  in  the  same  radios  of  the  eartb, 
frpm  the  bottom  of  the  sea  to  the  surface  :  we  havc  there- 

fore,  for  ail  thèse  particles,  -^■=Lgiy,  consequently />'  must 

be  equal  to  j^gy^  with  the  addition  of  some  fonction  inde« 
pendent  of  d,  v,  and  r,  as  a  correction  of  the  fluent:  now 
at  the  surface  of  equilîbrium  of  the  sea,  the  quantity  ap' 
most  be  equal  to  the  pressure  of  the  little  column  of  water 
ay,  which  is  elevated  above  this  surface,  and  this  pressure 
is  exprcssed  by  a^gy  :  hence  it  follows,  that  throughoot 
the  interior  of  the  fluid  mass,  from  the  surface  of  the  sphe- 
roid  covered  by  the  sea,  to  the  surface  of  the  sea  itself, 
jj'nf^y,  or  that,  in  other  words,  any  point  of  the  surface  of 
the  solid  spheroid  is  more  pressed  than  in  the  state  of  equi- 
librium,  by  ail  the  weight  of  the  little  column  of  water,  con- 
tained  between  the  surface  of  the  sea  and  tbc  surface  of 
equilibrium  ;  and  tliat  this  excess  of  pressure  becomes  né- 
gative at  the  parts  in  which  the  sea  is  depressed  below  this 
surface  of  equilibrium.  [There  seems,  however,  to  be  want- 
ing  in  this  theory,  the  considération  of  tlie  timc  required  for 
the  transmission  of  pressure,  as  well  as  of  the  possibility  of 
the  divergence  of  pressure  from  a  direction  completely  verti- 
cal. It  oauDot  be  supposed  that  every  ripple,  which  curls  the 
surface  of  the  océan,  produces  an  instantaneous  diversity 
of  pressure  at  the  depth  of  several  miles  ;  oor  is  it  very 
probable  that  each  inch  of  the  bottom  of  the  sea  at  such  a 
depth,  is,  after  any  interval  of  time,  affected  separately  by 
the  transitory  inequalities  of  the  surface  exactly  above  it. 
With  respect  to  the  graduai  transmission  of  pressure,  it 
can  scarcely  be  slower  in  a  fluid  than  it  would  be  in  the 
same  sobstance  if  congealed  into   a  solid  mass  :  for  the 
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effect  must  dépend  on  the  ultimate  elasticity  of  tbe  par- 
ticles  tbemselves,  and  not  on  the  rigidity  of  the  aggregate  ; 
although  Mr.  Poisson  seems  disposed  to  consider  the 
primary  transmission  of  tbe  pressure  as  depending  on  the 
samc  conditions  as  the  propagation  of  a  small  wave  of 
6nite  magnitude.  With  regard  to  tbe  want  of  vertica- 
lity  of  tbe  pressure,  depending  perbaps  on  a  want  of  per- 
fect  fluidity,  it  seems  to  be  diffîcult  to  make  any  allowanee 
for  it  in  a  correct  computation  :  but  fortunately,  in  the  great 
problem  of  tbe  tides,  the  depth  being  inconsiderable  in 
comparison  with  tbe  extent  of  a  similar  and  syhchronous 
state  of  tbe  surface,  neitber  of  thèse  sources  of  iuaccuracy 
can  bave  any  material  effect.] 

It  may  in  gênerai  be  observed,  that  having  regard  ta 
tbe  variations  of  6  and  'ar  only,  [and  neglecting  tbe  sligbt 
vertical  motion]  tbe  équation  (L)  becomes  équivalent  to 
(M)  for  ail  tbe  interior  parts  of  tbe  fluid.  The  values  of 
u  and  V,  relative  to  ail  the  particles  of  tbe  sea,  situated  in 
tbe  same  radius  of  the  eartb,  are  therefore  determined  by 
tbe  same  differential  équations  :  consequently,  if  we  sup- 
pose, as  it  will  be  convenient  to  do  in  the  theory  of  tbe 
tides,  that  at  tbe  origin  of  the  motion,  the  values  of  u, 

-T-,  V,  and  T  were  the  same  for  ail  the  particles  situated 
dt  dt  ^ 

in  tbe  same  radius,  thèse  particles  will  still  remain  in  the 

radius,  during  tbe  oscillations  of  the  fluid  :  the  values  of  r, 

u,  and  V  may  therefore  be  supposed  very  nearly  tbe  same 

throughout  the  small  portion  of  the  radins  intervening  be- 

tween  tbe  bottom  and  the  surface  of  tbe  sea:  we  may 

d'Crrs) 
therefore  consider  t^s  as  the  fluent  of  — ^ — i  dr,  and  call- 

dr 

ing  the  value  of  f^s  at  the  bottom  of  the  sea  {t^s)  we  shall 

X  3 
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have.  for  the  fluent  of  the  équation  0=— î^ —  +  r*  (  —  +-r— 

^  âr  Vdô     dw 

+ ),  taken  wilh  respect  to  r,  0  =  r*«— (r*«) -f  r*y 

sïnB  ' 

( — + —  H — : ),  since  y  is  the  particular  value  of /âr 

Vdô     àv       sin  6  '  '^  *^ 

between  thèse  limits.    Tbe  quantity  r^s — (rH)  is  also  very 

nearly  equal  to  r*  }  s — (s)  J -f  2ry(5),(«)beingthe  value 

of  «  at  the  bottom  of  the  sea,  and  considering  the  minute* 
ness  of  y  and  of  s,  the  latter  part  of  this  expression  may  be 
neglected  in  comparison  with  the  former,  and  we  may  cail 

r*5— (r*«)  =  r2?  «— («)  >.     Now  the   depth  of  the  sea, 

corresponding  to  the  angles  ô-faw,  and  w^  +  w-f  av,  is  y+a 

}  s — (s)  ?  :  and  if  we  consider  the  angles  6  and  **  n^  +  " 

w  as  beginning  at  a  fixed  point  and  a  fixed  meridian  on 
the  surface  oï  the  eartb,  which  will  soon  appcar  to  be  ad- 
missible, this   depth  will  be  y-faii  —-\-av  —,  besides  the 

dô  diff 

élévation  ay  of  the  particle  above  the  surface  of  equili- 

brium,  [for  since  y  is,  by  the  supposition,  a  function  of  6 

and  w,  it  is  necessary  to  comprebend   in  the  équation  its 

variations  dépendent  on   those   of  thèse  angles;]  conse- 

dv         d'y 
quently  «— (5)=^  +  m  — -f  t;  — .    The  équation  of  the  con- 

tinuity  of  the  fluid  will  therefore  become  y  zz ^—1  — 

^  dô 

d(yv)        ywcosô  _  du  ày  dv  dy 

^        —  ■  \zz  — y  —  —  u  —  —  y  —  V  —  — 

d'ar  3in  ù     ^  dû  dû  dv  dv 

ytt  C08  ô       .  /dtt  ,  dr   .  tt  cos  ù\  dy 

sm  ô  \dô     dm       sin  ô  /     ^         dû 

dy 
&  ^  T^p  which  amounts  to  the  samel. 
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It  may  be  observed  that,  in  this  équation,  the  angles 

6  and  "  n^  +  'V  are  reckoned  from  a  fixed  point,  and  a 

fixed  meridian,  on  the  earth,  while  in  the  équation  {M)  the 

same  angles  are  referred  to  the  axis  x,  and  to  a  plane 

passing  through  that  axis,  and  having  a  rotatory  motion 

round  it  expressed  by  n  :  now  this  axis  and  this  plane  are 

not  precisely  fixed  with  regard  to  the  surface  of  the  eartb, 

because  the  attraction  and  the  pressure  of  the  fluid,  livhich 

covers  it,  must  alter  in  a  slight  degree  their  position  on  the 

surface,  as  well  as  the  rotatory  motion   of  the  spheroid. 

But  it  is  easy  to  see   that  thèse  altérations  must  be  to  the 

values  of  au  and  av,  almost  in  the  proportion  of  the  maas 

of  the  sea  to  that  of  the  solid  spheroid  :  consequently  in 

order  to  refer  the  angles  û  and  '*  n^-f '''ar  to  an  invariable 

point  and  an  ipvariable  meridian  on  the  surface  of  the 

spheroid,  in:  the  two  équations  {M)  and  (N),  it  must  be 

sufficient  to   alter  u  and   v  by  quantities   of  the    order 

yu  yv 

—  and  — ,  which  we  hâve  neglected  in  this  computation  : 
r  r 

it  may  therefore  be  assumed,  in  thèse  équations,  that  au  and 

av  are  the  motions  of  the  fluid  in  latitude  and  longitude. 

[It  seems  more  natural  to  call  the  angle  made  by  the  plane 

in  question  with  the  first  meridian  v  or  zr-^-av  only,  and  to 

express  by  nt  the  rotatory  motion  of  the  earth  only  :  and 

perhaps  nt-^-v  may  hâve  been  an  error  of  the  pen  only  for 

'ar+at;.] 

It  may  also  be  remarked,  that  the  centre  of  gravity  of  the 

spheroid  being  supposed  immoveable,  we  must  transfer  to 

the  particles  of  the  fluid  in  a  CQotrary  direction,  the  effect  of 

the  reaction  of  the  sea  on  that  spheroid  :  but  since  the  place 

of  the  common  centre  of  gravity  of  the  solid  spheroid  and 

of  the  sea  is  not  changed  in  conséquence  of  this  réaction, 

it  is  évident  that  the  relation  of  this  velocity  to  tliat  with 
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which  the  particles  are  irapressed»  by  the  action  of  the 
spheroidy  is  of  die  same  order  with  the  relation  of  the  mass 

of  the  fluid  to  that  of  the  spheroid,  or  of  the  order  — ,  and 

that  itmay  therefore  be  neglected  in  the  calculation  o{SV% 

§  37.  0/  thé  earth's  aimosphere,  considered  first  in 
ihe  sîate  of  equilU>rium.  Of  the  oscillations  which  it  un- 
dergoes  in  ihe  state  of  motion,  having  regard  only  to  the 
reguhr  ccmses  which  ugiiate  U  ;  and  of  the  variations 
which  thèse  motùms  produce  in  the  height  of  the  haro- 
meter.    P.  105. 

377*  Theorem.  The  oscillations  of  the 
atmosphère  may  be  determined  by  the  equa- 

tions  r^io.  (-rp — 2n  sin  cos  ù  j^-j  +  r^c^  -(^  •  sinrB 
+  2n  sin  cos  6  ^  )=^^  — §*sy— gSy;  andy= 

,  /  du'        dv'       vf  cos  ôv      ,,  ....  ,  , 

-M-5J  ^-d^-^-lî^)-  the  quantities  u  and 

tf  being  analogous  to  u  and  v  in  the  case  of  a 
homogeneous  fluid  (372),  SF'  being  the  por- 
tion of  8  F  which  belongs  to  the  state  of 
motion  only,  «y  the  élévation  above  the  level 
of  the  sea,  y  the  variation  of  height  corres- 
ponding  to  the  temporary  change  of  density, 
and  g  the  force  of  gravitation. 

In  examining  the  motions  of  the  atmosphère,  we  may 

omit  the  considération  of  the  variation  of  heat»  in  différent 

/adtodes  and  at  différent  heights^  as  well  as  ail  the  ilrega- 
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lar  causes  of  agitation^  including  in  the  computation  those 
forces  only  ^hich  act  regularly  upoD  il  as  upon  the  sea. 
We  may  theref'ore  consider  the  sea  as  covered  by  an  elas- 
tic  fiuid  of  a  oniform  température  :  and  we  may  suppose 
the  density  of  this  fluid  proportional  to  the  pressure»  as  it 
is  found  to  be  by  actual  expérience.  This  supposition 
implies  that  the  height  of  the  atmosphère  must  be  infinité, 
but  it  is  easy  to  see  that,  at  a  very  moderato  height»  the 
density  is  so  smail  that  it  may  be  regarded  as  evanescent. 

If  we  now  call  the  quantities  s,  u,  and^  v,  for  the  parti* 
cles  of  the  atmosphère»  /»  n"»  and  i/,  the  équation  (£>)  (372) 
will  become 

ctr^^ô»  (-r-7: 2n  sin  cos  B  -r—  \ 

.      55^      f   '   9A  ddt?'      rt     •  ^  d»'       2fisin^^djCv 

^  df«  ^  dt    ^       r         àil 

+  Sr— ^:  which,  iù  the 
state  of  equilibrium,  affords  us,  when  integrated,  -J-  n'  H 
sin^ô  -f  V — J^zzC,  a  constant  quantity.     But  since 

the  pressure  p  is  supposed  to  be  proportional  to  the  den- 
sity f,  we  may  call  p^lffç,  g  being  the  force  of  gravity  in 
a  determinate  place,  for  instance  at  the  equator»  and  {  a 
constant  quantity,  which  compresses  the  height  of  an  atmos- 
phère supposed  homogcneous,  and  of  the  sanie  densitj  as 
at  the  surface  of  the  sea  ;  a  height  which  is  very  small  in 
comparison  with  the  radias  of  the  earth,  being  less  than 

yV^  of  this  radiutt.  Th&flMiit/^  or  ffy^  is  Aère- 
fore  Ig  hlf  :  and  the  équation  of  the  eqnilibrium  of  the  at- 
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which  the  partides  are  impressed»  by  the  actioD  of  the 
^eroid,  is  of  the  same  order  with  the  relation  of  tbe  mass 

of  die  fluid  to  that  of  the  spheroid,  or  of  the  order  — ,  and 

that  itmay  therefore  be  neglected  in  tbe  calculatîon  of  SF^ 

§  37.  Of  thé  eartKs  aimaipherê,  ccmddered  firêt  in 
ih$  sîaie  of  equUibriium.  Of  ihe  iucillations  whick  it  un- 
dergoeê  in  ihe  staiê  of  moiionf  kavii^  regard  only  to  tke 
regnhtr  causes  wAick  4igkate  iii  and  of  the  variatûms 
which  thèse  matiomê  produce  in  the  height  of  the  laro- 
meter.    P.  105. 

377*  Theorem.  ITie  oscillations  of  the 
atmosphère  may  be  determined  by  the  equa- 

lions  r«Sô.  ( j^5 — 2n  srn  cos  ^  j^)  +  ^Sv . (^ .  sm*« 
+  2n  sin  cos^  jj  )=^^'— êfSy— gSy;  and  5^= 

f  /  dvt       dt/       t^  cos  ôv      ,,  ....  ,         , 

~'f"dJ  ■*"lï""^"liïT)-  ^^  quantibes  u  and 
ff  being  analogous  to  u  and  v  in  the  case  of  a 
homogeneous  fluid  (372),  SV  bdng  the  por- 
tion of  8  F  which  beiongs  to  the  state  of 
motion  only,  «y  the  élévation  above  the  level 
af  the  sea,  y  the  variation  of  height  corres- 
pomling  to  the  temporary  change  of  density» 
and  g  the  force  of  gravitation. 

In  examinbg  the  motions  of  the  atmosphère,  we  may 
omit  the  considération  of  the  variation  of  beat,  in  différent 
^titades  and  at  différent  beigbts,  as  well  as  ail  tbe  ifrega- 
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lar  causes  of  agitation,  including  in  the  computatioo  those 
forces  ooly  "which  act  regularly  upoD  it  as  upoD  the  sea. 
We  may  therefbre  consider  the  sea  as  covered  by  an  elas- 
tic  fiuid  of  a  oniform  température  :  and  we  may  suppose 
the  density  of  this  fluid  proportional  to  the  pressure,  as  it 
is  found  to  be  by  actual  expérience.  This  supposition 
implies  that  the  height  of  the  atmosphère  must  be  infinité, 
but  it  is  easy  to  see  that,  at  a  very  moderato  height»  the 
density  is  so  small  that  it  may  be  regarded  as  evanescent. 

If  we  now  call  the  quantities  s,  u,  and^  v,  for  the  parti- 
clés  of  the  atmosphère,  /,  n",  and  i/,  the  équation  (£>)  (372) 
will  become 

ar^^ô.  (-T-- 2n  sin  cos  6  -7— \ 

-^ar^h'sr.   (  sin'ô  — ----- j.  2n  sm  cos  û  -r \-  •  -r-l 

^  dt^  ^  dt    ^       r         àil 

+  «Sr.(^— 2nr  din«Ô^)=:  ^  ««8  J(r+a/)sin(fl  +  aiO}  ' 

+  Sr— ^:    which,   iû    the 

state  of  equilibrium,  affords  us,  when  integrated,  ^  n^  r^ 

sin^ô  4-  V—J^izC,  a  constant  quantity.     But  since 

the  pressure  p  is  supposed  to  be  proportional  to  the  den- 
sity f,  we  may  call  p=lff^,  g  being  the  force  of  gravity  in 
a  determinate  place,  for  instance  at  the  eqoator,  and  {  a 
constant  quantity,  which  expresses  the  height  of  an  atmos- 
phère supposed  homogcneous,  and  of  the  sanie  density  as 
at  the  surface  of  the  sea  ;  a  height  which  is  very  small  in 
comparison  with  the  radius  of  the  earth,  being  le^s  than 

yV^  of  thid  radiutt.  Th»flMiii/^  or  /i^^  is  Aère- 
fore  Ig  hlf  :  and  the  équation  of  the  equilibrium  of  the  at- 
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Biosphère  becomes  /gh!f=  C-f  F-h|n*r*  sin*  ê.  Now  at 
the  surface  of  tbe  sea,  the  value  of  V,  expressing  the 
force,  must  be  the  same  for  a  particle  of  air  as  for  the  par- 
ticla  of  water  in  contact  with  it,  the  same  forces  acting  in 
both  cases  :  but  from  the  condition  of  the  equilibrium  of 
the  sea,  we  hâve  V  +  -J^n*  r*  sin  ^ù  constant  ;  consequeutly 
lgb\ç  must  be  constant,  and  f ,  the  density  of  the  stratum 
of  air,  contiguous  to  the  sea,  must  be  every  where  the  same 
in  the  state  of  equilibrium.  [It  is  not  intended  by  this 
constancy  of  the  force,  to  imply  that  gravitation  is  eqnal 
Ithrou&rhout  the  surface  of  the  sea,  but  that  the  pressure  on 
it  must  be  every  where  equah] 

If  we  make  R  equal  to  the  part  of  the  radius  r  compre- 
hended  between  the  centre  of  the  spheroid  and  the  sur- 
face of  the  sea,  and  r  the  part  between  that  surface  and  a 
particle  of  air  elevated  above  it,  we  may  consider  r^  as  the 
vertical  height  of  tbe  particle  above  tbe  surface,  which  it 

will  be  with  only  an  error  of  the  order  l — r")   :  R;   and 

quai^tities  of  this  order  may  be  neglected  without  iuaccu-* 

dP  ddT' 

racy.    Then  if  V\  -, — ,  and   — ; be  the  values  of  thèse 

dr  dr* 

quantities  at  the  surface  of  the  sea,  we  shall  bave,  for  the 

dV        /«       ddP 
élévation  /,  F  zn  P  ^f' ^  ^  I— .  -IIl- ,  [by  Taylor's 

dr  2         dr^ 

theorem  (247)]  and  the  équation  /5rhl^=  C-f  V+^n^r^  sin  «d 

•nu  7UI        ^       ir»      ^dP       f^«    ddP        ^     ^ 

will  become  Ighlp  =:  C  -^  F  +  r^  - —  +  -^ .  --—  +  4-  n« 

dr         2      dr*  * 

JP  sin  *6  +  n«  R/  sin  H  :  and  for  the  value  of  P  at  the 

surface  of  the  sea,'  we  hâve  F  ^-^n^R^  sin^d=za  constant 

quantity  :  the  effect  of  gravitation  àt  this  surface  being 

r— g-  — »•  R.Bin  %  whioh  we  may  call  g'.    The  quantity 
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being  multipliée!  by  tbe  very  small  square  f^*,  we 

may  find  its  value  upon  the  supposition  that  tbe  earth  is 
spberical,  and  vre  may  also  neglect  tbe  density  of  tbe  at- 
mospbere  in  comparison  witb  tbat  of  tbe  eartb.  We  may 
tberefore  take  [,  by  anticipating  tbe  law  of  gravitation], — 

-T — =  g  z=.  -7—-  m  being   tbe  mass  of  tbe   eartb,   conse- 

.     ddr           2m         2g'      ,          .m           2mir    T 
quently   _=  -  _=  >--^,  [smce  d_= —^^ 

we  bave  tberefore  tyblf  =C  —  r'^ — ïJ'9'    conscquently 

n  being  a  constan^  multiplier  representing  tbe  density  of  the 
air  at  tbe  surface  of  tbe  sea,  and  ble=l.  If  we  make  h 
and  h'  equal  to  tbe  lengtb  of  tbe  pendulum  vibrating  se- 
conds, at  tbe  surface  of  tbe  sea  under  tbe  equator,  and  in 
tbe  latitude  of  tbe  particle  of  tbe  atmosphère  in  question^ 

we  sball  bave  -^  =  — -  and  conseqwently  m  z=  —---(  1  ^— -«)• 

g       A  ^       J  Ih  ^       R' 

Hence  it  appears  tbat  tbe  strata  of  air  of  equal  density  are 
every  wberQ  equally  elevated  above  tbe  sea,  witb  tbe  excep- 
tion of  tbe  quantity  --^— ;  but  in  tbe  exact  calcùlation 

of  tbe  beigbts  of  mountains,  by  observations  of  tbe  baro- 
meter,  tbis  quantity  must  not  be  neglected. 

We  may  now  proceed  to  détermine  tbe  oscillations  of  a 
stratum  wbicb  is  on  a  level,  or  of  the  same  density,  in  the 
State  of  equilibrium.  If  we  make  ct^  the  élévation  of  a 
particle  of  air  above  the  level  of  tbe  surface  to  wbich  it 
belongs  in  the  state  of  equilibrinm,  it  is  obvions  tbat  in 
virtue  of  this.  élévation  the  vaine  of  SF  will  be  aagmented 
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by  the  differential  variation  --agSpf  and  that  8F=  (8F)  — 
agSp'^-aèV';  (SF)  being  the  value  of  8F  whicbbelongs  to 
the  stratum  in  the  state  of  equilibriam»  and  to  the  angles 
ê+au  and  nt-^vr-^  av,  and  8  F'  being  the  part  of  8  F  belong- 
ing  to  the  new  forces»  which  act  on  the  atmosphère  in  the 
state  of  motion. 

Let  g  bei=(f)  +  af',  (f)  being  the  densityof  the  level  stra- 

tum  in  the  state  of  equilibrium.     K  we  make  —  =  i/.we 

^  (f)      ^ 

shall  hâve  —  =  ^  ^     -f  agSy  ;    [since  p    •=!   Igg    -=.   Ig 

î(f)+«f'î>and^=:&V«y?^l  or,  substituting  (f) 
t  ^  f         f  t 

for  f  in  tfae  denominator»  their  différence  being  inconslder- 
able  in  comparison  with  the  whole  quantity,  =fy —^  + 
ttg^j/.     Now  in  the  state  of  equilibrium 

0=in«8f  r-fa«)  sin  (9+au) }e^(SF)— &l     Conse- 
^  -^  (f) 

quently  the  gênerai  équation  of  the  motion  of  the  atmos- 
phère 'will  beoome,  in  relation  to  the  level  strata,  with  re- 
gard to  which  Sr  is  nearly  evanescent» 

^S6.  (^-2«  sin  cos  9  ^) 
V  d<«  d^  / 

+  r*Sw.(  sm2ô-r--+2nsmcos6  -r--f wgy 

\  Qr  dt  r         dt  ^ 

— Sr8^— g8y'4-  nVsin«ô  U  s'  —  (^)l,a  {s')  being  the  varia- 
tion of  r  corresponding,  in  the  state  of  equilibrium,  to  the 
Tariations  au'  and  at/  of  the  angles  ê  and  v.    [For  ^F— - 

^  becoming  ^i^Fy-ag^f-^a^r-^,  and  (ÏF)-^  bc^ 
f  .  f  f 

ing  =  — Jii«8  ^ (r +o*)  sin  (d+aii)  |«  —  agS^  =  —  aii«r 
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sin*ôJ(«') — agh/,  this  part  of  the  second  member  of  the 
équation  derived  rrom(L),  combined  with  the  former  part, 
wbicfa  is  hère  an^r  sin^tô/,  aifords  us  the  équation  hère  laid 
down.] 

If  we  suppose  that  ail  the  partiales  of  air,  originally  situ- 
ated  on  the  same  radius  of  the  earth,  remain  constantly  on  the 
same  radius  during  their  motion,  as  bas  been  shown  to  take 
place  with  respect  to  the  sea,  we  may  proceed  to  examine 
whether  this  supposition  is  consistent  with  the  équations  of 
motion  and  of  continuity.  For  this  purpose,  it  is  necessary 
that  the  values  of  u'  and  v'  [representing  the  motions  in 
latitude  and  longitude,]  should  be  the  same  for  ail  thèse 
particles  :  now  it  will  appear  hereafter,  when  we  consider 
the  forces  concerned,  that  thèse  forces  are  very  nearly  the 
same  for  ail  the  particles  :  the  variations  S^  and  h'i/  must 
therefore  necessarily  be  the  same  for  ail  the  particles,  and 

the  quantities  2nr8'ar  sin^ô,  and  nVsin^ôîj  sf  —  {jsf)  >mast 

be  80  small  as  to  be  capable  of  being  neglected  in  the  pre- 

ceding  équation. 

At  the  surface  of  the  sea,  we  bave  ^=y,  ay  being  the 
élévation  of  the  surface  of  the  sea  above  the  surface  of 
equilibrium.  We  may  therefore  inquire  whether  the  sup- 
positions of  ^=iy,  and  of  y  being  constant  for  ail  the  pai^ 
ticles  of  air  situated  on  the  same  radius,  are  consistent 
with  the  équation  of  continuity  of  the  fluid,  which,  by  article 

374.is  0=^  J  f'+0)(^' + JH:+Î^)  +(f).^:  hence 
C*      ^  V  dô     dw       sm  d  /  dr 

i_         y         1  /d(r*/)  ,  di«^  ,  di/  ,  1^  C08  d\    -  .         y 
rr  9%    New.  r+o/  is  equal  to  tbe  vaine  of  r  ftt  the  siir- 


1-4    -—,:=; 
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face  of  equilibrium,  correspondiag  to  tbe  angles  9  -h  au 
and  v+av,  increased  by  the  élévation  of  the  pariicle  of 
air  above  this  surface  ;  the  part  of  as\  which  dépends  on 
the  variation  of  the  angles  ù  and  'sr,  being  of  the  order 

,  it  maybe  neglected  in  the  preceding  value  ofy,  and 

we  may  consequently  suppose  in  this  expression  s'zz^;  and 

d^ 
if  we  then  make  ^=y,  we  shall  have-r^  =  0,   since   the 

^  dr 

value  of  f  is  then  the  same,  with  regard  to  ail  the  particles 

situated  in  the  same   radius:    besides^  y  itself  is   obvi- 

fin 
oasiy  of  the  same  order  as  /,  or  as  — .  :   we  shall  therefore 

ff 
have^  for  the  value  of  y', 

.         j  fàvf     àt/     u' cas  ô\  ,       .  , 

y  = — l  l-n'^-r-  "*" — : — 7-  )  •  consequently,  smce  u  and 
^  V  dô      d'ar       sm  ô    /  ^         -^ 

v'  are  the  same,  for  ail  particles  originally  situated  in  the 
same  radius,  1/  must  be  the  same  for  ail  thèse  particles.  It 
follows  also,  from  thèse  considérations,  that  the  quantities 

2nri'BF.  sin-ô  —,  and  nV  sin^  ô  î  <  «'■— (O  t*  may  be  ne- 
glected in  the  preceding  équation  of  the  motion  of  the 
atmosphère,  which  may  then  be  fulfilled  by  supposing  u' 
and  t/  the  same  for  ail  the  particles  of  air  originally  situated 
in  the  same  radius;  and  that  the  supposition  of  the  cou- 
tinuaqce  of  ail  thèse  particles  in  the  same  radius,  during 
the  oscillations  of  the  fiuid,  is  consistent  with  the  équations 
both  of  motion  and  of  continuity.  In  this  case,  the  oscil- 
lations of  the  différent  level  strata  are  the  same,  and  may 
be  determined  by  means  of  thèse  équations; 

H8«.  (^  -2«  sin  cos  9  ^')  +»^8w.(  8in««  ^  +  2» 
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xi  cos  d 
sin  Q 

ScHOLiUM  1.  Thèse  oscillatious  of  the  atmosphère mast 
producc  analogous  oscillations  in  the  heights  of  the  baro- 
meter.  In  order  to  détermine  thèse  from  those  of  the 
atmosphère,  we  may  consider  a  barometer  fixed  at  any 
given  height  above  the  surface  of  the  sea.  The  height  of 
the  mercury  is  proportional  to  the  pressure,  to  which  the 
surface  exposed  to  the  air  is  subjected  ;  it  may  therefore  be 
represented  by  Ig^  :  but  this  surface  is  successively  exposed 
to  the  pressure  of  différent  level  strata,  which  rise  and  fall 
like  the  surface  of  the  sea  :  consequently  the  value  of  p  at 
the  surface  of  the  mercury  varies,  first  so  far  as  it  belongs 
to  a  level  stratum  which  in  the  state  of  equilibrium  was  less 
elevated  by  aquantity  ay,  and  secondly  because,  in  the  state 
of  motion,  the  density  of  a  given  stratum  is  increased  by  the 

quantity  ap'  or  --AlJl.     In  virtue  of  the  first  cause  the  va- 

c 

riation  of  f  is— «y  -—^  or     ^     ;  [since  this  variation  must 

dr  l 

be  to  (f)  the  whole  density,  as  the  elementary  column  ay  to 

the  height  /]  ;  consequently  the  total  variation  of  the  density  f  ^ 

at  the  surface  of  the  mercury,  is  a(f  )  ^  ^  .     Hence»  if  we 

call  the  height  of  the  mercury  iEr  in  the  state  of  equilibrium, 
its  oscillations  in  the  state  of  motion  will  be  expressed  by 

the  quantity  — '      ^    ;  consequently  thèse  oscillations  are 

similar  at  ail  heights  above  the  sea,  and  proportional  in 
their  extent  to  the  heights  of  the  barometer. 

ScuoLiUM  2.  It  oow  only  remains,  for  the  détermina- 


•CA-:!. 
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face  of  equilibrium,  correspondiag  to  tbe  angles  0  +  au 
and  'sr-fav,  increased  by  tbe  élévation  of  the  particle  of 
air  above  this  surface  ;  the  part  of  as',  whîcb  dépends  on 
the  variation  of  the  angles  ù  and  w,  being  of  the  order 

,  it  maybe  neglected  in  the  preceding  value  ofy,  and 

we  may  consequently  suppose  in  this  expression  s'=ç;  and 

d^ 
if  we  then  make  0=7,  we  shall  have-r-  ==  0,   since   the 

^  dr 

value  of  ç  is  then  the  same,  with  regard  to  ail  the  particles 

situated  in  the  same   radius:    besides^  y  itself  is   obvi- 

ously  of  the  same  order  as  l,  or  as  — .  :   we  shall  therefore 

hâve»  for  the  value  of  1/, 

j         ,  (àvS  ,  Axf  .v!  cos  ô\  Il       •  /       1 

y  = — l  (  -r;  +1-  + — : — T-  )  •  consequently,  since  u  and 
^  Vdô     dw       sinô    /  ^         ^ 

v'  are  the  same,  for  ail  particles  originally  situated  in  the 
same  radius,  y'  must  be  the  same  for  ail  thèse  particles.  It 
foUows  also,  from  thèse  considérations,  that  the  quantities 

2nrhi.  sin-ô  — ,  and  n^r  sin«  ô  î  <  «'—(«')  ? ,  may  be  ne- 
glected in  the  preceding  équation  of  the  motion  of  the 
atmosphère,  which  may  then  be  fulfilled  by  supposing  u' 
and  t/  the  same  for  ail  the  particles  of  air  originally  situated 
in  the  same  radius;  and  that  the  supposition  of  the  conr 
tinuance  of  ail  thèse  particles  in  the  same  radius,  during 
the  oscillations  of  the  fiuid,  is  consistent  with  the  équations 
both  of  motion  and  of  continuity.  In  this  case,  the  oscil- 
lations of  the  différent  level  strata  are  the  same,  and  may 
be  determined  by  means  of  thèse  équations; 

H8».  (1^  -2»  sin  cos  «  ^\  +»^8«.r  8in««  S'  +  2» 
N  d*  dw  >  d<* 
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8iD  cos  fl^')=JF'-i,gy'-i,8y;  and  x/--l  (^'+5^ 

xi  cos  ô  \ 
"1      .  I  • 

sin  a    / 

ScHOLiUM  1.  Thèse  oscillatious  of  the  atmosphère  must 

produce  analogous  oscillations  in  the  heights  of  the  baro- 

meter.     In  order  to  détermine  thèse  from   those  of  the 

atmosphère,  we  may  consider  a  barometer  fixed  at  any 

given  height  above  the  surface  of  the  sea.     The  height  of 

the  mercury  is  proportional  to  the  pressure,  to  which  the 

surface  exposed  to  the  air  is  subjected  ;  it  may  therefore  be 

represented  by  Ig^  :  but  this  surface  is  successively  exposed 

to  the  pressure  of  difierent  level  strata,  which  rise  and  fall 

like  the  surface  of  the  sea  :  consequently  the  value  of  p  at 

the  surface  of  the  mercury  varies,  first  so  far  as  it  belongs 

to  a  level  stratum  which  in  the  state  of  equilibrium  was  less 

elevated  by  aquantity  ay,  and  secondly  because,  in  the  state 

of  motion,  the  density  of  a  given  stratum  is  increased  by  the 

quantity  ap'  or  -    ^ .     In  virtue  of  the  first  cause  the  va- 
riation of  p  is— ay  -—i.,  or     ,  •    ;  [since  this  variation  must 

dr  l 

be  to  (f)  the  whole  density,  as  the  elementary  column  ay  to 
the  height  /]  ;  consequently  the  total  variation  of  the  density  f  ^ 

at  the  surface  of  the  mercury,  is  a(p)  ^  ^  ,     Hence,  if  we 

call  the  height  of  the  mercury  h  in  the  state  of  equilibriam, 
its  oscillations  in  the  state  of  motion  will  be  expressed  by 

the  quantity  —  ;  consequently  thèse  oscillations  are 

similar  at  ail  heights  above  the  sea,  and  proportional  in 
their  extent  to  the  heights  of  the  barometer. 

ScuoLiUM  2.  It  now  only  remains,  for  the  détermina- 
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tion  of  the  oscillations  of  the  sea,  and  of  the  atmosphère,  to 
investigate  the  forces  which  act  on  their  respectire  fluids, 
and  to  find  the  flaents  of  the  precediug  fluxional  équations 
with  regard  to  those  forces  ;  which  will  be  donc  in  a  subsé- 
quent part  of  this  work. 

[ScHOLiUM  3.  Instead  of  attempting  to  shorten  and 
simplify  the  steps  of  this  refioed  investigation,  which  ¥âU 
hereafter  appear  to  be  unnecess^arily  gênerai,  it  will  be 
sufiBcient  to  insert  some  collatéral  considérations  on  tbe 
simplest  cases  of  the  transmission  of  motion  through 
fluids,  adapted  to  a  notation  resembling  that  which  is  em* 
ployed  by  the  author. 

378.  Theorem.  "395/'  When  the  sur- 
face  of  an  incompressible  fluid,  contained  in  a 
narrow  prismatic  canal,  is  elevated  or  de- 
pressed  a  little  at  any  part  above  the  gênerai 
level  ;  if  we  suppose  a  point  to  move  in  the 
surface  each  way ,  with  a  velocity  equal  to  that 
of  a  heavy  body  faUing  through  half  m  the 
depth  of  the  fluid,  the  surface  of  the  fluid,  at 
the  part  first  afFected,  will  aJways  be  in  a  right 
Une  between  the  two  moveable  points. 

The  particles  constituting  any  column  of  the  fluid,  ex- 
tending  across  the  canal,  are  actuated  by  two  forces, 
derived  from  the  hydrostatic  pressures  of  the  columns  on 
each  side,  thèse  pressures  being  supposed  to  extend  to  the 
bottom  of  the  canal,  with  an  intensity  regulated  only  by  the 
height  of  the  columns  themselves  ;  and  this  supposition 
would  be  either  perfectiy  or  very  nearly  true,  if  the  particles 
of  the  fluid  were  infinitely  elastic,  that  is,  absolutely  incom- 
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pressible;  and  if  the  fluidity  were  at  the  same  time  so  per- 
fect,  that  no  particle  of  the  fluid  should  be  affected  by  any 
pressure  not  tending  directiy  towards  it  A  distinguisbed 
mathematician  of  tbe  présent  day  appears  indeed  to  havo 
assumed,  that  the  pressure  is  transmitted  downwards  witha 
velocity  determined  by  the  depth,  and  related  to  the  velo- 
city  of  the  horizontal  transmission,  if  not  identical  with  it: 
but  it  seems  sufficiently  obvions,  that  if  the  canal  be  snp- 
posed  incompressible,  the  pressure  must  descend  in  it,  as 
it  confessedly  would  do  in  an  organ  pipe,  with  a  velocity 
dépendent  only  on  the  intimate  elasticity  of  the  médium, 
which  in  this  proposition  is  supposed  infinité. 

Now  the  différence  of  the  forces  on  each  side  of  the  thin 
transverse  section  of  the  canal,  constituting  a  partial  pres- 
sure, is  the  immédiate  cause  of  the  horizontal  motion  ;  and 
the  vertical  motion  is  the  effect  of  the  modification  of  the 
horizontal  motion  :  and  the  différence  of  the  pressures  is 
every  where  to  the  weight  of  the  column  or  section,  or  of 
any  of  its  parts,  as  the  différence  of  the  heights  to  the  thick- 
ness  of  the  column,  or  as  the  fluxion  of  the  height^  to  that 
of  the  horizontal  length  of  the  canal  x.  Hence,  if  the 
weight  of  any  particle  be  calledy,  the  horizontal  force  act- 

ing  on  it  will  be-j^-y.     Such  therefore  is  the  force  acting 

horizontally  on  any  elementary  column  :  but  the  elon- 
gation  or  abbreviation  of  the  column  dépends  on  the 
différence  of  the  velocities,  with  which  its  two  transverse 
surfaces  are  made  to  advance,  and  this  élévation  or  dépres- 
sion of  the  upper  suHace  is  therefore  to  the  whole  height, 
as  the  variation  of  the  fluxion  of  the  length,  or  thickness, 
produced  by  the  opération  of  the  force,  is  to  the  whole 
fluxion  of  the  length  ;  that  is,  Sy  is  to  y  as  Sdx  to  àx,  or  as 
^Dx  to  Dx.    But  the  force  which  produces  the   change 
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beiDg  d  -^ S^-^y*  mai^ÛDg  d^  constant,  it  may  be  sap- 

posed  to  be  increased,  with  référence  to  tbe  accélération  of 
the  upper  surface  of  theflaid,  in  the  ratio  of  tbe  synchronons 
variations  Sdx  and  Sy,  or  tbat  of  do:  to  y,  and  it  will  then  be- 

corne  —,  -r-^  flri=---4- Wf  whicb  will  be  the  measure  of  the 

accélération  of  tbe  surface,  and  the  surface  will  ascend  or 

descend  precisely  as  if  inunediatçly  subjected  to  the  opéra- 
tion of  snch  a  force.  We  may  tberefore  inquire  what 
must  be  the  velocity  of  a  body  moving  along  the  curved 
surface,  or  what  must  be  the  horizontal  velocity  of  a  similar 
surface  moving  along  through  the  body,  in  order  tbat  the 
vertical  motion  should  represent  the  effect  of  the  force 

-r—yy.    Nowin  the  common  expression  of  tbe  magnitude 

of  a  force  acting  in  the  direction  ofy,  we  say/iz — ^;  we 

must  tberefore  make  -—^=z-r^gy,   or  -: — =z  <7v.  and  — 

d<2       dx2^^'  d<2       ^^'         dt 

=  >/  (yy)  :  consequently  if  x  flow  with  the  constant  velocity 

djT 
«=-7--=:  >/(gy),  the  second  fluxion  of  y  will  always  repre- 
sent the  actual  accélération  of  the  surface  of  the  fluid,  the 
part  of  the  curve  corresponding  to  the  time  t  always  repre- 
senting  the  actual  position  of  the  particlc,  as  well  as  its  mo- 
tion. But  >/(yy)  is  the  velocity  acquired  by  a  body  in  f  illing 
through  I  y,  since  in  gênerai  t^=2gs,  (232)  and  v=:  >/(%«), 
or  =:  >/(!^M).  In  this  simple  manner  we  attain  a  strict  dé- 
monstration, on  the  premised  supposition  respecting  tJbe 
nature  of  the^  fluid,  tbat  the  velocity  of  the  surface  will  be 
represented  by  that  of  the  surface  of  a  wave  advancing  with 
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the  horizontal  velocity  thas  determined,  or  in  other  words, 
that  the  wave  will  actoally  advance  with  that  velocity. 

But  in  this  form  the  solution  is  limited  to  the  case 
of  a  wave  already  in  progress.  It  may,  however,  readily 
be  extended  to  ail  possible  cases.  For  since  the  actiotCs  of 
any  two  or  more  forces  are  always  expressed  by  the  addi- 
tion or  subtraction  of  the  results  produced,  in  any  gtven 
time,  by  their  single  opérations,  it  may  easily  be  understood 
that  any  two  or  more  minute  impressions  may  be  propa* 
gated  in  a  similar  manner  through  the  canal»  without  im- 
pediog  each  other  ;  the  inclination  of  the  surface»  which  ié 
the  original  cause  of  the  acting  force,  being  the  joint  effect 
of  the  inclinations  produced  by  the  separate  impressions, 
and  producing  singly  the  same  force,  as  woutd  hâve  resulted 
from  the  combination  of  the  two  separate  inclinations  ;  and 
the  élévation  or  dépression  becoming  always  the  sum  or 
différence  of  those  which  belong  to  the  separate  agita- 
tions. If  then  we  suppose  two  similar  impulses,  waves, 
or  séries  of  waves,  to  meet  each  other  in  directions  pré- 
cisely  opposite,  they  will  still  pursue  their  course:  and  at 
the  instant  wben  they  meet  in  such  a  manner  as  to  destroy 
completely  each  other's  horizontal  and  vertical  motions,  the 
élévation  and  dépression  of  each  séries  will  coincide  and 
be  redoubled,  and  the  fluid  will  be  quiescent,  with  an  undu- 
lated  surface  :  but  in  the  next  instant  the  two  séries  will 
proceed  uninterrupted,  as  before  :  consequently  the  fluid 
being  supposed  to  be  initially  in  the  same  state,  its  pro- 
gressive changes  will  be  represented  by  the  effects  of  the 
two  séries  of  waves  meeting  each  other,  and  the  place  of 
each  point  will  be  determined  by  the  middle  between  the 
two  places  which  it  would  hâve  held  by  the  separate  effeots 

Y 
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of  the  two  séries,  that  is,  by  the  mean  between  ihe  dc?ar 
lion  pr  dépression  of  the  two  points  snpposed  in  the  pro- 
position. 

CoROLLARY  1.  The  points,  in  which  tbe  similar  parts 
of  the  two  opposite  séries  of  waves  continue  to  meet,  wili 
always  be  free  from  horizontal  motion  ;  hence  it  ioUows 
that  a  solid  obstacle  in  a  vertical  direction  might  be  inter- 
posed  without  altering  the  phenomenon  :  and  conseqnently 
that  any  fixed  obstacle  meeting  the  waves  would  produce 
precîsely  tbe  samo  eflTect  on  the  subséquent  state  of  either 
séries,  as  is  produced  by  thé  opposition  of  a  similar  séries, 
and  would  reBect  it  in  a  form  similar  to  that  of  the  oppo- 
site séries,  which  would  bave  travelled  over  it,  if  it  had 
originated  from  a  primitive  cause  of  motion  on  the  other  side 
of  the  obstacle. 

ScHOLiUM.  It  will  appear,  by  considering  the  combi- 
nation  of  the  horizontal  with  the  vertical  motion,  that  each 
particle  of  the  surface  will  describe  an  oval  figure,  which  it 
will  be  simplest  to  suppose  an  ellipsis  ;  tbe  motion  in  the 
opper  part  of  tbe  orbit  being  direct  with  regard  to  the  pro- 
gress  of  tbe  wave,  and  in  tbe  lower  part  rétrograde  :  and 
tho  orbit  will  be  of  the  same  form  and  magnitude  for  each 
partip}^  of  tbe  surface,  wben  tbe  canal  is  supposed  to  be 
prism^tic. 

379-  TnEOREM.  The  divergence  of  a  wave, 
makes  no  sensible  différence  in  the  velocity  of 
its  propagation,  and  its  height  will  vary  as  the 
square  root  of  the  distance  from  the  centre. 

The  immédiate  horizontal  force  is  the  same  for  a  diverg- 
ing  wave  as  for  a  prismatic  canal,  its  measnre  being  always 
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•T^ff,  as  well  for  the  parts  lying  witliout  the  sides  of  a  sap* 

QX 

posed  prismatic  canal,  as  for  the  parts  contained  witbin  it, 
the  ioclidation  of  the  surface  beiog  the  same  without  as 
witbia  tbose  limits,  and  the  fluxion  of  the  height  being  in 
the  same  proportion  to  that  of  the  length  x,  notwithstand* 
}Dg  that  the  pressure  in  one  direction  is  derived,  for  tbe 
extrême  parts»  from  the^  surface  of  the  collatéral  portioD 
of  the  wave  :  consequently  the  force,  as  referred  to  the  sïir-> 

face  of  the  fluid,  willstillbe  expressedby----^gy.      It  wiU, 

however,  be  modified  by  the  dépression  attending  a  pro* 
gressive  motion,  necessary  for  preserving  the  continuity  of 
the  fluid,  which  must  obviously  be  such  that  — iy  may  be  to 

Sr,  the  progressive  velocity,  as  y  tox,  and  3^=  — Sx  4L:  and 

X 

the  accelerative  force  -r^  cr,  considered  with  regard  to  its 

QX 

effect  at  the  surface,  will  be  modified  in  the  same  propor* 
tion  as  the  velocity,  so  that  instead  of -p^r,  it  will  become 

— -^i-^ A^y*  consequently  the  joint  accélération  of 

the    surface  wiU    be   (g-^)yy.      Now  ^  =^. 

(194)  which  is  the  reciprocal  of  the  diameter  of  the  circle 

dî/  dx 

of  cnrvature»  and  -—-  is  the  reciprocal  of  x  —,  the  height 

of  the  intersection  of  the  vertical  line  passing  through  tbe 
centre  of  divergence  with  the  perpendicular  to  the  surface 
of  the  wave,  which  will  be  very  great  in  comparison  with 
tbe  diameter  of  curvaturerwheotbe  distance  from  tbe  centre 
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becomes  considérable  :  and  the  second  part  of  the  expres- 
sion wili  become  a  small  disturbingforce,  depending  on  the 
tangent  of  tbe  inclination  of  the  surface,  which  represents 
the  fluent  of  the  carvature,  or  of  the  accelerating  force,  and 
being  therefore  proportional  to  the  velocity  :  so  that  like 
the  résistance  of  a  pendulum  proportional  to  the  velocity,  it 
wiil  not  sensibly  afiect  the  whole  period  of  the  alternate 
motion,  or  the  propagation  of  the  wave  depending  on  it. 
We  obtain  the  law  of  the  diminution  of  the  height  of  the 
waves  in  diverging,  from  the  principle  of  the  préservation 
of  impetus  (319),  since  the  mass  affected  at  once  by  the 
similar  velocities  increases  directly  as  the  distance  from  the 
centre  x,  when  the  depth  is  eqnabie,  consequently  ail  the 
velocities  concerned  must  decrease  as  the  square  root  of  x, 
in  order  that  the  sum  of  the  masses,  multiplied  by  the 
squares  of  the  velocities  may  remain  constant.  There  will 
always  be  a  continuai  but  insensible  reflection,  which  will 
préserve  the  centre  of  gravity  immoveable,  though  it  con- 
sumes no  considérable  part  of  the  impetus  ;  except  at  the 
very  origin  of  the  wave,  where  there  seems  to  be  some- 
thing  like  a  vibratory  motion  Irom  this  reflection,  for  a  short 
space,  at  the  beginning  of  the  motion. 

ScHoLiUM.  It  is  obvions  that  the  surface  of  a  wave  so 
diminishing  cannot  be  supposed  to  glide  on  unaltered,  but 
the  deïnonstration  shows  that  the  motion  of  each  point  of 
the  surface  is  the  same  as  tliat  of  a  surface,  affected  by  a 
séries  of  equal  waves,  of  the  magnitude  of  the  actual  wave 
at  the  given  point,  which  is  the  condition  supposed  in  the 
comparison  of  the  force  with  the  curvature, 

380.  "  400."  Theorem.  AU  minute  im- 
pulses-are conveyed  through  a  homogéneous 
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elastic  médium  with  a  uniform  velocity,  equal 
to  that  which  a  heavj^  body  would  acquîre,  by 
falling  through  half  m,  the  height  of  the  mé- 
dium causing  the  pressure. 

Tn  this  case  we  bave  to  call  the  density  y,  instead  of  the 

height  of  an  incompressible  flaid  in  article  378,  and  to 

imagine  the  surface  of  the  wave  to  be  that  of  a  curve  repre- 

senting  the  density  by  its  ordinate  y,  which  is  equal  to  the 

height  of  a  uniform  column  of  the  médium  capable  of  pro- 

ducing  the  pressure,  or  in  other  words,  to  the  height  of 

dt/ 
the  modulns  of  elasticity  of  the  médium:  then -r^^  will  be 

the  direct  accelerating  force,  and  -r-^  gy  the  açceleratÎQD  of 

the  ordinate  of  the  curve  of  density,  since  hère  again  the 

variation  of  density  iif  is  to  y,  as  Sdx  to  àx  :  and  th^  aame 
conclusion  is  inferred,  respecting  the  velocity  with  which 
the  curve  of  densities  must  advance,  in  order  that  it  n^ay 
represent  the  instantaneous  change  at  each  point,  and  con- 
sequently  for  ail  the  points  in  succession. 

381.  "  397,  Sch.''  Theoeem.  Every 
small  change  of  form  is  propagated  along  an 
elastic  chord,  with  a  velocity  equal  to  that 
which  is  due  to  half  the  length  m,  of  a  portion 
of  the  chord,  of  which  the  weight  is  equal  to 
the  force  producing  thç  tension,  and  is  re- 
flected  from  the  extremities  in  an  opposite 
direction. 
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Tliis  proposition»  thoagh  not  beloogiDg  to  the  motions 
of  fluids,  is  inserted  hère  to  complète  the  analogy  between 
the  height  of  a  liquida  the  modulus  of  elasticity  of  an  elastic 
mediam,  and  the  modulus  of  tension  of  a  vibrating  chord. 
The  force,  impelling  any  small  portion  of  the  chord  towards 
the  qniescent  position,  or  axis,  is  obviously  expressed  by  the 
diagonal  of  the  elementary  parallelogram,  formed  by  its 
extrême  tangents,  that  is  the  Une  intercepted  between  the 
intersection  of  those  tangents  and  a  line  equal  and  parallel 
to  the  second  drawn  from  the  extremity  of  the  first,  or  in 
other  words,  by  the  second  fluxion  of  the  ordinate,  vfhen 
the  tangent  représenta  the  first  fluxion  of  the  axis,  the 
cnrve  being  always  supposed  infinitely  near  to  the  axis, 
and  in  gênerai  the  force  will  be  to  the  teusion  as  the 
second  diflerence  AAy  to  the  first  différence  Ax  :  but  the 
tension  is  to  the  weight  of  the  élément  ajt  as  M  to  ùx,  con- 

M 

sequently  the  tension  of  ax  is  —  a,  and  the   accelerative 

ÙX 

force — -• — an — ^Mgzz-r^Mg,  which  we  may  maker:/* 
ÙX     ajT     Ax^    ^     dx2     ^  ^  -^ 

d^V 

z=  — ^,  and  we  shall  hâve  t;=:  ^(jrM),  as  v=  '^(gy)  in  ar- 

ticle378;  and  the  velocity  will  be  that  which  is  due  to 
half  the  height  M. 

The  reflection  at  the  extremities  of  the  chord  may 
be  represented  by  delineating  the  initial  figure,  and  re- 
peating  it  in  an  inverted  position  below  the  absciss:  then 
taking»  in  the  absciss,  each  way,  a  distance  propor- 
tional  to  the  time  ;  and  the  half  sum  of  the  correspond- 
ing  ordinates  will  indieate  the  place  of  the  point  at  the 
expiration  of  that  time.  The  chord  will  thus  represent  a 
portion  of  the  surface  of  a  liquid  agitated  by  a  séries  of 
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382.  Theorem.  If  there  be  a  séries  of 
equal  partîcles,  arranged  at  equal  întervals  in 
a  right  Une,  each  attracting  or  repelling  its 
immédiate  neighbour,  only  with  a  constant 

» 

force/;  the  force  FM,  acting  on  any  obstacle 
M  at  one  end  of  the  whole  Une  w,  supposîng 
the  other  to  be  fixed,  wiU  be  equal  to/. 

The  gênerai  principle  of  virtual  velocities  is  S9it4SS«=rO, 
(/,805)  or^taking  any  one  of  the  forces  combined  with  each 
otiier  as  the'  resùlt  of  the  rest,  and  in  an  opposite  direc- 
tion, MV^uznlimSh:  and  in  applying  this  principle,  the 
variations  inay  be  taken  in  any  manner  capable  of  repre* 
senting  their  relations  to  each  other,  without  confining 
them  to  such  as  are  likely  to  Qccur  in  the  «  natural  pheno- 
mena  to  be  considered;  and  the  motive  force  Flf  may 

always  be  found,  if  ^e  can  détermine  its  equal  —^^ . 

ou 

Now  if  the  nnmber  of  partîcles  concemed  be  m,  and  their 

masses  eqnal  to  pnity,  we  shall  hâve  S«=i — ,  since  we  may 

suppose  the  particles  to  remain  equally  distribated 
throughout  the  Une  aller  the  variation  of  their  distances. 
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and  S  being    =/,   we  Lave   llmSSs=.f^u;  coDsequently 

VM=:f. 

383.  TnEOREM.  If  an  attractive  or  ré- 
pulsive force  ex  tend  to  a  given  distance  c 
among  a  séries  of  m  particles  situated  at  equal 
distances  in  a  right  Une,  the  mutual  forces  of 
any  two  particles  being/,  and  their  masses 
each  unity,  the  tension  acting  on  an  obstacle 

at  the  end  of  the  Une  u  will  be  "^^^  f. 

The  tiTitnber  of  parlicleè  in  the  line  u  being  m,  the  Biim- 

c 

ber  acting  at  any  one  point  will  be  2m  —  ;    and   when    the 

length  u  is  varied,  the  variation  of  the  distance  of  the  re- 

motest  of  thèse  particles  will  be  Su  —,   while  tbat  of  the 

u 

particles  at  a  smaller  distance  will  be  proportionally  smal- 
1er  :  and  the  mean  variation  of  the  distances  of  the  par- 
ticles within  the  respective  sphères  of  action  will  be  half 
the  extrême  variation.     For  each  particle,  therefore,  the 

variation  ImSSs  will  be  ^  Su  —  2c  — /= —  m/Su,  and 

u         u         uu 

ce 
for  the  whole  line,  consisting  of  m  particles,  m*  —  fhi, 

uu 

which,  divided  by  St«,  cives  Fif  = /. 

''        ^  uu    "^ 

CoROLLARY  1.  Hence,  if  y  be  given,  the  tension  will 
vary  as  the  square  of  the  number  of  particles  or  density  m, 
and  as  the  square  of  the  extent  of  the  sphère  of  action  t^ 
conjoinUy. 

CoROLLARY  2.   If  there  be  two  forces,  a  cohesive  for^ 
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C  and  a  répulsive  force  R,  holding  each  other  in  eqaili- 
brium,  but  extending  to  the  différent  distances  c  and  r, 
tbey  will  balance  each  other,  in  this  hypothetical  case,  if 
c^Czzr^R,  that  is,  if  the  primitive  forces  of  the  single 
pairs  of  particles  be  inversely  as  the  squares  of  the  minute 
distances,  to  which  they  extend. 

ScHOLlUM.     It  is  obvious  that  the  length  u  is  indiffe- 

rent  to  the  force,  since  m  must  var}'  as  u,  and  —  must  re- 

u 

main  constant,  when  the  density  i^  given. 

384.  Theorem.  If  a  fluid,  composed  of 
cohesive  and  répulsive  particles,  holding  each 
other  in  equilibrium,  be  contained  between 
two  parallel  surfaces,  of  unlimited  extent,  the 
equal  and  opposite  forces,  acting  on  eîther  of 

the  surfaces  Jlf  ,  will  be  ^  d^  c*  Mf  ;  d  being 

the  density,  and  v  the  circumference  of  a  cîrcle 
dîvided  by  its  diameter. 

The  number  of  particles  in  the  space  Mu  being  dMu^  the 
number  of  those,  which  are  within  the  limits  of  the  sphère 
of  action  of  each  particle,  will  be  d^'jrc^.  Supposing  now 
the  distances  of  the  particles  to  be  varied  by  a  slight 
change  of  the  density  ;  it  is  évident  that  the  variation  of 
the  density  will  be  in  the  triplicate  proportion  of  that  of 
the  distances,  since  if  d=^x^,  dd'=z3x^  dx;  and  the  varia- 
tion of  the  whole  space  Mu  being  MSu,  that  of  the  density 

&/= — Stf  — ,  and  that  of  any  linear  distance  c  will  be  Se 
tf 


c      ,  «^     c 


=  — 4  8rf  --.=:4.8u  — ,  irhich  will  be  the  variation  of  the 
du 
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disiaoce  of  the  pariicles,  at  the  sarface  of  tbe  sphère  of  ac- 

tjloDi  from  its  centre.     Bot  the  mean  distance  of  eacb  ele- 

pientary  pyramid  from  its  vertex,  or  of  the  whole  sphère 

from  the  centre,  is  |  of  the  heigbt  or  the  radius,  since  the 

products  of  the  éléments  of  the  content  into  the  distance 

Sx  x^djc 
added  together  and  divided  by  the  content,  or  -^ 

=:-|.    The  mean  variation  of  distance  for  the  whole  fiuid 

Su 
is  therefore  -^  c  — -  ;  and  this  yariation^  multiplied  by  the 

number  pf  particles  withixi  the  sphère  of  action,  becomes 

^  t^ù^  —  ;  which  being  again  mnlliplied  by  tbe  nnmber  of 

o  tf 

centres  Mud,  and  by  the  force  y,  and  divided  by  Su,  gives 

us  F=ô  ^^  ^ff  f^^  ^^  whole  force  acting  on  the  sur- 
o 

face  M. 

CoROLLARY.  In  this  case  if  the  two  forces  C  and  R 
bold  eacb  other  in  equilibrium,  we  must  hâve  c*C=:r* JR, 
and  C  must  be  to  12,  for  each  pair  of  particles,  as  r^  to  c^: 
eacb  force  still  varying  as  the  square  of  the  density. 

ScHOLlUM  1.  The  détermination  of  the  attractive  or 
répulsive  force  of  a  sphère  thus  çonstituted  may  be  ilius- 
trated  ànd  confirmed  by  a  simpler  mode  of  considering  the 
joint  action  of  the  particles  of  each  hémisphère,  which  is 
easily  shown  to  be  half  as  great  as  if  tbey  were  collected 
înto  one  Une.  For  it  is  obvions  that  each  particle  in  any 
spherical  surface  piust  bave  its  action  on  the  central  point 
rednced  in  the  proportion  that  the  radius  bears  to  its  dis- 
tance from  the  plane  dividing  tbe  hémisphères,  conse- 
quently  the  whole  force  wili  be  represented  by  the  distance 
of  the  centre  of  gravity  of  the  surface,  multiplied  into  the 


OF  THE  COHESION  OF  TLJSIDS.  333 

mass,  or  the  number  of  particles  contained  in  it.  Now  the 
centre  of  gravity  of  a  spherical  surface  is  situated  in  the 
middle  of  its  absciss  or  verse  sine,  since  the  incréments  of 
the  surface  are  proportional  to  those  of  the  verse  sine  (183). 
Hence  it  foUows,  that  the  joint  force  of  ail  the  particles  in 
each  surface  is  half  what  it  would  be,  if  they  were  ail 
situated  in  the  given  direction  :  and  the  proportion  being 
the  same  for  ail  the  concentria  surfaces,  it  must  also  remain 
the  same  for  the  whole  hémisphère.  If  we  had  only  to 
consider  the  attractions  of  a  séries  of  particles,  situated 
in  a  circular  circumference,  upon  a  central  particle,  it 
might  be  shown,  in  a  similar  manner,  that  they  would  be 
together  equal  to  that  of  a  number  of  particles  represented 
by  the  chord»  supposed  to  be  placed  at  the  middle  of  the 
arc. 

ScHOLIUM  2.  If  any  of  the  elastic  fluids,  with  which 
we  are  acquainted,  be  considered  as  thus  constituted,  we 
must  suppose  the  fourth  power  of  the  distance  r  to  vary 
inversely  as  the  density  d,  since  the  force  V  is  found  to 

vary  simply  as  the  density,  and  — =—  dc^Mfis  constant. 

d      o 

It  would  bave  been  more  natural  to  expect,  that  if  c  were 
not  constant,  its  cube  c^  would  hâve  varied  inversely  as 
the  density,  supposîng  the  number  of  particles  cooperating 
to  bc  given.  But  in  the  Newtonian  démonstration  the 
elementary  force /is  also  supposed  to  vary  inversely  as  the 
distance,  while  the  number  of  particles  cooperating  is  in* 
variable.   In  this  case  the  number  of  particles  in  the  spaco 

Mu  are  as  dSfu,  and  the  elementary  forces  as  di,  the  va- 
riations of  the  distances,  for  a  given  value  of  Su,  being  as 

"3,  so  that  the  products.of  thèse  quantities  remain  con- 
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stanty  and  the  effective  force  is  as  tbe  namber  of  particles 
coDceracdy  or  simply  as  d, 

385.  Lemma.  If  ^the  height  of  a  cône  be 
a,  the  radius  of  the  base  6,  and  the  oblique 
sîde  c,  the  mean  distance  of  the  base  from  the 

vertex  will  be  ^.  — ^r~* 

For,  if  the  fluxion  of  the  radias  of  the  base  be  dj:,  the 
prodact  of  the  elementary  ring  2vxàx,  into  ils  distance  s/ 

(a« + ir«),  will  be  2vxùx  V  (a« + ar«)  ;  and  since  d  ^  (a^ + a:«)î  > 
zz^x2xAx  ^{(fi+x%  we  have/25rx  ^/(a^+x^)àx=:-^ 

(a^+x^y,  which  becomes  initially  —  a^,  and  when  xzih, 

3 

—  c^,  and  the  différence,  divided  by  •jrft^  the  area  of  the 

base,  that  is,  4  — rs — >  ^^  l"  -i; >  wi^l  be  the   mcan  dis- 

o^  c* — or 

tance  of  the  base  from  the  vertex. 

CoROLLARY.     For  a  solid  cône,  the  mean  distance  be- 
comes ^  of  that  of  the  base,  as  in  the  case  of  the  sphère  : 

and  the  expression  becomes,  in  this  case,  ^  -;; ^. 

386.  Theorem.'  The  deficiency  of  the 
mutual  actions  of  the  superficial  particles  of  a 
fluid,  of  Umited  extent,  deducts  from  the  tension 

-^  of  the  whole  force  of  a  stratum  equal  in 

thickness  to  the  radius  of  the  sphère  of  equal 
action. 
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For  the  interior  parts  of  the  fluid,  tbe  actions  of  ail  the 
particles  will  be  the  same  as  in  a  fluid  of  unlimited  extent, 

that  is,  ;r  c^Mf,  calling  the  density  unity^  since  its  fioite 

variations  do  not  enter  into  the  présent  question.  But  for 
the  particles  within  the  distance  c  of  the  surface,  the  forces 
will  be  able  to  act  on  such  anumber  of  other  particles  only, 
as  are  contained  in  a  segment  of  the  sphère,  of  which  the 
verse  sine  is  c+^y  the  distance  from  the  surface  beingar, 
which  are  not  only  fewer  than  in  the  whole  sphère,  bat  are 
also  at  a  smaller  mean  distance  from  the  centre. 

Each  of  thèse  segments  may  be  divided  into  two  por- 
tions ;  that  which  is  contained  between  the  centre  and  tbe 
spherical  circumference,  and  the  cône,  which  lies  between 
the  centre  and  the  plane  surface  :  the  variation  of  the  mean 
distance  of  the  former  will  be  the  same  as  for  the  whole 
sphère;  but  for  the  cône,  instead  of  the  variation  belonging 
to  that  of  the  corresponding  portion  of  the  sphère,  which 
will  be  expressed  by  the  product  of  its  content  into  \  of 
the  variation  of  the  radius,  we  shall  hâve  the  content  of 
the    cône    into   the    variation  of   its   mean  distance,   or 

i  («^-*)  -  -^^  i  £1  •  V  *^^^  '^'  i  ^^-^^  '  fe 

instead  of  2'rc(c — x)  —-  into  ^c  —-,  or  -rç  (c^—c^x)  s-,   the 

3  ou         2  ou 

différence  being  — -(3c*— 4c^x+x*)  5-,  for  each  particle  at 

t)  ou 

the  distance  x  from  the  surface  ;  and  in  order  to  find  the 
total  différence  for  the  whole  stratum,  we  must  multiply  this 

by  the  fluxion  of  x,  and  fiad  tbe  fluent,  which  will  be  •-- 
(3c*i:— 2c^«-hfar0gjjor.wheaar=c,^.|c5^  =.jjc»  —, 
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and  for  the  length  ii,  :j—  d^^u,  while  the  force  of  the  whole 

15 

stratuin»  of  the  thîckness  c,  would  hâve  been  -^  c*c,  substi- 

o 

tuting  c  for  M  in  article  385,  and  the  deficiency  is  to  the 

whole  ^orce  as  ^  to  -J^,  or  as  1  to  5). 

CoRoLLAR Y.  If  tfae  cohesive  force  C  and  the  répulsive 

JR  be  in  equilibrium  for  the  whole  flaid  considered  as  incom- 

iffutéhly  greater  in  thickness  than  c  or  r,  the  différence  of 

ll^jforQës  with  regard  to  the  saperficial  stratum  on  each 

side  only,  *inll  be— *— (c*C— r*jR)  :  now  it  bas  been  shown 

that  c*C*=r*JR,  consequently  c*C— r*JR=:c*C(c — r),  and 
the  joint  deficiency  in  the  cohesive  force  will  be— ,  —  c*C 

D     O 


C-t) 


c 

CoROLLARY  2.  The  deficiency  beîng  positive  when 
c  is  greater  than  r,  it  foUows  that  if  the  superficial  cohésion 
prevail  in  a  fluid  so  constituted,  it  must  be  because  r  is 
greater  than  c  and  the  defect  is  greatest  with  regard  to  the 
répulsive  force.  In  such  cases  the  fluid  must  be  slightly 
condensed  in  its  interior  parts,  so  as  to  produce  a  résist- 
ance équivalent  to  the  excess  of  cohésion  of  the  surface. 

GoROLLARY  3.  These  conclusions  are  applicable,  with 
slight  modifications  only,  to  the  case  of  a  repulsion  like 
that  of  elastic  fluids,  as  assumed  by  Newton.  For  we 
hâve  only  to  take  r  equal  to  the  radius  of  the  actual  mean 
sphère  of  action  for  the  fluid  in  any  given  state  of  com- 
pression, and  the  superficial  deficiency  of  the  force  will  be 
very  nearly  as  determined  by  this  proposition,  the  dbtance 
r  becoming  in  this  case  somewhat  smaller  than  the  whole 
extent  of  the  sphère  of  action.    The  utmost  possible  cohe- 
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sive  force  would  be  obtained  from  the  sappositioo  tbat  c 
is  iocomparably  smaller  than  r,  and  this  force  would  be 

-^  -ô-  r^R*  or  -r  of  the  repaisi ve  force  of  a  siratum  of  the 

interior  part  of  the  fluid  of  the  thickness  r;  but  in  every 
case  that  can  actuaily  occur,  the  superficial  force  nrafit 
probably  be  much  less  than  this. 

ScHOLiUM.  On  thewhole,  we  are  fullyjustifiedin  con- 
cluding  that,  since  the  phenomena  of  capiiiary  action  nece»* 
sarily  lead  us  to  infer  the  existence  of  a  superficial  tension» 
and  since,  withoat  this  supposition,  we  should  be  obliged 
to  admit  the  possibility  of  a  perpétuai  source  of  motion, 
from  an  unequal  hydrostatic  pressure,  upon  any  floating 
body  not  homogeneous  ;  the  existence  of  lucb  a  cohesiVe 
tension  proves  that  the  mean  sphère  of  action  of  the  ré- 
pulsive force  is  more  extended  than  that  of  the  cohesivft£ 
a  conclusion,  which,  though  contrary  to  the  tendeney  of  ^ 
some  other  modes  of  viewing  the  subject,  shows  the  absô- 
lute  insufficiency  of  ail  théories  built  upon  the  examination 
of  one  kind  of  corpuscular  force  alone.  It  must  also  be 
recollected  that,  as  far  as  our  experiments  enable  us  to 
observe,  the  répulsive  force  of  solids  does  actuaily  exteiïd 
further  than  the  cohesive,  though,  with  respect  to  ils 
mean  intensity,  we  bave  no  direct  method  of  ascertaining 
the  comparative  extent  of  the  sphères  of  action  of  tbe  two 
forces. 


ù 
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OF  INTERPOLATION  AND   EXTERMINATION. 


387.  Theorem.  The  fluxions  of  any 
quantîty  u  may  be  found  from  its  finite  difie- 
rences,  taken  at  equal  interyals  with  respect 
to  another  flowing  quantity  x^  by  the  theorem 


T-  /i=:Au-4A«M  +iA'M— iA*u  +J-A«M— iA«u  +.•• 

dV 
<Lt* 
dV 

dV 
dx* 
dV 
dx< 

dV 
da:« 
dV 


A»=  A»M  — |A*M  +J^A»M  — V^^M  +f?ATM  — . . . 
A*=  A*M  — ^A»M  +  V  A«M  — i  A%  + . . . 
A»=  A»M  — |A«M  +  V^^M  — •  •  • 


dxT 


A^=ATm— iA«tt  +... 


We  obtain,  for  the  value  of  u„,  first  u+nAu+n  . 


n— 1 


AH(+. . .  (245),  and  secondly,  putting  the  finite  différence 

of*=nA,  in-A«'=iiA  ^ +^*.^+...(247).    Thefirst 
'  dx     1.2    dx*  ^      ' 
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expression  affords  us,  by  expanding  its  terms,  11^=11 -f^u 

^     1.2  1.2.3  ^  lj;i.3.4  ^ 

,     /Au    A*M  ,   2AH«       6A*u     v       ^  /A*m       3A«if 

by  equating  the  tenns  coDtaining'the  same  po  wera  of  n  (277), 

-  ,  dw     fàu    A^M     \         j  du*  -      . 

we  hâve  u^u,  nA  -r-  =:  1— - — ^rr-^r...  I  n  and  -r-  AnAïc — 

dx      V  1       1,2      /  dx 

A*i«  d^u'  ,  ^1  X'  .  1. 

-—  +  —  >  ;ï —  =  .  • .  ;  and  the  respective  senes  may  be  con- 

tinued  to  any  number  of  terms  by  the  actual  developement 
of  the  différent  products. 

ScHOLiUM  1.  It  may  be  observed  that  the  coefficients 
of  the  différent  terms  of  the  first  séries  agrée  with  those  of 
the  developement  of  the  quanti ty  hl  (1  +  A),  and  that  in  fact 
the  whole  may  be  represented  to  the  eye  by  the  expression 

--  A=hl  (1  +  A)  u.    It  was  also  remarked  by  Laplace,  that 

the  powers  of  this  équation  wiil  afford  us,  with  equal  accu- 

racy,  the  values  of  the  higher  fluxions  ;  thus  -r —  h^^  <  U 

(1-fA)  >  ^11:  but  this  mode  of  finding  the  coefficients  is 

Uttle  more  useful,  ip  common  cases,  than  the  original  corn- 
putation  of  Euler. 

ScHOLiUM  2.  This  theorem  may  very  often  be  of  use 
in  deriving  formulae  from  the  resnlts  of  observation,  but  it 
is  necessary  that  the  observations  should  be  extremely  ac- 
curate,  since  very  minute  errors  will  affect  the  higher  or- 
ders  of  différences  in  a  material  degree. 
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GOROLLARY.  The  flaxionSy  thas  obtained^  will  enable 
as  not  only  to  find  any  intermediate  values  of  the  variable 
quantity  u,  but  also  the  areas  containedby  thèse  valaes  as 
ordinateSy  the  contents  of  the  corresponding  solids,  or  any 
odier  derivative  quantities.  If  it  were  reqair«d,  for  ex- 
ample, to  détermine  the  magnitude  of  an  area  contained 
between  a  curve  and  its  absciss  from  four  equidistant  ordi- 
nateSy  affording  us  four  successive  différences.  Au,  ùStt 
AHi,  and  Ahi  ;  we  should  bave  to  deduce  tfae  four  succes- 
sive fluxions  from  the  four  first  terms  of  each  séries,  whicb 
w.ould  afford  us,  by  substituting  the  values  derived  from 
the  expression  A^^Un-^nUtt^i-j- •  •  • ,  that  is,  Ati=:ti  — n, 

A^=:ti  — 2u  +1*,  A^MzrM  — 3u  +3m  — u,  and  A^uziti 

9  1  S  £  '1  4 

— 4ii  +6a  — 4î£  -j-u,   the   équations -5— A  = — ^u+Au 
s  '       8  i  ux  1 


9        3 
dV 


dx« 


-^•  dx3 


A'= — JiH-9îi  —  12îi  +7ii  —  4m  ,  and 


dV 
dx* 


A* 


=  ti — 4u  +6u  — 4u  4-îi  •     Then   if  we    multiply   each 

1  fl  s        4 

of  jthese  expressions  by  dA,  considering  A   as   variable, 
and  take  the  flnent  for  Ihe  wbole  length  4A,  we  shall  bave 

u-  I    *k  *•  œ  •    4    u    16A  64A  256A 

to  moltipiy  tfae  respective  coefficients  by 


2*3'     4   , 


and 


10S4A 


,  orif4A=Z,  by2/,  ^Z,  16/,  and  «^«Z,  and  to 


divide  them  by  1,  2,  6»  and  24,  making  the  multipliers  2/, 
f/,  •§7,  and  f^;  the  wbole  being  equal  to 

V  1  s  s  4 
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--Vi«4-24a  — 32ii  +^u  — 4» 

18  3  4 

12  3  4/ 

^H—H^+ib^  +^«  +^5"  +-^"  \,  whichis 

^  12  3  4/ 

the  area  beyond  the  rectangle  lu,  and  adding  this  as  the 
correction  of  the  fluent,  wehave  for  the  true  area  ■^^^l(fU'^ 
32t£   +12ii  +â2tf  +7m  ).    This  interpolation  is  very  ac- 

1  s  3  4^ 

curate  where  the  curve  does  not  become  extremely  obliqm 
to  theabsciss:  but  for  a  semicircle,  or  semiellipsisyitgives 
the  area  too  small  in  the  ratio  of  .7737  to  .7854,  and  if 
great  accaracy  were  required  in  a  similar  case,  it  would  ba 
proper  to  divide  the  carve  into  two  parts,  and  to  compote 
the  area  of  eacfa  separately  :  or  to  add  a  little  by  estima- 
lion  ;  to  take,  for  example,  Su  instead  of  7^,  which  would 
make  the  area  of  the  semicircle  .784. 

ScHOLiUM  3.  If  the  ordinates  are  not  eqnidistant,  it 
wili  be  easiest  to  represent  them  by  an  équation  of  the 
formy=a  +  6x+cx^+d!r^-f-. . .  consisting  of  as  many  termt 
as  we  bave  values  of  ^,  and  finding  each  of  the  unknown 
quantities  a,  ft,  c, . .  .^  by  comparing  thèse  values  with  each 
other.  This  process  is  generally  a  little  tedious,  and  it  is 
not  possible  to  shorten  it  materially  by  any  arti6ce,  though 
the  results  may  be  expressed  in  a  form  which  is  not  wholly 
without  symmetry. 

388.  Theorem.  If  there  be  any  number 
of  linear  équations,  învolving  as  many  un- 
known quantities,  in  the  form  a  x+b y-h. .  .^ 

11 

A  ,  a  x+b  y+. .  .=A  ,  . . .  ;  we  shall  hâve  j:= 

1         t  8  9 

cl/L  —pA  +yA  — ... 

J-Pa\ya-...'  ^^  Coefficients  a,  $,  r,  be- 

1  ff  S 
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ing  obtained  from  the  original  coefficients,  by 
exterminating  ail  the  uiiknown  quantities,  ex- 
cept  x^  in  succession* 

For  ezample,  if  tfaere  are  two  eqaations  between  x  and 

b  A  —b  A 

y,  we  hâve   azub    and  fizub  ,  and  x=-^ — i — fJ — ^:  if 

s  ,  b  a  — 6  a 


«   1 


1    s 


tbere  are  Ihree,  between  x,  y,  and  z,  we  bave  a=  b  c  — 

s  s 

b  c  ,  Przb  c  — b  c    and  yizi  c  — i  c  .     It  will  readily 

9    9  13S1  l     2  9     1 

appear  in  ail  cases»  that  at  every  step  of  the  process  of 
extermination»  the  quantities  a  and  A  are  multiplied  or 
divided  by  the  same  factors,  so  that  when  ail  the  other 
qaantities  are  exterminated^the  raotorofxywhich  remains» 
must  contain  ail  the  as,  with  the  same  factors  as  belong  to 
the  ils  on  the  opposite  side  of  the  équation.  Thus»  for 
two  équations»  a  x-hb  y^A  »and  a  x  +  ft  y=-4.  ,  multi- 

plyîng  the  first  by  b   and  the  second  by  b  ,  and  taking 

2  1 

their  différence»  we  hâve  a  b  x — a  b  xz=,A  b  — A  b  :  or 

18  21  12  21 

a         a  A      A 

dividing  by  b    and  b   respectively,  -i  x — -^  xzz^ — --^» 

i  9  b  b  b       b 

1  2  12 

which  obviously  leads  to  the  same  resuit.  Forthree  équa- 
tions 

a  x-f-6  y-f- c  z-ziA   ; 
111  1 

a  x-\-b  y+c  z=A    ; 
*  %         s  s 

a  x  +  b  y  +  c  z:=zA  ;  we  hav.è  first  a    b  x+  ..  +6  c  z=: 
saaa  is  si 

A  b  ,  a  b  X+..  +5  c  z=A  b  »  whence  (a  b  — a  b  \x 

ISSI  19  31  ^IS  21/ 

+  (b  c  — b  c  \z=:il  b  — A  b  ;  and  in  the  same  manner 
Vil       I  s/         11        SI 
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(a  b  — a  b  )  x+  (b  c  — b  c  \  z=.  A  b  —  A  b   ;   and 

^13  31''  ^31  13^  13  31 

from  thèse  two  results  we  obtain  (a  b  — a  b  )  (b  c  ^— 
b  c  )  X — (a  b  — a  b  )  (b  c  — b  c  \  x=  (A  b  — A  b  \ 
(b  c  — b  c  \ —  (A  b  — A  b  \  (b  c  — 6  c  )  :  wheDce,  by 

V31  13/         \13  3i/V2l  12^ 

actual  multiplication,  we  hâve  abbc,  or  Abbc,  marked  thus, 

(1,2,3,1~1,2,1,3^2,1,3,H-2,1,1,3)-(1,3,2,1-1,3,1,S^- 
3,1,2,1+3,1,1,2),  orsince  abbczzabbc  ,(—1,8,1,8 

l23i  l32l 

—2,1,3,1  +2,1,1, 3)-(-l>3»l»2-3,l, 2,1  +3,1,1,2)  whîch  is 
divisible  by  — b  ,  and  may  therefore  be  reduced  to  (1,2,3  + 

2,3,1-2,1,3-1,3,2  -  3,2,1  +  3,1.2)  =  1,  (2,3-3,2)-2, 

(1,3 — 3,1) +3,  (1,2—2,1).   And  in  the  case  of  4  équations, 

the  anaiogy  leads  us  to  the  value  a=6  (c  d  — c  d  \ — b 

2^34       43/       s 

(c  d  — c  d  \^b  (c  d  — c  d  \  :  but  in  ail  such  cases,  a 

^24  42-'  4^«3  32/ 

numerical  computation  has  the  advantage  in  conciseness, 
because  the  sums  or  différences  of  two  numbers  are  as 
easily  multiplied  as  the  numbers  themselves. 

The  process  may  also  be  represented  in  a  symmetrical 
poanner  by  calling  the  second  séries   of  équations  à  x 

+i'  y-^cf   z+ ...=:il'  ,  </  x+ ...=il'  ,  thethirdserifis 

11  12  8 

a''x+« ..zzA''...,  until  at  last  x  is  left  alone  on one  side : 
1  1 

a      a  c        c  a        a 

18  1  S  1  3 

and  so  forth* 

ScHOLiUM.    We  may  take  for  an  example  the  équation 
y=:a+&x+cj;^+d!a^+ex*,  to  be  determined  from  five  va- 


f^:^v:&J^7:^- 
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lues  o(  y;v,  u  ,  u  ,  u  ,  and  u  ,   corresponding  to  ti^ 

1  9         s  é     * 

▼aloei  of  x,0,U  %  3,  and  4 ;  or  a=ti; 

J  +  c  +  rf+e=u — a=if  — u; 

1  1 

26+4c+8rf+16e=u  — u; 
36+9c+27rf+81«=i«  — k;  and 

3 

4ft+16c+64c;;+2d6e=:ii  — «:  w«  may. 

hère  get  the  second  séries  of  équations  most  easily  by  multî- 
plying  tbe  first  by  the  coefficients  of  e,  whence 

16&  +  16c + 16cf + 16e=  16u  — 16u  ;  consequently 

145+12c  +  8<;=:16u  — 15ie— M  ; 

1  s 

and  in  the  same  manner 

786+72cH-64rf=81i«  -8(hi  —m  ;  and 

1  s 

2526+240c  +  192rf=266i«  — 255u— u  . 

1  4 

Hère  the  coefficients  of  c  are  obviously  the  most  manage- 

able,  and  tbey  afford  us  66 — 6</=15u  — lOu— 6u  +ii  , 

î  s        s 

and  286-32^=64u  —A^—^u  +u  ;  then taking  ^  of 

1  2  4 

the  latter  from  the  former,  we  bave  |i=3«  — -f^tf — \u  +  tf 

1  s  3 

—  ^if  ;  and  5=4ti  — ffi*— 3t«  +4^^  —  i^  î  whîch  agrées 

4  1  S  3  4 

with  tbe  resnlt  obtained,  from  the  inversion  of  Taylor's  the- 

orem,  for  -;—  A  :  and  this  method,  though  less  élégant,  bas 
dx 

tbe  advantage  of  beîng  more  readily  applicable  to  tbe  case 

ôf  brdinatei  not  equidistant. 
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DE  L'ÉDITEUR. 
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JET  Oavrage  dont  la  première  édition  a  paru  en  1786 , 
était  alors  spécialement  destiné  aux  jeunes  aspirans  de 
la  Marine^  maintenant  c'est  un  des  lirres  classiques 
le  plus  généralement  suivi  ;  un  style  correct  et  clair» 
des  démonstrations  rigoureuses ,  des  propositions  bien 
enchaînées  les  unes  aux  autres ,  le  font  préférer  depuis 
long-temps  pour  renseignement  de  la  Statique.  C'est 
le  premier  liyre  dans  lequel  on  ait  réuni  tout  ce  qu  on 
peut  démontrer  en  Statique  par  la  synthèse  ;  après  avoir 
étudié  la  Géométrie  d'Euclide^  on  lira  sans  peine  ^ 
Ouvrage  de  M.  Monge ,  qui ,  rédigé  d'après  la  méthom 
des  anciens  géomètres  »  donne  des  notions  très-exacte^r 
sur  une  science  abstraite^  dont  on  fait  néanmoins  un 
grand  nombre  d'applications  utiles. 

Pour  completter  l'enseignement  de  la  Statique ,  il 
faut  s'aider  de  l'analyse  mathématique^  c*est-à*-dire , 
de  l'algèbre  et  du  calcul  différentiel ,  mais  il  est  aussi 
important  pour  les  Élèves  en  mathématiques  d'ctu-* 
dier  la  Statique  synthétique  avant  la  Statique  analy- 
tique  y  qu'il  est  utile  de  faire  précéder  l'étude  de  la 
géométrie  analytique  de  celle  de  la  géométrie  élé- 
mentaire. 

En  appliquant  l'analyse  à  la  Statique ,  on  résout 
toutes  les  questions  relatives  i  l'équilibre  d'un  nombre 
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quelconque  de  forces  agissant  sur  un  sjrttème  de  coirps'^ 
dont  la  forme  et  la  position  sont  données^  la  Statique 
synthétique  comprend  seulement  tout  ce  qui  est  relatif 
â  la  composition  des  forces  qui  agissent  sur  un  système 
de  points  dont  la  position  est  connue  ;  des  lois  d'après 
lesquelles  les  forces  se  composent ,  on  conclut  la 
position  du  centre  de  gravité  pour  certains  corps  ^  et 
lu  conditions  d'équilibre  pour  quelques  machines 
élémentaires;  chacune  de  ces  machines  a  offert  a 
M.  Monge  une  occasion  de  montrer  la  vérité  d'un 
principe  que  l'Auteur  de  la  Mécanique  analytique  a 
rendu  si  fécond  ^  et  qui  est  connu  sous  le  nom  de 
Principe  des  vitesses  virtuelles. 

Cette  nouvelle  édition  de  la  Statique  de  M.  Monge 
diffère  très-peu  de  la  précédente  ;  les  changemena 
qu'on  y  a  faits  se  réduisent  aux  suivans  :  i^  on  a 
ramené  la  composition  de  deux  forces  égales  et  pa- 
rallèles à  celle  de  trois  forces  égales  appliquées  au 
centre  d'un  cercle ,  et  dirigées  suivant  trois  rayons  de 
odkercle ,  qui  divisent  sa  circonférence  en  trois  parties 
égales;  cette  idée  simple  et  ingénieuse  appartient ,  je 
crois ,  à  M.  Fourrier,  ex-professeur  d'analyse  à  l'École 
polytechnique;  â*  on  a  ajouté  une  seconde  démons-* 
tration  du  parallélogramme  des  deux  forces  concou- 
rantes en  un  point;  3*  pour  completter  la  théorie  de 
la  composition  Ves  forces ,  on  a  examiné  le  cas  par-* 
ticnlier  où  toutes  les  forces  se  réduisent  à  des  cou- 
ples de  forces  égales,  parallèles  et  opposées  ;  M.  Poin- 
sot,  auteur  d'une  Statique  fort  *  estimée ,  a  fait  une 
théorie  de  ces  couples ,  dont  il  a  déduit  les  lois  gé-^ 
nérales  de  Téqnilibre  avec  autant  de  clarté  que  d'élé- 
gance. 4*-  Le  chapitre  des  momens  est  un  peu  sim- 
plifié; on  n'a  distingué  que  deux  espèces  de  momens, 
les  uns  par  rapport  i  un  point,  les  autres  par  rapport 
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i  un  plan.  Lorsque  les  forces  sont  parallèles,  %t  quo 
leurs  points  d'application  sont  dans  un  même  plan 
perpendiculaire  à  celui  par  rapport  auquel  on  compte 
les  momens^  les  pieds  des  perpendiculaires  abaissées 
des  points  d'application  sur  ce  dernier  plan ,  sont  biem 
en  effet  sur  une  même  droite  ,  qu'on  peut  appeler 
Vaxe  des  momens,  mais  alors  les  momens  par  rapport 
à  la  droite  sont  égaux  aux  momens  par  rapport  w 
plan^  on  peut ,  d'après  cette  considération ,  se  dispenMT 
de  considérer  les  momens  par  rapport  à  une  droite. 

Quant  aux  conditions  de  l'équilibre)  de  pludeûra 
forces  qui  agissent  sur  un  même  corps ,  elles  eont 
exprimées  par  des  équations;  la  recherche  de  c^ 
équations  est  l'objet  de  la  Statique  analjrtiqne;  oa 
les  trouvera  dans  le  Traité  de  Mécanique,  dont  M.  Pois- 
son a  déjà  composé  une  grande  partie  pour  l'usage  des 
Élèves  de  l'École  polytechnique ,  et  qu'avec  raison  on 
désire  voir  bientôt  entre  les  mains  de  tous  cepz  qui  % 
se  livrent  aux  sciences  mathématiques. 

Le  Traité  de  Statique  de  IIA.  Monge  est  une  iiit 
troduction  nécessaire  à  l'Ouvrage  de  M.  Poisson. 


% 
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quelconque  de  forces  agissant  sur  un  sjrttème  de  totps'* 
dont  la  forme  et  la  position  sont  données^  la  Statique 
synthétique  comprend  seulement  tout  ce  qui  est  relatif 
â  la  composition  des  forces  qui  agissent  sur  un  système 
de  points  dont  la  position  est  connue  ;  des  lois  d'après 
lesquelles  les  forces  se  composent ,  on  conclut  la 
position  du  centre  de  gravité  pour  certains  corps ,  et 
les  conditions  d'équilibre  pour  quelques  machines 
élémentaires;  chacune  de  ces  machines  a  offert  a 
M.  Monge  une  occasion  de  montrer  la  vérité  d'un 
principe  que  l'Auteur  de  la  Mécanique  analytique  a 
rendu  si  fécond  ^  et  qui  est  connu  sous  le  nom  de 
Principe  des  vitesses  virtuelles. 

Cette  nouvelle  édition  de  la  Statique  de  M.  Monge 
diffère  très-peu  de  la  précédente  ;  les  changemena 
qu'on  y  a  faits  se  réduisent  aux  suivans  :  i^  on  a 
ramené  la  composition  de  deux  forces  égales  et  pa- 
rallèles à  celle  de  trois  forces  égales  appliquées  au 
centre  d*un  cercle ,  et  dirigées  suivant  trois  rayons  de 
odlkercle ,  qui  divisent  sa  «irconférence  en  trois  parties 
égales;  cette  idée  simple  et  ingénieuse  appartient ,  je 
crois ^  à  M.  Fourrier,  ex-professeur  d'analyse  à  l'École 
polytechnique;  a*  on  a  ajouté  une  seconde  démons- 
tration du  parallélogramme  des  deux  forces  concou- 
rantes en  un  point;  3*  pour  completter  la  théorie  de 
)a  composition  Ves  forces,  on  a  examiné  le  cas  par-* 
ticnlier  où  toutes  les  forces  se  réduisent  à  de%  cou* 
pies  de  forces  égales,  parallèles  et  opposées  ;  M.  Poin-* 
sot,  auteur  d'une  Statique  fort  estimée,  a  fait  une 
théorie  de  ces  couples ,  dont  il  a  déduit  les  lois  gé-' 
nérales  de  Téquilibre  avec  autant  de  clarté  que  d'élé- 
gance. 4*-  I^e  chapitre  des  momens  est  un  peu  sim- 
plifié; on  n'a  distingué  que  deux  espèces  de  momens, 
les  uns  par  rapport  i  un  point,  les  autres  par  rapport 
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i  un  plan.  Lorsque  les  forces  sont  pcrallèles»  «t  quo 
leurs  points  d'application  sont  dans  un  même  plan 
perpendiculaire  à  celui  par  rapport  auquel  on  compte 
les  momens,  les  pieds  des  perpendiculaires  abaissées 
des  points  d'application  sur  ce  dernier  plan^  sont  biea 
en  effet  sur  une  même  droite ,  qu'on  peut  appeler 
l'axe  des  momens,  mais  alors  les  momens  par  rapport 
à  la  droite  sont  égaux  aux  momens  par  rapport  w 
plan;  on  peut ,  d'après  cette  considération ,  se  di^pensivc 
de  considérer  les  momens  par  rapport  à  une  droite. 

Quant  aux  conditions  de  l'équilibre)  de  pluôenii 
forces  qui  agissent  sur  un  même  corps ,  elles  sont 
exprimées  par  des  équations;  la  recherche  de  c^ 
équations  est  l'objet  de  la  Statique  analytique;  <m 
les  trouyera  dans  le  Traité  de  Mécanique^  dont  M.  Pois- 
son a  déjà  composé  une  grande  partie  pour  l'usage  des 
Élèves  de  l'Ecole  polytechnique ,  et  qu'ayec  Faison  on 
désire  voir  bientôt  entre  les  mains  de  tous  cepz  qui  % 
se  livrent  aux  sciences  mathématiques. 

Le  Traité  de  Statique  de  M.  Monge  est  une  în^ 
troduction  nécessaire  à  l'Ouvrage  de  M.  Poisson. 
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TRAITE  ELEMENTAIRE 

DE  STATIQUE. 


DÉFINITIONS. 

\Jn  appelle  corps,  on  substance  matérielle} 
tout  ce  qui  est  capable  d'affecter  nos  sens. 

Les  corps  se  divisent  en  solides  ei  fluides.' 
Un  corps  est  solide  lorsque  les  molécules  qui 
le  composent  sont  adhérentes  ^  et  ne  peuvent 
être  séparées  lés  unes  des  autres  sans  effort  : 
de  ce  nombre  sont  les  métaux ,  les  pierres  y 
les  bois.  . .  j  etc.  Il  est  fluide  lorsque  toutes 
ses  molécules  peuvent  au  contraire  être  sé^ 
parées  avec  la  plus  grande  facilité;  tels  sont 
Veau  y  l'air. .  .  .,  etc» 

Tous  les  corps  sont  mobiles ,  c'est-à-dire 
qu'ils  peuvent  être  transportés  d'un  lieu  dans 
un  autre.  On  dit  qu'un  corps  est  en  repos  , 
quand  toutes  les  parties  qui  le  composent 
restent  chacune  dans  le  même  lieu  ;  et  Von 
dit  qu'il  est  en  mouvement ,  lorsqu'il  change 
de  place  y  ou  lorsque  les  parties  dont  il  e; t 
composé  passent  d'un  lieu  dans  un  autre. 
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Un  corps  en  repos  ne  peut  entrer  en  mou- 
vement^ et^  lorsqu'il-  est  en  mouvetnent  ^  il 
ne  peut  changer  la  manière  dont  il  se  meut^ 
sans  Faction  de  quelque  cause  ^  à  laquelle  on 
donne  en  général  le  nom  àt  force  ou  de 
puissance. 

On  considère  dams  une  force  ^  i*  sa  gnm* 
deui'j  c'est-à-dire,  l'effort  qu'eUe  fait  pour 
mouvoir  le  corps ,  ou  le  point  du  corps  auquel 
elle  est  appliquée;  a"*  s^ direction j  c'est-à-dire, 
la  ligne  droite  suivant  laquelle  elle  tend  à 
mouvoir  le  point  du  corps  sur  lequel  elle  agit. 
.  Lorsque  plusieurs  fiMrces  sont  appliquées  à 
un  mépie  corps,  il  peut  arriver  deux  cas  :  ou 
ces  forces  se  contrebalancent  et  se  détruisent 
réciproquement,  alors  on  dit  qu'elles  se  font 
équilibre  y  et  le  corps  reste  en  repos;  ou  bien, 
en  vertu  de  l'action  de  toutes  ces  forces,  le 
corps  entre  eti  mouvement. 

D'après  cela,  on  appelle  Mécanique  la 
science  qui  a  pour  objet  de  connaître  l'effet 
que  doit  en  général  produire  sur  un  corps 
l'application  de  forces  déterminées.  Cette 
science  se  divise  en  deux  parties  :  la  première 
considère  les  rapports  que  les  forces  doivent 
avoir  eu  grandeurs  et  en  directions  pour  être 
en  équilibre,  et  on  l'appelle  Statique;  la  se- 
conde, à  laquelle  on  donne  le  nom  de  Djr-^ 
namique,  recherche  la  manière  dont  le  corps 
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se  meut^  lorsque  ces  forces  ne  se  détroisent 
pas  entièrement. 

Chacune  de  ces  parties  se  divise  encore 
eUe-méme  en  deux  autres^^  selon  que  le  corps 
auquel  on  suppose  que  les  forces  sont  appli- 
quées^ est  solide  ou  fluide.  La  partie  de  la 
Statique  qui  traite  de  l'équilibré  des  forces 
appliquées  à  des  corps  solides ,  se  nomme 
simplement  Statique  y  ou  Statique  proprement 
dite;  et  on  appelle  Hydrostatique  celle  qui 
a  pour  objet  l'équilibre  des  forces  appliquée$ 
aux  différentes  molécules  d'un  corps  fluide.' 

Nous  ne  nous  occuperons  dans  ce  Traité 
que  de  la  première  de  ces  deux  parties^  c'est- 
ànlire  ^  de  la  Statique  propr^mçnt  dite. 
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JOe  U  composition  fit  de  h  décqi^posUion  des 

forces. 

détemùni  C  dan  corps^^soUde  jiJB,  tire  ou 
pousse  ce  ootps  suipotttJme  directiou  quelr^, 
conque  CF,  d  doit  être  pennis  de  coi^sidérer 
90lte  force  comme  si  eUe  était  immédiatement 
appliquée  à  tout  autre  point  D  du  corps^  pris 
sur  la. direction  de  ee(ie  force. 

Car  tous  les  points  da  corps  qui  sont  sur 
la  droite  CF  ne  pouvant  ni  se  rapprocher  ni 
s'éloigner  les  uns  des  autres,  aucun  d'eux  ne 
peut  se  mouvoir  suivant  cette  droite  sans  âiire 
mouvoir  tous  les  autres  de  la  même  manière 
que  si  la  force  leur  était  immédiatement  ap- 
pliquée. # 

//  doit  même  être  permis  de  considérer  la 

force  P  comme  si  elle  était  appliquée  à  tout 

autre  point  G,  pris  au  dehors  du  corps ,  sur 

sa  direction  j  pounni  que  ce  point  soit  im^aria^ 

élément  attaché  au  corps. 

2,  Il  suit  de  là^  que  si  .sur  la  direction  de 
la  force  P  il  se  trouve  y  ou  en  dedans  du  corps 


an  poiflt  fixe  J),  on  en  delMffâ  om  ol>rtacl«r 
immobile  G ,  pOunru  que  y,  ànns  ce  dernier 
cas,  l'obstacle  soit  inTariablement  altaché  an^ 
corps  y  la  force  sera  dëtraite,  et  le  corps  resp-^ 
tera  en  repos  ;  car  on  ponm  rejjjarder  cette; 
force  comme  immédiatement  appliquée  aur 
point  fixe,  et  son  effet  sera  déduit  par  W 
résistance  de  ce  point. 

3.  Réciproquement,  si  la  force  P,  ^pfH^ 
quée  au  corps  AB ,  est  détruite  par  la  résis-* 
tance  d'un  seul  point  fixe,  ce  poiui.se  troure. 
sur  la  direction  de  la  fcMrce  :  car  ce  point  ne- 
peut  détruire  l'effet  de  la  force  qu'en  s'oppio*- 
f  saut  au  mouvement  du  point  d'application  C  ; 
et  il  ne  peut  empécber  ce  moaTement,à  moiBa^ 
qu'U  ne  soit  sur  la  droite  que  la  forcé  tend  à 
£adre  parcourir  au  point  d'applicâtioa. 

4*  Un  point  ne  peut  aller  par  phisieurs  cher 
mins  à  la  fois. 

5.  Donc,  lorsque  phisâenrs  forcée  difi^ 
remmeiit  dirigées  seront  appliquées  en  même 
temps  à  un  nîème  point ,  ou  ce  peint  resterat 
en  repos,  ou  il  se  mouvra  par  mn  wexA  che-^ 
min ,  et  par  conséquent  de  la  niémr  sanière 
que  s'il  était  poussé  oa  tiré  par  une  force 
unique  dirigée  suivant  ce  chemin,  et  capable 
du  même  effet. 

6.  Ainsi,  quels  qu  soient  le  nombre  et 

l«s  directions  des  forow  appliquées  en  même 

3. 
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temps  à  un  même  point,  il  existe  tonjours  une 
force  uniqne  qui  peut  Iç  mouToir,  ou  tendre 
à  le  mouvoir  de  la  même  manière  que  toutes 
ces  forces  ensemble;  cette  force  imique  se 
nomme  la  résultante  des  premières,  et  celles- 
ci  par  rapport  à  la  résultante  '  se  nomment 
Ibrces  composantes. 

L'opération  par  laqueUe  on  cherche  la 
résultante  de  plusieurs  forces  composantes 
données,  se  nomme  la  composition  des  forces; 
et  celle  par  laquelle  on  trouve  les  compo- 
santes, lorsqu'on  connaît  la  résultante,  se 
nomme  la  décomposition  des  forces. 

7.  Deux  forces  sont  égales  y  lorsqil étant 
appliquées  au  même  point  et  directement  oppo- 
sées y  elles  se  détruisent  et  se  font  équilibre. 

Réciproquement  y  lorsque  deux  forces  se  font 
équilibre^  elles  sont  égales  et  directement  op^ 
posées. 

8.  Donc,  si  plusieurs  forces  différemment 
dirigées  sont  appliquées  à  un  même  point, 
pour  leur  fedre  équilibre ,  c'est-à-dire ,  pour 
détruire  l'effet  de  leur  résultante ,  il  faut  appli- 
quer à  ce  point  une  force  unique  égale  à  cette 
résultante  et  qui  lui  soit  directement  oppo- 
sée, ou  appliquer  plusieurs  forces  dont  la 
résultante  soit  égale  et  directement  opposée 
à  la  résultante  des  premières. 

9.  Réciproquement,  lorsque  plusieurs  forces 
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différemment  dirigées  et  appliquées  à  un  même 
point  sont  en  équilibre ,  leur  résultante  est 
nulle  9  ou  9  ce  oui  revient  au  même  y  l'une  quel* 
conque  de  cefforces  est  égale  et  directement 
opposée  à  la  résultante  de  toutes  les  autres  ; 
ou  enfin  la  résultante  d'un  nombre  quel- 
conque de  ces  forces  est  égale  et  directement 
opposée  à  la  résjultante  de  toutes  les  autres. 

\o.  La  résultante  de  deux  forces  appliquées 
à  un  même  point  y  est  dans  le  plan  déterminé 
par  les  directions  de  ces  forces;  elle  est  néces^ 
sairement  comprise  dans  P angle  formé  par  ces 
deux  forces. 

Si  la  résultante  n'était  pas  dans  le  plan 
des  deux  forces  y  il  n'y  aurait  pas  de  raison 
pour  qu'elle  fut  plutôt  au-dessus  du  plan 
qu'au-dessous  ;  elle  ne  peut  pas  être  en  même 
temps  dans  deux  positions  différentes;  donc 
elle  est  réellement  dans  le  plan  des  deux  for- 
ces; de  plus  elle  est  comprise  dans  l'angle 
des  droites  suivant  lesquelles  ces  forces  sont 
dirigées  y  car  il  n'y  a  aucune  force  qui  tende  à 
£aiire  mouvoir  le  point  dans  Fespace  adjacent  à 
cet  angle  y  donc  il  restera  dans  l'angle  même. 

1 1 .  Une  force  est  multiple  d^une  autre  force, 
lorsqu'elle  est  formée  par  la  réunion  de  pht^ 
sieurs  forces  égales  à  cette  dernière. 

Donc  si  on  applique  en  un  même  point  et 
dans  la  même  direction  plusieurs  forces  égales 


^^" 
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entre  elles  ^  et  si  l'on  prend  Fane  quelconque 
de  ces  forces  ponr  nnité,  la  force  multiple  sem 
exprimée  par  un  nombre  égajL  à  celui  des 
forces  ajoutées. 

Comme  il  est  toujours  possible  de  com- 
parer des  nombres  à  des  lignes  droites,  on 
peut  représenter  une  force  par  une  ligne 
droite  prise  sur  sa  direction  ^  et  sa  force  mulr 
tiple  par  une  autre  ligne  droite  multiple  de  la 
première  j  on  £ut  souvent  usage  en  Statique 
'  de  cette  construction  géométrique. 

1 2.  Trois  forces  égales  qui  sont  appliquées 
a  un  même  point  et  qui  divisent  la  circonfé-^ 
rence  dont  ce  point  est  le  centre^  en  trois  par^ 
tics  égales  j  se  font  nécessairement  équilibre  : 
Le  point  auquel  ces  trois  forces  sont  appli- 
quées ne  pourrait  se  mouvoir  que  dans  une 
seule  direction,  mais  la  droite  suivant  laquelle 
il  se  mouvrait,  pourrait  être  placée  de  six  ou 
de  trois  manières  tout-à-fait  semblables  par 
rapport  aux  trois  forces;  or  il  n'y  aurait  pas 
de  raison  pour  que  le  mouvement  du  point 
ait  lieu  plutôt  dans  un  sens  que  dans  un  autre  ^ 
donc  il  resterait  en  repos. 

L'application  de  ces  trois  forces  égales  sur 
lin  même  point ,  prouve  qu'il  y  a  évidemment 
pour  ce  cas  une  résultante,  puisqu'une  quel* 
conque  des  trois  forces  fait  équilibre  aux  deux 
autres^  et  il  est  évident  que  la  direction  de 
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Pmie  de  ees  fimres  divise  en  deux  parties 
égales  l'angle  formé  par  les  deux  antres;  il 
n'est  pas  moins  éyident  que  la  résultante  de 
deux  forces  çuelconques  égales  concourant  en 
un  point  y  divise  en  deux  parties  égales  Vanglm 
formé  par  ces  deux  forces. 

1 5.  Si  phtsi&àrs forces  appliquées  a  un  même 
point  ont  la  même  direction  et  agissent  dans 
le  même  sens  y  il  suit  de  la  proposition  n"*  1 1  ^  éfue 
leur  résultante  est  une  force  unique ,  qui  eét 
égale  à  leur  somme ^  qui  a  la  même  direction 
et  qui  agit  dans  le  même  sens* 

Donc  9  pour  faire  équilibre  à  toutes  ces 
forces,  il  faut  q[>pliquer~au  même  point  et 
dans  le  sens  directement  opposé  une  force 
égale  à  leur  somme;  car  cette  force  sera  égal^ 
et  directement  opposée  à  leur  résultante. 

i4«  U  suit  de  làj  i"*  que  si  deux  f<Mrces  iné- 
gales sont  appliquées  à  un  même  point  dans 
des  sens  directement  contraires,  leur  résul- 
tante est  dirigée  dans  le  sens  de  la  plus  grande, 
et  est  égale  à  leur  difierence  :  car  la  plus  grande 
de  ces  deux  forces  peut  être  r^ardée  comme 
composée  de  deux  autres  forces  dirigées  dans 
le  m^e  sens  qu'elle  ,  dont  l'une  serait  égale 
à  la  plus  petite ,  et  dont  l'autre  serait  égale 
à  la  difierence;  or,  de  ces  deux  dernières 
forces,  la  première  est  détruite  par  la  plu* 
petite  (7)  ;  donc  il  ne  reste  plus ,  pour  mou- 
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voir  le  point ^  qae  la  différence^  qui  est  c^ 
rigée  dans  le  même  sens  que  la  pins  grande. 

a^.  Que  si  tant  de  forces  qu'on  voudra 
sont  appliquées  k  un  méine  point^  les  unes  di- 
rigées dans  un  sens,  et  les  autres  dans  le  sens 
directement  opposé  ^  après  avoir  âdt  la  somme 
de  toutes  celles  qui  agissent  dans  un  des  deux 
sens ,  et  la  somme  de  toutes  celles  qui  agis^ 
sent  dans  le  sens  contraire,  la  résultante  de 
toutes  ces  forces  est  égale  à  la  différence  de 
ces  deux  sommes  (i  a)  ^  et  est  dirigée  dans  le 
sens  de  la  plus  grande. 

Donc,  pour  fiiîre  équilibre  à  toutes  cies 
forces,  il  faut  appliquer  au  même  point,  et 
dans  la  direction  de  la  plus  petite  des  deux 

sommes,  une  force  égale  à  la  différence  de 
ces  sommes  :  car  cette  force  sera  égale  et  di- 
rectement opposée  à  leur  résultante. 

THÉORÈME. 

Fifs-  3.      i5.  Si  iUix  extrémités  if  une  droite  iriflexihle 

**  '  ''  AB  sont  appliquées  deux  forces  égales  P  ,Qy 

dont  les  directions  AP ,  BQ  soient  parallèles 

entre  elles  j  et  qui  agissent  dans  le  même  sens  : 

1*.  La  direction  de  la  résultante  R  de  ces 
deux  forces  est  parallèle  aux  droites  APj  BQ^ 
et  passe  par  le  milieu  de  AB} 
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2*.   Cette  résultante  est  égale  à  la  somme 
P^Ç  des  deux  forces. 

Démonstration.  Soit  une  autredroite  pi-  i' 
inflexible  DE,  perpendiculaire  aux  directions 
des  deux  forces  P  et  Q ,  et  attachée  invariable- 
ment  à  la  droite  AB*,  ayant  prolonge  les  direc* 
tions  des  deux  forces  y  on  peut  supposer  que 
ces  deux  forces  agissent  (i)aux  points  DetE; 
de  plus^  on  peut  appliquer  aux  mêmes  points 
des  forces /7,  p\  eXçy  q'y  telles ,  que  les  trois 
forces  égales  PyPy  p'y  concourant  au  point  D, 
divisent  la  circonférence  qui  a  son  centre  au 
point  D,  en  trois  parties  égales  y  et  que  les  trois 
forces  Qj  ç  9  q'  égales  entre  elles  et  aux  pre- 
mières, divisent  de  même  la  circonférence  qui 
a  son  centre  au  point  E  en  trois  parties  égales. 
On  a  vu  (  I  a)  que  la  force  P  était  égale  et  op- 
posée à  la  résultante  du  couple  Py  p\  que  la 
force  Q  était  égale  et  opposée  à  la  résultante 
du    couple  (fy  q'\  donc  les  forces    P  et  Q 
ont  une  résultante  égale  et  opposée  à  celle  du 
système  des  deux  couples  ^,^'  et  /^^  p'\  les  deux 
forces  p'  y(f  y  appliquées  au  point  F  de  leur  di- 
rection, ont  pour  résultante  une  troisièmp  force 
égale  à  chacune  des  deux  premières,  et  agissant 
dans  la  direction  CF  ;  de  même  les  deux  forces 
^-'et  ^,  appliquées  au  point  G  de  leur  direction, 
ont  pour  résultante  une  troisième  force  égale 
à  chacune  d'elles,  et  dirigée  suivant  la  droite 
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DE  STATIQUE. 
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DÉFINITIONS. 

f^N  appelle  corps j  ou  substance  matérielle^ 
tout  ce  qui  est  capable  d'affecter  nos  sens. 

Les  corps  se  divisient  en  solides  eijluides^^ 
Un  corps  est  solide  lorsque  les  molécules  qui 
le  composent  sont  adhérentes  y  et  ne  peuvent 
être  séparées  lés  unes  des  autres  sans  effort  : 
de  ce  nombre  sont  les  métaux  ^  les  pierres  , 
les  bois. . .  y  etc.  Il  est  fluide  lorsque  toutes 
ses  molécules  peuvent  au  contraire  être  sé<* 
parées  avec  la  plus  grande  facilité;  t6ls  sont 
l'eau,  Tair.  .  .  • ,  etc» 

Tous  les  corps  sont  mobiles  j  c'est-à-dire 
qu'ils  peuvent  être  transportés  d'un  lieu  dans 
un  autre.  On  dit  qu'un  corps  est  en  repos  p 
quand  toutes  les  parties  qui  le  composent 
restent  chacune  dans  lé  même  lieu  ;  et  l'o^ 
dit  qu'il  est  en  mouvement,  lorsqu'il  change 
de  place  y  ou  lorsque  les  parties  dont  il  ejp t 
composé  passent  d'un  lieu  dans  un  autre. 
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Ua  corps  en  repos  ne  pent  entrer  en  mou* 
vement^  et^  lorsqu'il  est  en  mouyeknent  ^  il 
ne  peut  changer  la  manière  dont  il  se  meut  ^ 
sans  l'action  de  quelque  causç^  à  laquelle  on 
donne  en  général  le  nom  At  force  ou  de 
puissance. 

On  <;onsidère  dtfns  une  force  ^  i*  sa  gna^-' 
deur,  c'est-à-dire,  l'effort  cpi'elle  Êdt  pour 
mouvoir  le  corps ,  ou  le  point  du  corps  auquel 
elle  est  appliquée;  2*  s^ direction ^  c'est-à-dire, 
la  ligne  droite  suivant  laquelle  elle  tend  à 
mouvoir  le  point  du  corps  sur  lequel  elle  agit. 

Lorsque  plusieurs  fdrces  sont  appliquées  à 
un  méqie  corps ,  il  peut  arriver  deux  cas  :  ou 
ces  forces  se  contrebalancent  et  se  détruisent 
réciproquement,  alors  on  dit  qu'elles  se  font 
équilibre  y  et  le  corps  reste  en  repos;  ou  bien, 
^n  vertu  de  l'action  de  toutes  ces  forces,  le 
corps  entre  eYi  mouvement. 

D'après  cela,  on  appelle  Mécanique  la 
science  qui  a  pour  objet  de  connaître  l'effet 
que  doit  en  général  produire  sur  un  corps 
l'application  de  forces  déterminées.  Cette 
science  se  divise  en  deux  parties  :  la  première 
considère  les  rapports  que  les  forces  doivent 
avoir  en  grandeurs  et  en  directions  pour  être 
en  équilibre,  et  cm  l'appelle  Statique;  la  se- 
conde >  à  laquelle  on  donne  le  nom  de  Z^- 
namique,  recherche  la  manière  dont  le  corps 
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se  meut 9  lorsque  ces  forces  ne  se  détrubent 
pas  entièrement. 

Chacune  de  ces  parties  se  divise  encore 
elle-même  en  deux  autres  y  selon  que  le  corps 
auquel  on  suppose  que  les  forces  sont  appli- 
quées^ est  solide  ou  fluide.  La  partie  de  la 
Statique  qui  traite  de  l'équilibrô  des  forces 
appliquées  à  des  corps  solides^  se  nomme 
simplement  Statique  y  ou  Statique  proprement 
dite;  et  on  appelle  Hydrostatique  celle  qui 
a  pour  objet  l'équilibre  des  forces  appliquéet 
aux  différentes  molécules  d'un  corps  fluide.' 

Nous  ne  nous  occuperons  dans  ce  Traité 
que  de  la  première  de  ces  deux  parties^  c'est- 
à-dire  ^  de  la  Statique  propr«mçnt  dite. 
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commensorables ,  leur  rëraltauite  est  parallèle 
à  leur  direction  et  égale  àieur  somme  (^). 
20.  La  résultante  R  des  deux  forces  P 
pif  iV  et  Q  supposées  incommensurables  passe  par 
un  point  G  (fîg.  4»  P^-  ^  )»  ^  qu'on  a  : 

P:Q::CB:€A.^ 

Car  si  elle  passait  par  un  autre  point  H  si- 
tué entre  A  et  G,  on  trouTerait  une  force 
Q'  appliquée  dans  la  direction  Q  qui  serait 
telle  que  la  résultante  des  forces  commen- 
surables  P  et  Q' ,  passerait  par  un  point  K 
situé  entre  les  points  G  et  H  ;  cette  force  Q^ 
serait  le  quatrième  terme  de  cette  proportion 
KB  :  RA  ::  P  :  Q',  les  droites  RB^  KA  ayant 
pour  unité  de  mesure  une  droite  plus  petite 

que  GH  ;    mais  ^^  ^irv ^ CA  '  ^^^^  ^^  ''^P" 

P  *  '  P 

port  g7  est  plus  grand  que  le  rapport  tt.    Donc 

Q'  est  plus  petit  que  Q^  par  conséquent  la 
résultante  des  deux  forces  P  et  Q  passera  né- 
cessairement entre  les  points  K  et  B ,  puisque 
Q  est  plus  grand  que  Q'j  donc  il  est  ab- 
surde de  supposer  qu'elle  passe  par  le  point 
H  situé  au-delà  du  point  K.  On  démontrerait 

(^)  Cette  démonstritipii  est  encore  vraie  ^  lorsque  les 
deux  fbrces-P  et  Q  80iit  igales  entre  elles  y  par  consé- 
quent elle  f'a][q)lique  aa  théorème  de  rarticle  (i5). 

de 
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de  la  même  manière  qu'elle  ne  peut  passer, 
par  un  point  H'  situé  entre  C  et  B;  donc  ell« 
passe  nécessairement  par  le  point  C. 

GOROLLAIRE   L 

^i.  Donc^  pour  faire  équilibre  aux  deux 
forces  P,  Q,  il  faut  diviser  la  droite  AB  au-; 
point  C  en  deux  parties  réciproquement  pro- 
portionnelles à  ces  deux  forces ,  et  appliquer 
au  point  C  une  troisième  force  égale  à  la 
somme  P+Q»  qui  agisse  en  sens  contraire^ 
et  dont  la  direction  soit  parallèle  k  celle  des. 
deux  forces  P>  Q> 

Remarque. 

2a.  Si  le  rapport  des  forces  P^  Q,  et  la 
longueur  de  la  droite  AB,  étaient  donnés  en 
nombres  ^  et  qu'on  voulût  trouver  les  distances 
du  point  C  aux  points  A ,  B,  la  proportion 

P:Q::BG:AC 

rie  pourrait  pas  être  employée  directement^ 
parce  qu'on  ne  connaîtrait  dans  cette  propor- 
tion que  les  deux  premiers  termes;  mais  il  est 
facile  d'en  déduire  celle-ci , 

PH-Q  :Q  ::  BG+AC  :  AC, 

qui,  à  cause  queBG-f*AG  est  égal  à  AB; 
devient^ 

P+Q:Q::A3:AC, 


fi--   -■■■--■         -:    ^-- 
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dans  laquelle  on  connaît  les  trois  premiers 
termes. 

On  trouyerait  la  distance  BC  par  cette  autre 
proportion 

P4.Q:P::AB:BC, 

qui  se  déduit  de  même  de  la  première. 

Corollaire  U. 

25.  Lorsqu'une  force  unique  R  est  appli- 
quée il  un  point  C  d'une  droite  inflexible^  on 
peut  toujours  la  décomposer  en  deux  autres 
P,  Qj  qui  étant  appliquées  à  deux  points 
Ay  B^  donnés  sur  la  même  droite ,  et  étant 
dirigées  parallèlement  à  RC,  produisent  le 
même  effet;  et  l'on  trouve  les  grandeurs  des 
deux  forces  P^  Q,  en  partageant  la  force  R 
en  deux  parties  réciproquement  proportion- 
nelles aux  droites  AC^  CB,  au  moyen  des 
deux  proportions  suivantes , 

AB:BC::R:P, 
AB:AC::R:Q, 

dans  chacune  desquelles  on  connaît  les  trois 
premiers  termes  :  car  la  résultante  des  deux 
forces  P^  Q^  a  la  même  grandeur  et  la  même 
direction,  et  agit  dans  le  même  sens  que  la 
fqrce  R. 

Corollaire  III. 
1  i(.  5.       2j\.  Tout  étant  daQS  la  figure  5,  comme 


ff-' 
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dans  la  précédente  y  si  Ton  appKcpie  au  poibt 
G  de  la  droite  AB  une  force  S  ég^e  et  dUrec^ 
temént  opposée  à  la  résultante  des  deux  forces 
P,  Q,  de  manière  que  Ton  ait  S=R=r=P-|^; 
les  trois  forces  P,Q,  S  seront  en  équilibre (19), 
et  chacune  des  deux  forces  P^  Q  pourra  étra 
regarilée  comme  égale  et  directement  opposée 
à  la  résultante  des  deux  autres.  Donc  la  ré- 
^sultante  des  deux  forces  S  ^  Q  ^  dont  les  di- 
rections sont  parallèles^  et  qui  agissent  ea 
sens  contraires  y  est  une  force  p  égale  et  di-* 
rectement  opposée  à  la  force  P.  Or  la  forcid 
P  est  égale  à  ta  différence  des  forces  Sj  Q  ^ 
et  agit  dans  le  sens  contraire  k  la  plus  grande 
S  de  ces  deux  forces.  Donc  i"".  la  résultante/^ 
des  deux  forces  S^  Q,  est  égale  à  leur  difi*é- 
rence  S — Q^  et  elle  agit  dans  le  sens  de  la 
plus  grande,  suivant  une  direction  parallèle 
à  ceUe  de  ces  deux  forces. 
Depltts,onai>-fQ,ouS:Q::AB:AC(ao).' 
Donc  a*,  les  distances  du  point  A  d'appli-^' 
cation  de  cette  résultante  aux  deux  points 
C^  B^  sont  réciproquement  j^roportionnelleft 
aux  forces  S,  Q. 

Bemarque. 

a5.  Si  les  rapports  de  deux  forces  S^  Q^  et 
la  longueur  de  la  droite  BC^  étaient  données 
«H  nombres ,  et  qu'on  yoîilùt  trouver  les  diip-, 
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droite  EC^  t>ii  déterminera  la  résultante  Y  des 
deux  forces  T  «  R  :  cett^  résultante  Y  sera  aussi 
celle  des  trois  forces  P,  Q^  R;  sa  grandeur 
sera  T-f-R  ou  P+Q+R^  et  Ton  trouvera 
sur  £C  son  point  d'implication  F  par  la  pro- 
portion 

T+R  ou  P+Q-|-R:R::EC:EF. 

A  la  place  des  trois  forces  P^  Q,  R,  on 
aubstituen  leur  résultante  Y^  et  après  avoir 
mené  la  voite  FD,  on  trouvera  la  résultante 
X  des  deux  forces  Y,  S,  celte  résultante  JL 
sera  aussi  celle  des  quatre  forces  P,  Q^R^S; 
sa  grandeur  sera  Y-f-S,ou  P+Q-l-R+S,  et 
Ton  trouvera  sur  FD  son  point  d'application 
G  par  la  proportion 

Y+S,  ou  p+Q-f  R+S  :  S  ::  FD  :  FG. 

En  continuant  ainsi  de  suite ,  on  trouvera 
la  position  de  la  résultante  générale  de  toutes 
les  forces  9  en  quelque  nombre  qu'elles  soient  ; 
et  la  grandeur  de  cette  résultante  sera  égale 
à  la  somme  de  toutes  ces  forces. 

Corollaire  I. 

:A.  Donc^  en  sijkpposant  que  le  point  G  soit 
lié  aux  autres  points  A,  B,  C^  D.  •  •  •  d'une 
manière  invariable,  on  fera  équilibre  à  toutes 
les  forces  P,QjR^S....en  appliquant  au 
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point  G  une  force  dont  la  direction  soit  pa- 
raUèle  à  celles  des  premières  ^  qui  agisse  en 
sens  contraire,  et  (pii  soit  égale  à  leur  sonune 
P+Q+R+S 

Corollaire  H. 

3g.  Si  parmi  les  forcesP^Q,  R^S.  • .  •  dont 
les  directions  sont  parallèles^  les  unes  agis- 
saient dans  un  sens,  et  les  autres  dans  le  sens 
contraire,  on  déterminerait  d'abord  (37)  la 
résultante  particulière  de  toutes  celles  qui  agi* 
raient  dans  un  sens,  et  ensuite  la  résultante 
particulière  de  toutes  celles  qui  agiraient  dans 
le  sens  contraire.  Par  là  toutes  les  forces 
seraient  réduites  a  deux  autres  agissant  en  sens 
opposés;  et  en  déterminant  par  le  procédé 
de  l'article  (34)  la  résultante  de  ces  deux  der- 
nières forces,  supposées  inégales,  op,  aurait 
la  résultante  générale  ^  et  par  conséquent  la 
force  ^  qui,  appliquée  en  seps  contraire,  ferait 
équilibre  à  toutes  lés  forces  proposées;  si  ces 
forces  se  réduisaient  à  deux  forces  parallèles 
et  inégales,  on  a  vu  (36)  qu'il  était  impos- 
sible au  moyen  d'une  force  unique  de  leur 
faire  équilibre. 

La  résultante  générale  étant  égale  à  la  diffé- 
rence des  deux  résultantes  particulières  (34), 
et  chacune  de  celles*-ci  étant  égale  à  la  somme 
de  celles  qui  la  composent  (37),  il  s'ensuit 


que  la  résultante  générale  .e6t  égale  k 
'  de  la  somnte  des  forces  qui  agissent  dans  an 
sens^  sur  la  somme  dé  celles  qui  agissent  dans 
le  sens  contraire. 

Corollaire  m. 

—  *  *  ■  ■     ■ 

3ô.'  Si  les  forces  P^  Q^R^S. .  •  .^  sans  cesser 
d'être  parallèles  >  et  sans  changer  de  gran- 
deurs^ avaient  une  autre  direction  et  deve^ 
naient /7,  Çy  r,  s.  . .  .;  la  résultante  t  des  deux 
premières  passerait  également  par  le  point  E 
et  serait  égale  à  la  somme  p+ç*  Pareillement 
'  la  résultante  i^des  trois  forces /?,  Çy  r,  pas- 
serait encore  par  le  point  F ,  et  serait  égale 
à  la  somme  /?+7+r.  De  même  la  résultante 
X  des  quatre  forces  ^ ,  ^  >  ^>  ^  >  passerait  en- 
core par  le  point  G^  et  serait  égale  à  la  somme 
^-|-<7-f-r+^;  et  ainsi  de  suite.  Donc  la  résul- 
tante géaérale  de  toutes  les  forces^,  q  y  Py  s 
passerait  encore  par  lé  même  point  que  la 
résultante  générale  des  premières  forces  P, 
Q^  R^  S.  •  • .  etc. 

On  voit  donc  que  quand  les  grandeurs  et 
les  points  d'application  de  forces  parallèles 
restent  les  mêmes  ^  la  résultante  de  ces  forces 
passe  toujours  par  un  certain  même  point, 
quelle  que  puisse  être  leur  direction;  et  la 
grandeur  de  cette  résultante  est  toujours  égale 
à  leur  somme. 
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Le  point  par  lequel  passe  toujours  la  résul- 
tante des  forces  parallèles ,  quelle  que  soit 
leur  direction^  se  nomme  ce/i^re  des  forces 
parallèles. 

U  est  £aLcile  de  voir  que  si  les  points  d'ap- 
plication A,  B,  G,  D....  des  forces  parallèles 
P,  Q ,  R^  S.  • .  •  sont  dans  un  même  plan^  le 
centre  de  ces  forces  est  aussi  dans  ce  plan; 
^ar  ce  plan  contient  la  droite  AB,  et  par  con- 
séquent le  point  £  de  cette  droite^  qui  est  le 
centre  des  forces  P,  Q  :  il  contient  de  même 
la  droite  EG  y  et  par  conséquent  le  centre  F 
des  forces  P,  Q,  R  :  il  contient  la  droite FD 
et  par  conséquent  le  centre  G  des  forces  P, 
Q^  R>  S;  et  ainsi  de  suite. 

On  démontre  de  la  même  manière^  que  si 
les  points  d  affplication  sont  sur  une  même 
ligne  droite,  le  centre  des  forces  parallèles 
est  aussi  sur  cette  droite. 

LEMME. 

5i.  Si  ime  puissance  P  est  appliquée  à  la  tig. -j. 
circonférence  d'un  cercle  mobile  autour  de  son  * 
centre  A  ^et  suivant  une  direction  BP  tangente 
à  la  circonférence^  cette  force  tend  à  faire 
tourner  le  cercle  autour  de  son  centre,  de  la 
^même  manière  que  si  elle  était  appliquée  à  tout 
autre  point  C ,  et  suivant  unci  direction  CQ 
tangente  à  la  même  circonférence. 
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que  la  résultante  générale  est  égale  k  Texcès 
'  de  la  somme  des  forces  qui  agissent  dans  un 
aens^  sur  la  somme  de  ceUes  qui  agissent  dans 
le  sens  contraire. 

Corollaire  m. 

^  •  •  • .     . 

S6.'  Si  les  forces  P,  Q^R^S. . .  «^  sans  cesser 
d*étre  parallèles ,  et  sans  changer  de  gran- 
deurs.  avaient  une  autre  direction  et  deve^ 
noient  p,  (fy  r,  s. . .  .;  là  résultante  t  des  deux 
premières  passerait  également  par  le  point  E 
et  serait  égale  à  la  somme  /H-^-  Pareillement 
'  la  résultante  ('des  trois  forces/?,  q^  r,  pas- 
serait encore  par  le  point  F,  et  serait  égale 
à  la  somme  z^+y+r.  De  même  la  résultante 
X  des  quatre  forces  p  9  ^  9  f'y  s  y  passerait  en- 
core par  le  point  G,  et  serait  égale  à  la  somme 
^+7-f-^+^;  et  ainsi  de  suite.  Donc  la  résul- 
tante générale  de  toutes  les  forces  p y  Çy  ry  s 
passerait  encore  par  lé  même  point  que  la 
résultante  générale  des  premières  forces  P, 
Q,  R,  S.  •  •  •  etc. 

On  voit  donc  que  quand  les  grandeurs  et 
les  points  d'application  de  forces  parallèles 
restent  les  mêmes,  la  résultante  de  ces  forces 
passe  toujours  par  un  certain  même  point, 
quelle  que  puisse  être  leur  direction;  et  la 
grandeur  de  cette  résultante  est  toujours  égale 
a  leur  somme. 


y 
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Le  point  par  lequel  passe  toujours  la  résul- 
tante des  forces  parallèles ,  quelle  que  soit 
leur  direction^  se  nomme  centre  des  forces 
parallèles. 

U  est  facile  de  voir  que  si  les  points  d'ap- 
plication A,  B^  G^  D....  des  forces  parallèles 
P,  Q 9  R^  S.  • . .  sont  dans  un  même  plan^  le 
centre  de  ces  forces  est  aussi  dans  ce  plan; 
^par  ce  plan  contient  la  droite  AB,  et  par  con- 
séquent le  point  £  de  cette  droite ,  qui  est  le 
centre  des  forces  P,  Q  :  il  contient  de  même 
la  droite  EG  y  et  par  conséquent  le  centre  F 
des  forces  P,  Q,  R  :  il  contient  la  droite  FD 
et  par  conséquent  le  centre  G  des  forces  P^ 
Q^  R>  S;  et  ainsi  de  suite. 

On  démontre  de  la  même  manière^  que  si 
les  points  daffplication  sont  sur  une  même 
ligne  droite^  le  centre  des  forces  parallèles 
est  aussi  sur  cette  droite. 

LEMME. 

5i.  Si  ime  puissance  P  est  appliquée  à  la  ^ig.  û. 
circonférence  d'un  cercle  mobile  autour  de  son  * 
centre  A  ^et  suivant  une  direction  BP  tangente 
à  la  circonférence^  cette  Jorce  tend  à  faire 
tourner  le  cercle  autour  de  son  centre,  de  la 
^même  manière  que  si  elle  était  appliquée  à  tout 
autre  point  C,  et  suivant  une  ^direction  CQ 
tangente  à  la  même  circonfétente. 


^ 


THÉORÈME. 

TiM  10  ^^*  ^^^^^^  ^^  directions  ,de  deux  forcés 
P,  Q  sont  comprises  dans^un  même  pla/ij  et 
concourent  en  un  même  point  A  j  si  ton  porte 
sur  ces  directions  les  droites  jdB^  jâC  pro- 
portionnelles à  ces  forces  ^  de  manière  (fue 
ton  ait: 

P:Q::AB:AC,  ^ 

« 

et  qiion  acehve  le  parallélogramme  ABDC , 
la  résultante  de  ces  deux  forces  sera  dirigée 
suivant  la  diagonale  AD  du  parallélogramme. 
DÉMONSTRATION.  ConccYOïis  pour  un  ins- 
tant que  le  point  D  soit  un  obstacle  invincible  ^ 
et  de  ce  point  abaissons  sur  les  directions  des 
deux  forces  les  perpendiculaires  DE,  DF; 
les  triangles  BED,  CFD  seront  semblables, 
parce  que  les  angles  en  B  et  C,  étant  égaux  à 
Vangle  A ,  seront  égaux  entre  eux  ;  et  Ton  aura 

DC:DB::DF:DE. 

Or  on  a  par 'la  supposition  : 

P:Q::AB:AC,ou  ::DC:DD. 

Donc  on  aura 

P:Q::DF:DE. 

Du  point  D ,  comme  centre ,  et  de  l'inter- 
valle  DF,  soit  décrit  lare  de  cercle  FG,  tçr- 


\ 


miné  en  6  au  prolongement  de  ED  :  puis , 
regardant  cet  arc  et  la  droite  EG  comme  des 
lignes  ii^exîbles^  et  liées  d'une  manière  in* 
yariableHu  point  A  y  concevons  que  la  force 
P  soit  appliquée  au  point  £  de  sa  direction , 
et  qu'une  force  M,  égale  à  la  force  Q^  soit 
appliquée  au  point  G ,  suivant  unç  direction 
parallèle  à  AP^.^tpar  conséquent  tangente  à 
Tare  FG.  Cela  posé,  à  cause  de  M=Q  ei  de 
DF  =  DG,  on  aura 

.     P:M::DG:DE. 

» 

Donc  (i8)  la  résultante  des  deux  forces  pa- 
rallèles, P,  M,  passera  par  le  point  fixe  D,  et 
sera  détruite  par  la  résistance  de.  ce  point; 
donc  ces  deux  forces  seront  en  équilibre  au- 
tour de  ce  même  point. 

Or  la  force  Q^  dont  la  direction  est  tan- 
gente à  l'arc  FG,  et  qu'on  peut .  regarder 
comme  appliquée  au  point  F  de  sa  dïi^ection , 
tend  à  faire  tourner  cet  arc  de  la  même  ma- 
nîère  que  la  force  M  (5i),  et  peut  être  subs- 
tituée à  cette  dernière  force,  pour  Contreba- 
lancer la  force  P  :  donc  les  deux  forces  P,  Q 

*  seront  aussi  en  équilibre  autour  du  point  fixe 
i);  donê^feur  récoltante  sera  détruite  par  la 
résistance  de  crf  point,  et  par  tohfeéquent  (5) 

'  la  direction  dé  Cette  résiiltante  passera  par  te 
point  D. 


-**■ 
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Mais  la  résultante  desdeux  forces  P^  Q 
doit  passer  par  le  point  A  de  concours  de 
leurs  directions  (4)  ;  donc  cette  résultante 
sera  dirigée  suivant  la  diagonale  Jn>. 

53.  3*"«  DÉMONSTRATION.  Supposaut  que  In 
yi  ,'  force  Q  agisse  au  point  G  de  sa  direction^  et 
qu'on  ait  appliqué  au  même  point  C  et  dans  les 
directions  CM^  CM'  opposées;  deux  forces  M  , 
M'^égales  chacune  à  Q,  l'effet  des  deux  forces 
P  et  Q^  sera  le  même  que  cthû-des  quatre 
forces  P,  Q,  M,  M',  puisque  ces  deux  der- 
nières M  et  M'  se  détruisent^  comme  étant 
égales  et  opposées.  Or  ces  quatre  forces  fbr^ 
ment  deux  couples  ;  l'un ,  Q  et'M  concourt  au 
point  C;  l^autre  est  composé  de  deux  forces 
parallèles  et  inégales  P^  M'  appliquées  à  la 
droite  AC  ;  la  résultante  des  deux  forces  égales 
Q ,  M  est  dirigée  suivant  une  droite  CK  qui 
divise  (i  a)  en  deux  parties  égales  l'augle  MCQ; 
la  résultante  HK  des  deux  forces  P,  M'  passe 
par  un  point  H,  tel  qu'on  a  (i8)  : 

P:M'ouQ::HC:HA, 

et  de  plus  elle  est  parallèle  à  la  direction  AB 
de  la  force  P;  donc  le  point  K  intersection 
des  deux  résultantes  CK^  HK  est  un  point  de 
la  résultante  des  quatre  forces  P>Q,  M,  M'' , 
et  par  conséquent  des  deux  premières  P  et  Q. 


y 


Le  point  R  est  sur  la  direction  de  la'  diago- 
nale AD  du  parallék>gramine  construit  sur  AB 
et  AC  y  comme  côtés  ;  en  effet ,  par  construc- 
tîoif^  langle  HCK  égale  l'angle  KCDj  or  les 
angles  KCD  et  CRH  sont  égaux  conmie  ayant 
Içs  côtés  parallèles;  donc  dans  le  triangle 
GHK,  les  angles  K  et  C  sont  égaux  ^  d'où  il 
suit  que  la  droite  KH  est  de  même  longueur 
^ue  la  droite  HC;  or  on  a  la  proportion 

P:Q::HC:HA, 

donc  on  aura 

P:Q::KH:HA, 

et  parce  qu'on  a  aussi  : 

P:Q::CD:AC, 

le  rapport  des  droites  AC  et  CD  est  le  même 
que  celui  des  droites  AH  et  HK^  donc  les 
trois  points  A^  R^  D  sont  en  ligne  droite, 
et  cette  droite  est  la  diagonale  du  parallélo- 
gramme construit  sur  AB  et  AC  comme  côtés. 

Corollaire  I. 

54.  Si  d'un  point  quelconque  D  (fig.  10),' 
pris  sur  la  direction  AD  de  la  Tésultante  de 
deux  forces  P,Q ,  on  ipène  les  droites  DB ,  DC 
parallèles  aux  directions  de  ces  forces ,  on 
formera  un  paraUélogramme  ABCD ,  dont  les 
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côtés  AB  y  AC   seront  ^priop<Mrtioimels  aux 
forces  P>Q;  c- est-à-dire  que  Ton  aura, 

P:Q::AB:AC,  ou  ;:PCÎDB. 

Car  ai  ces  côtés  n'étaimit  p^  {mpprtion- 
nels  aux  forces ,  leur  rësultai^tç  serait  dirigée 
suivant  la  diagonale  du  parallélogranune 
dont  les  côtés  -  suaient  proportionndLs  à  ces 
forces  (5a),  et  uQn  pas  suivant  AD,  ce  qui 
serait  contre  la  supposition* 

■ 

■ 

Corollaire  II. 

35.  Si  d'un  point  ^elconque  D  (  fig.  lo  ), 
pris  sur  la  direction  AD  de  la  résultante  de 
deux  forces  P,  Q,  on  abaisse  des  perpendicu- 
laires DE,  DF  sur  les  directions  de  ces  deux 
forces,  ces  perpendiculaires  seront  entre  elles 
réciproquçnient  comme  les  forces  P,  Q. 

Car  nous  v^qops  de  voir  (34)  que  l'on  a 

P:Q::DC:DB, 

Et  les  triangles  semblables  DBE,  DGF 
donnent 

DC  :  DB  ::  DF  :  DE. 

Don^  on  aura 

P:Q::DF:DB. 


y 
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THÉORÈME.   '  y 

56.  Lorsque  les  directions  de  deux  forces  *^i-  "' 
P^  Ç,  sont  çon^rises  dans  un  même  plan ,  et 
concourent  en  un  point  A  y  si  ton  porte  sut 
ces   directions  les  droites  AB,  AC  propor^ 
tionneiles  à  ces  forces  ,  de  manière  que  Von  ail 

P:Q::  AB:AC, 

et  qu'on  achetée  le  parallélogramme  ABDC  ; 
la  résultante  R  de  ces  deux  forces  sera  repré^ 
sentée  en  grandeur  et  en  direction  par  la  dia^ 
gonale  AD  du  parallélogranane ;  c^est^-oHlire^ 
que  ton  aura 

P:Q:R::AB:AC:AD. 

DÉMONSTRATION.  Nous  avons  déjà  vu  (S^) 
que  la  résultante  des  deux  forces  P^Q  sera 
dirigée  suivant  la  diagonale  AD  du  parallélo^ 
gramme;  il  ne  s'agit  plus  que  de  ùire  voir 
que  sa  grandeur  sera  repréfteiitée  par  celle 
de  cette  diagonale. 

Soit  appliquée  au  point  A  une  force  S  égale 
et  directement  opposée  à  la  résultante  R  ;  cette 
force  sera  dirigée  suivant  le  prolongement 
de  la  diagonale  DA,  et  les  trois  forces  P,  Q, 
S,  seront  en  équilibre.' Donc^ la  force  Q  sera 
aussi  égale  et  directement  opposée  à  la  ré- 
sultante des  deux  autres  forces  P^  S  ;  et  par 
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conséquent  cette  dernière  résultante  sera  di- 
rigée suivant  le  prolongement  de  la  droite 
GA.  Soit  portée  CA  sur  son  prolongement 
de  A  en  H  ;  soit  menée  la  droite  ÏIB  qui  sera 
parallèle  à  AD  et  par  conséquent  à  la  direc- 
tion de  la  force  S,  et  par  le  poiat  H  soit 
menée  HK  paraUèle  à  la  direction  de  la  force 
P;  les  deux  forces  P,  S  seront  entre  elles 
comme  les  côtés  AK^  AB  du  parallélogramme 
ABHK  (34) ,  c'est-à-dire  que  Ton  aura 

P:S::AB:AKouHB. 

Or,  à  cause  du  parallélogramme  ADBH^ 
on  a  HB=AD;  de  plus,  les  deux  forces  S  et 
R  sont  égales;  donc  on  aura 

P:R::  AB:AD. 

Mais  on  a  par  la  supposition 

P:Q::  ABrAC. 

Donc,  en  réunissant  ces  dernières  propor- 
tions, on  aura 

P:Q:R::AB:AC:AD. 

Corollaire  I. 

Sy.  Si  les  deux  forces  P,  Q  sont  appliquées 
au  point  A,  on  leur  fera  équilibre  en  appli- 
quant au  même  point  un^  troisième  force 

dirigée 


ht  s^rAiriQùié  SS 

dirigée  suivant  AR^  et  proportionneile  à  la 
diagonale  AD;  car  cette  force  sera  égale  et 
£rectement  opposée  à  la  résultante  de  deux 
forces  P,  Q. 

Si  les  forces  P^  Q  sont  appliquées  à  d'au- 
tres points  de  leurs  direedond^  on  leur  fera 
pareillement  équilibre  en  appliquant  à  un 
point  quelconque  de  la  droite  AD,  et  dans  le 
sens  DA,  une  force  proportionnelle  àDA^ 
pourvu  que  le  point  d'application  de  cette 
dernière  force  soit  lié  d'une  manière  inva- 
riable aux  points  d'application  des  deux 
forces  P,  Q* 

Corollaire  tt. 

S8.  On  pourra  toujours  décomposer  une 
force  R,  donnée  de  grandeur  et  de  direction^ 
en  deux  autres  forces  P,  Q ,  dirigées  suivant 
des  droites  données  AP,  AQ,  pourvu  que  ces 
directions,  et  celles  de  la  force  R>  soient 
comprises  dans  im  même  plan,  et  concourent 
en  un  même  point  Aé 

Pour  cela,  on  représentera  la  force  R  par 

une  partie  AD  de  sa  direction;  puis  eu  menant 

par  le  point  D  les  droites  DG ,  DB  parallèles 

aux  directions  données  AP,  AQ,  on  formera 

un  parallélogramnie  ABDC,  dont  les  côtés 

AB,  AC,  représenteront  les  forces  demandées 

P^  Q;  car (36)  la  résultante  de  ces  deux  forces 

3 
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aura  la  même  grandeur  et  la  même  direcdon 
c[ne  la  force  R. 

On  trouTera  les  grandeors  de»  demi  forces 
F,  Q  par  le  moyen  des  deox  pro|iortions, 
AD:AB::R:P. 
AD:AC::R:Q. 

GOROLUIHB  m. 

39.  Dans  le  triangle  ABD,  les  côtés  AB,BD  , 
AD  sont  proportionnels  aux  sinus  des  anglies 
DAC,  BAD,  CAB,  formés  par  les  dîrectîoiu 
des  forces  P,  Q ,  R  ;  d'où  il  suit  qu'on  aura  la 
proportion 

P  :  Q  :  R  :  :  sin.  (Q^  R)  :  sin  (P,  R)  :  sin.  (P,Q); 

le  signe  tel  que  (Q,  R)  étant  l'angle  des  deux 
forces  Q  et  R. 

Le  même  triangle  ABD  donne  (  Trigono~ 
métrie  de  Legendre ,  S  4^  j  pog.  565 1  6'  édit,  ) 

ÂD*=ÂB+BD  ±aAB  x  BD  cos.  ABD; 

donc  R*=P'+Q'±aPQcos.  (P,  Q).     ' 

PROBLÈME. 

ri",  t»;  '    fyo,    Détehniner  la  résultante  de  tant  de 
"*'  '■  forces  PyQfJiyS...  qt/on  voudra,  dont  les 
directions  y  comprises  ou  non  cotnprises  dans  un 
même  plan  j  concourent  en  un  même  point  Â^ 


SoLUTloiT.  On  portera  sur  les  directions  de 
toutes  .les  forces,  à  partir  du  point  A,  des 
droites  AB,  AC,  AD,  A£. . . .  proportion- 
nelles à  leurs  grandeurs;  puis,  considérant 
d'abord  deux  quelconques  de  ces  forces, 
telles  que  P,  Q,.,oq  acbevera  le  parallélo- 
gramme  ABFC ,  dont  la  diagonale  AF  repré- 
sentera en  grandeur  et  en  direction  la  résul-^ 
tante  particulière  T  de  ces  deux  forces  (56).' 

A  la  place  des  forces  F^Qi  ^^  prendra 
leur  résultante  T,  et  considérant  les  deux 
forces  T  ,  R,  on  achèvera  le  parallélogramme 
AFGD,  dont  la  diagonale  AG  représentera 
en  grandeur  et  en  dîrectio*n  la  résultante  V, 
des  deux  forces  T,  R,  qui  sera  celle  des  trois 
forces  P,  Q,  R. 

Pareillement,  a  la  place  des  forces  P,  Q( 
R,  on  prendra  leur  résultante  V,  et,  consi- 
dérant les  deux  forces  V,  S,  on  achèvera  le 
parallélogramme  AGHE,  dont  la  diagonale 
AH  représentera  en  grandeur  et  en  direction 
la  résultante  X  des  forces  V,  S,  qui  sera 
aussi  celle  des  quatre  forces  P,  (^^  R,  S. 

En  continuant  ainsi  de  suite,  on  trouvera 
la  direction  et  la  grandeur  de  la  résultante 
générale  de  toutes  les  forces  P,  Q,  R,  S..., 
en  quelque  noinbre  qu'elles  soient. 


8  .. 


■%■•■■  ^  ■ 
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COROLLÀIRS. 

■ 

4i.  Si  tontes  lés  forces  P^  Q>  R^  S...  sont 
immédiatement  appliquées  au  point  A  de 
concours  de  leurs  directions^  pour  leur  faire 
équilibre  ^  on  trouvera  d'abord  la  grandeur  et 
la  direction  de  leur  résultante  (4o);  puis  on 
appliquera  au  point  A  une  force  qui  lui  soit 
égale  et  directement  opposée.  Mais  si  les 
forces  sont  appliquées  à  d'autres  points  de 
leurs  direction»^  liés  entre  eux  d'une  manière 
invariable^  on  leur  fera  équilibre  en  appli- 
quant à  un  point  quelconque  de  la  direction 
de  leur  résultante  y  une  force  qui  soit  égale 
et  directement  opposée  à  cette  résultante^ 
pourvu  que  le  point  d'application  de  cette 
force  soit  aussi  lié  d'une  manière  invariable 
à  ceux  des  forces  P,  Q,  R,  S.... 

PROBLÈME. 

rig.  i3.  4^*  Déterminer  la  résultante  de  tant  de  forces 
Py  Qy  Rj  S....  {fi/on  voudra  j  dont  les. direc-' 
lions  j  comprises  dans  un  même  plan,  ne  con^ 
courent  pas  à  un  même  point  y  dont  les  points 
d^ application  A,  B y  C,  /?....  sont  liés  entre 
eux  Jtwie  manière  invariable  j  et  dont  lesgran^ 
deurs  sont  représentées  par  les  parties  Aa,  Éb, 
Ce  y  Dd....  de  leurs  directions, 
SoLVTioiy.  Après  avoir  prolongé  les  di-* 
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rections  de  deux  quelconques  de  ces  forces^ 
telles  que  P^  Q>  jus<{u'à  ce  qu'elles  se  soient 
rencontrées  quelque  part  en  un  point  E^ ,  on 
portera  de  E  en  F  et  de  E  en  6  les  droites 
Aa,  Bby  qui  représentent  ce9  forces;  et  l'on 
achèvera  le  parallélogramme  EFeG,  dont  la 
diagonale  Ee  représentera  en  grandeur  et  en 
direction  ln-irésul tante  T  des  deux  forces  P^ 
Q(56). 

A  la  place  des  forces  P,  Q,  on  piripdra  leur  > 
résultante T^  dont  on  prolongera  lamrection^ . 
ainsi  que  celle  de  la  force  R  y  jusqu'à  ce  qu'elles  ' 
se  rencontrent  quelque  part  en  un  point  H  ;  ' 
on  portera  la  droite  E^  de  H  .en  I^  la  droite 
Ce  de  H  en  K;  et  Ton  achèvera  le  parallé- 
logramme HIAK^  dont  la  diagonale  HA  re- 
présentera en  grandeur  et  en  direction  fai 
résultante  Y  des  deux  forces  T,  R,  qui  sera 
aussi  celle  des  trois  forces  P^  Q  ^  R. 

Pareillement,  à  la  place  dès  trois  forces  P/^ 
Q,  R,  on  prendra  leur  résultante  Y,  et  on 
prolongera  sa  direction,  ainsi  que  celle  de 
la  force  S,  jusqu^à  ce  qu'elles  se  rencontrent 
en  un  point  L;  puis  portant  de  L  en  M  et  de 
L  en  N  les  droites  HA,  Dd,  qui  représentent 
Içs  forces  Y  et  S,  on  achèvera  le  parallélo- 
gramme LM/N,  dont  la  diagonale  L/  repré- 
sentera la  résultante  X  de  ces  deux  forces,  qui 
§era  aussi  celle  des  quatre  forces  P^  Q^  R  >  Si 
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En  continuant  ahisi  de  suite  ^  on  trouTera 
la  grandeur  et  la  direction  de  la  résultante 
générale  de  toutes  les  forces  propofliées^  en 
<]uel<{ue  nombre  qu'elles  soient, 

.     COROLLAIKE. 

4^.  Donc,  lorsque .  plusieurs  foKeSy  diri- 
gées dans  un  même  plaii ,  sont  appliquées  à 
des  points  liés  entre  eux  d'une  manière  inva- 
riable, ce|£>rces  ont  toujours  une  résultante  : 
ainsi  il  esrpossible  de  leur  fiure  équilibre  au 
moyen  d'une  force  unique,  excepté  dans  le 
cas  oii  la  direction  d'une  de  ces  forces  étant 
parallèle  à  celle  de  la  résultante  de  toutes  les 
autres,  cette  force  et  cette  résultante  seraient 
égales  entre  elles ,  et  agiraient  en  sens  con-» 
traires;  car  nous  avons  vu  (26)  qu'alors  pour 
leur  faire  équilibre  il  Êiudrait  appliquer  une 
force  nulle  et  dont  la  direction  passât  à  une 
distance  infinie  ,  ce  qui  est  impraticable, 

THÉORÈME. 

fig.  14.  44*  'Si  trois  forces  PyQyR,  sont  représen* 
tées  en  grandeurs  et  en  directions  par  les  trois 
arêtes  AB ,  AC^  AD ,  continues  au  même 
angle  d^un  parallélipiphde  ABFEGDj  de  nui* 
niere  (jue  Von  ait 

P;Q:R;:AB:AC:AD,  . 
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leur  résvîtante  S  sera  représentée  en  grandeur 
et  en  direction  par  la  diagonale  AE  da  parai- 
lélipipède  contiguê  aumême  angle;  et  Von  aura 

P:Q:R:S::AB:AC:AD:AE. 

DEMONSTRATION.  DaDs  k  &ce  ABFC,  qui 
contient  les  directions  des  deux  forces  P,  Q, 
soit  menée  la  diagonale  AF  ;  soit  aussi  menée 
la  diagonale  DE  dan^  la  fitce  opposée  DHEG: 
ces  deux  diagonales  seront  parallèles  et 
égales;  caries  deux  arêtes  AD,  EF  du  paraL- 
lélipipède  aax  extrémités  desquelles  elles  se 
terminent,  sont  parallèles  et  égales  :  donc 
AFED  sera  un  parallélogramme.  Cela  posé^ 
les  deux  forces  F,  Q,  étant  représentées  en 
grandeurs  et  en  directions  par  les  côtés  AB,. 
AC  de  la  fiice  ABF6,  qui  est  ua  parallélo* 
gramme,  leur  résultante  T  sera  représenta 
en  grandeur  et  en  direction  par  la  diagonale 
AF  (36)  ,  et  l'on  aura 

P:Q:T::AB:AC:AF. 
De  même  -les  deux  forées  T,  R  étant  re- 
préseotées  par  les  cdtés  AF,  AD  du  parallé- 
logramme AFED,  leur  résultante  S,  qui  sera 
aussi  celle  des  trois  forces  P.  Q,  R,  sera  re- 
présentée par  la  diagonal^iE  du  même  p»- 
rallélogramme,  et  l'on  aura 

T:R:S::AE:AD:AE- 


■nÈ' 
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Donc  j  en  réunissant  les  deux  snîtes  pro«' 
portionnelles  ^  on  anra 

P:Q:R:S;:A3:AC:AD:AE, 

Or  la  diagonale  AF  est  en  même  temps 
celle  du  parallélipipède  ;  donc  la  résul^nte 
des  trois  forces  P^  Q  ^  R  sera  représentée  çn 
grandeur  et  en  direction  par  la  diagonale 
da  parallélipipède.        f 

CpaOLLAïax  I. 

45.  On  pourra  toujours  décomposer  mi9 
force  S  donnée  de  grandeur  et  de  direction  ^ 
en  trois  autres  forces  P^  Q,  R,  dirigées 
suÎTant  des  droites  données  AP^  AQ,  AR 
non  comprises  dans  un  même  plan  j^  pourvu 
que  ces  trois  directions  et  celle  de  la  force  S 
concourent  en  un  ménie  point  A. 

Pour  cela^  par  les  trois  directions,  consi- 
dérées deux  à  deux ,  on  mènera  les  trois  plans 
BAC,  CAD,  DAB;  on  représentera  la  force 
S  par  une  partie  AE  de  sa  direction ,  et  par 
le  point  Ë  on  mènera  trois  autres  plans  EGDH^ 
EHBF,  EFCG,  respectivement  parallèles  aux 
trois  premiers  :  ces  six  plans  seront  les  faces 
d'un  parallélipipède  dont  AE  sera  la  diago- 
nale ,  et  dout  les  arêtes  AB,  AC,  AD,  qui  seront 
prises  sur  les  trois  directions  données,  re- 
présenteront Içs  gifmdeurâ  des  trois  forces 
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P^  Q^  R;  car  (44)  1^  rësultante  dâ 
ces  trois  forces  aura  la  même  grandeur  et  la 
même  direction  que  la  force  S. 
.  Autrement^  on  mènera  par  le  point  E  trois 
droites  parallèles  aux  directions  AP,  AQ^  AR  ; 
et  les  parties  £F,  EH,  EG  de  ces  droites  ^^ 
comprises  entre  le  point  E  et  les  plans  BAC^ 
CAD^  DAB^  représenteront  les  grandeurs 
des  forces  demandées  P,  Q^  R;  car  ces  droites 
étant  trois  arêtes  du  parallélipipède ,  elles 
sont  respectivement  égales  aux  autres  arêtes 
AB^  AG,  AD^  qui  leur  sont  parallèles. 

Corollaire  II. 

46.  Lorsque  les  trois  forces  P,  Q^R  sont  per- 
pendiculaires entre  elles  9  la  résultante  S  est  la 
diagonale  d'un  parallélipipède  rectangle  dont 
les  trois  arêtes  adjacentes  à  un  même  sommet 
d'aBjgle^  sont  égales  aux  trois  forces  P^  Q^  R» 
la  grandeur  de  cette  résultante  est  dans  co 
cas  exprimée  par  y/p^+Q'+Rv 

Corollaire  Illt 

47-  Quel  que  soit  le  nombre  de  forces  P^  Q» 
R,  S...«  appliquées  aux  points  fixes  A^  B^  C, 
D.  .  •  .  on  pourra  toujoilfs  concevoir,  que 
le  système  de  trois  droites  perpendiculaires 
entre  elles  se  soit  transporté  parallèlement  à 
«Ues- mêmes  aux  points  d'application    des 
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forces  9  et  que  chacune  des  forces  soit  dëcom*^ 
posée  en  trois  autans  dirigées  suivant  les  trois 
droites  rectangulaires  passfmt  par  son  point 
d'application,  alors  toutes  les 'forces  P>  Q> 
R,  S.,.,  seront  décomposées  en  trois  systèmes 
de  forces  telles ,  que  toutes  les  forces  d'un 
même  système  seront  parallèles  entre  elles; 
or  en  général  (27)  >  toutes  les  forces  d'un 
même  système  se  réduiront  à  une  seule  force 
de  même  direction;  donc  toutes  les  forces 
Py  Q ,  Ky&  auront  trois  résultantes  parallèles 
à  trois  droites  rectangulaires  fixes  et  déter- 
minées de  positioqi  par  rapport  à  ces  forces. 
(  Voyez  l'article  55.  ) 

Corollaire  IV. 

48.  Nommant  S,  S',S%  etc.  les  forces  qui 
agissent  sur  unpointdéterminé;  et  menant  par 
ce  point  trois  droites  fixes  et  perpendiculaires 
entre  elles,  chacune  des  forces  S,  S',  S%.... 
se  décomposera  en  trois  antres  p^  7,  r,  dirir 
gées  suivant  les  droites  rectangulaires. 

Nommant  dé  même  ;?',  (j/^^  /,  les  trois  forces 
composantes  de  la  force  S';  p'j  y%  /,  les  trois 
forces  composantes  de  la  force  S%  etc.;  la  ré- 
sultante de  toutes  les  forces  S,  S'^  S',  sera  la 
diagonale  d'un  parallélipipède  rectangle  ^  dont 
les  trois  côtés  adjacens  au  même  angle  seront^ 

Pour  le  premier^  p-^-p'+p' -hetc. 
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Pour  le  second,      9+9^+/-!- etc. 
Pour  le  troisième  ,    r+/  +r^+  etc.  ; 

dofnc  cette  résultante  aura  pour  ei^ression 

• 

THÉORÈME. 

49-  tf^ux  forces  dirigées  suivant  des  droites 
ijuinè  serencontrentpas  y  ne  peuvent  pas  se  ré'» 
duire  à  une  force  unique  tfui  leur  fasse  équi^* 
libre. 

Démonstration.  Soient  P  et  Q  les  deux 
forces,  dont  les  directions  ne  se  rencontrent 
pas.  Siune  troisième  force  Rieur  fût  équilibre^ 
deux  points  quelconques  fixes,  Tun  pris  sur 
la  direction  de  cette  force  R ,  et  l'autre  siyr 
la  direction  de  la  force  P  détruiront  néces- 
saireroentla  force  Q;  or  les  deux  points  peu- 
vent être  pris  de  manière  que  la  droite  qui 
les  unit  ne  rencontre  pas  la  force  Q;  donc 
cette  force  ne  sera  pas  détruite,  donc  il  est 
absurde  de  'supposer  que  les  deux  forces  P 
et  Q  aient  une  résultante  unique  R. 

THÉORÈBIE. 

5o.  Toutes  les  forces  Pj  Q^  Mj  S....  appli" 
fuées  aux  points  A  y  By  C^D....  liées  entre 


\ 
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eux  d'une  manière  invariable  j  peuvent  en  géné-^ 
rai  se  réduire  à  deux  forces  dirigées  suivant 
des  droites  qui  ne  se  rencontrent  pas, 

DÉHONSTRATiOH.Ayaift  prolongé  les  droites 
suirant  lesquelles  les  forces  P,  Q,  R, etc.  sont 
dirigées,  jusqu'à  ce  qu'elles  coupent  un  plan 
fixe  et  déterminé  de  position  par  rapport  a.  ces 
droites,  on  pourra  considérer  les  points  d'in- 
tersection comme  les  points  d'application  des 
forces  ;  or  chaque  force  pourra  se  décomposer 
en  deuXj  l'une  située  dans  le  plan  et  l'autre 
perpendiculaire  à  ce  plan  ;  toutes  les  forces 
dirigées  dans  le  plan  auront  une  résultante, 
les  forces  perpendiculaires  au  plin  et  par 
conséquent  parallèles  entre  elles,  anront  une 
autre  résultante.  Dans  quelques  cas  particu- 
liers, ces  deux  résultantes  se  rencontreront,  et 
toutes  les  forces  proposéesP,  Q,  R,  Ç.... 
se  réduiront  à  une  seule;  mais  en  général 
elles  ne  se  rencontreront  pas  ;  donc  ou  aura 
deux  forces,  Tune  située  dans  un  plan  pris 
arbitrairement ,  et  l'autre  perpendiculaire 
à  ce  plan,  qui  feront  équilibre  à  tant  de 
fonfes  qu'on  voudra  P,  Q,  R,  S....  appli- 
quées en  des  points  A,  B,  C,  D.  H  faut 
excepter  de  cette  conclusion  générale  le  cas 
particulier,  que  nous  allons  examiner  et  qui 
a  Heu  lorsque  les  forces  situées  dans  le  plan 
et  les  forces  parallèles  aa  plan  ,  se  rédu^ent  ' 
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à  des  couples  àe  forces  égales  et  appliquées 
en  sens  contraire  à  une  même  droite. 

COROLLÀIRI. 

« 

5i .  Lorsque  deux  forces  agissent  suivant  des 
droites  cmi  ne  se  rencontrent  pas  ^  il  j  a  une 
infinité  oe  systèmes  de  deux  forces  agissant 
suivant  dWtres  droites  qui  ne  se  rencon- 
trent point  ^  dont  Faction  est  équivalente 
à  celle  des  deux  premières  forces  :  en  efièt 
une  force  quelconque  peut  être  décomposée 
en  deux  autres  forces  ^  l'une  perpendiculaire 
à  un  plan  pris  arbitrairement^  et  l'autre  si- 
tuée dans  ce  plan;  donc  deux  forces  quel- 
conques sont  équivalentes  à  deux  autres  forces. 
Tune  située  dan^  le  pUn  qui  a  été  pris  arl>i«* 
bitrairement  ^  et  l'autre  perpendiculaire  k 
ce  plan. 

PROBLÈME. 

5^.  Étant  données  deux  forces  dirigées  suivant 
des  droites  qui  ne  se  rencontrent  pas ,  trouver 
deux  autres  qui  leur  soient  équivalentes ^  et 
dont  tune  soit  dirigée  suivant  une  droite  donnée 
de  position. 

Solution.  Soient  P  et  Q  les  deux  forces 
données;  ayant  mené  un  plan  perpendicu- 
laire à  la  droite  donnée  de  position ,  on  dé- 
composera les  forces  P  et  Q  en  deux  autres 
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V,  Q'  dirigées,  l'une  àlaia  ce  plan,  et 
l'autre  perpendicolairement  aa  iflême  plan; 
on  décomposera  la  force  Q*  parallèle  à  la 
droite  donnée  de  position ,  en  deux  autres 
q'y  <fy  dont  l'une  passera  pv  la  droite  donnée  , 
çt  l'autre  par  un  poiiU  de  la  iota»  F;  les  ' 
deux  forces  P',  <f  concourantes  eu  un  même 
point,  se  réduiront  à  une  seule  force  q;  donc 
les  deux  forces  P  et  Q  seront  transformées 
en  deux  autres  forces  équivalentes  q^  /  dont 
la  dernière  ^  passera  par  une  droite  donnéei 

55.  Examen  étun  cas  partieulier  de  la 
composition  des  forces  iqiptiquées  à  deapoints 
donnés  A^ BjC^D.,..  invariaèlemtnt fixés 
eiftre  eux. 

Ayant  décomposé  chacune  def^&rces  P,  Q , 
R,  S....  appliquées  aux  points  A,  B,  C,  D 
en  denx  autres, l'une  située  dans  un  plan  que 
nous  nommerons  plan  de  décomposition , 
l'autre  perpendiculaire  à  ce  plan,  soient  S  et  T 
les  résultantes  de  ces  deux  systèmes  de  forces  ; 
il  peut  arriver  que  le  premier  système  de 
forces,  au  lieu  d'avoir  pour  résultante  une 
force  unique  S,  se  réduise  seulement  à  un 
couple  de  forces  ■+-Sy  — j,  égales,  parallèles, 
opposées  et  appliquées  à  une  même  droite; 
dans  ce  cas,  les  (rois  forces  T,  •!-*»  — ^  s* 
réduiront  encore  à  deux  forces,  dirigées  en 


i>S    STATIQUE.  ^ 

dehors  du  plan  de  décomporitîon  ;  de  mème^ 
si  à  la  place  d'une  résultante  unique  T ,  les 
forces  perpendiculaires  au  plan  de  déeom^ 
position  j  se  réduisaient  à  un  couple-)-^  ^  — t, 
(désignant  par  cette  expression  deux  forces 
égales ,  opposées  et  appliquées  à  une  même 
droite  ),  les  trois  forc^  S,  +  ^,  —  t  se  ré- 
duiraient encore  à  deux  forces ,  comme  dans 
le  cas.  précédent;  enfin  si  toutes  les  forces 
agissant  dans  le  plan  de  décomposition  et  per- 
pendiculairement à  ce  plan^  se  décomposaient 
en  deux  couples  H-^,  — s  et  +i,  — t,  ces 
deux  couples  se  réduiraient  à  un  seul;  ces 
différentes  propositions  se  réduisent  à  ces 
deux-ci  : 

1*.  Une  force  T  et  im  couple  H-^,  — s 
se  composent  en  deux  forces  dirigées  suivant 
des  droites  qui  ne  se  rencontrent  pas. 

:2*.  Deux  couples  +^,  '— ^  et  +  i,  —  t, 
se  composent  en  un  seul  couple  de  même 
nature^  tel  que  -f-r,  — r. 

Démonstration  de  ces  dmix  propositions. 

54.  P''*  PROPOSITION.  Une  force  T  et  un 
couple -f-^/-—<^  se  composent  en  deux  forces  ; 
en  effet ,  le  plan  du  couple  prolongé  coupe  la 
force  T  en  un  point  qu'on  peut  regarder 
comme  le  point  d  application  de  cette  forceT; 
xaenant  par  ce  point  et  dajois  le  plan  du^rouplo 
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une  droite  quelconque ,  et  considénnt  cette 
droite  comme  fixe  par  rapport  aux  troii 
forces  T^  -)-  5  9  -*-  ^  >  qui  lui  sont  appliquées  ^  oft 
de'composera  la  force  T  en  deux  autres  t,  if, 
«pli  auront  sur  la  droite  fixe  les  mêmes  points 
d'application  que  les  forces  '^Sf  — s;  les 
forces  ty  s,  concomrantes  au  même  points 
auront  une  résultante;  il  en  sera  de  même 
des  forces  t\  s',  elles  auront  une  seconde  ré- 
sultante ;  ces  deus  résultantes  feront  évidem^* 
ment  équilibre  aux  trois  forces  T,  +5,  — >5. 

Fig.  i3.  ^5*  Si  le  plan  du  couple  était  parallèle  à  la 
«.  pi.  I.  force  T  ^  il  faudrait  décomposer  les  forces  du 
couple  +5  et  — s  parallèlement  à  T.  Sup- 
posons ce  couple  appliqué  à  la  droite  AB 
(fîg.  1 5.  a.)  perpendiculairement  à  cette  droite; 
menant  parleurs  points  d'application  A  etB, 
des  droites  AM^  BN  parallèles  à  la  direction  de 
la  force  T,  on  décomposera  la  force  +^  en 
deux  autres  suivant  AM  et  AB ,  la  force  — -^ 
en  deux  autres  suivantBNetB  A  ;  les  forces  suî^ 
Tant  AB  se  détruiront;  la  force  dirigée  suivant 
AM^  ou  suivant  BN^  et  la  force  T  qui  lui  est 
parallèle^  se  composeront  en  une  seule  force; 
donc ,  dans  ce  cas ,  les  trois  forces  T ,  -f-^, 
•  —  .ç  se  réduiront  à  deux  forces.  Tune  dirigée 
dans  le  plan  du  couple  ^s^  "^^^  ^^  Tautre 
parallèle  à  ce  plan. 


•»• 
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56.  IP  PROPOSITION.  Deux  couples+5,  -**5 
^t  +^^  — ^  situés  dans  des  plans  quelconques^ 
se  composent  en  un  seul  couple +r, — r;  en 
effet  les  plans  de  ces  couples  prolonges  se 
rencontrent  suivant  une  droite  qu^on   peut 
considérer  comme  liée   invariablement  aux 
points   d'application  des  forces  qui  compo- 
sentles  deux  couples;  soit(iig.  i3.  ^.)KL  cette 
droite  intersection  des  deux  plans  LRMN, 
LKM'N',  qui  contiennent  l'un  le  couple-}-^  , 
—  5,  appliqué  à  la  droite  AB;  Tautre  le  couple 
+/, — ^/^  appliqué  à  la  droite  CD;  les  directions 
des  forces  +5,  — ^,  +<,  — t  coupent  cette 
droite  aux  points  aybyC^  d;  divisant  les  droites 
aby  cden  deux  parties  égales^  et  marquant  les 
points  milieux  y,/',  on  peut  transporter  le 
couple  -|-  / , — t  appliqué  à  la  droite  CD  parallè- 
lement à  lui-même  y  de  manière  que  les  points 
jfet  /"  se  confondent,  on  aura  un  nouveau 
couple + ^,  —  t'  :  il  faut  d^abord  démontrer 
que  ce  second  couple  composé  de  forces  égales 
et  parallèles  à  celles  du  premier,  et  appliqué  à 
la  droite  CD' égale  à  CD,  lui  fera  équilibre,  et 
qu'en  général  on  ne  change  pas  Tétat  d'équi- 
libre de  deux  couples ,  en  transportant  l'un  des 
couples  parallèlement  à  lui-même   dans  son 
plan;  or  cette  proposition  est  évidente;  car  le 
point  O  étant  le  milieu  de  la  droite  c'dy  les 
deux  forces -4*  ^^-—^^  ûnsi  que  les  deux  forces 
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"^t'y  +  f  qui  agissent  ^  des  distances  égales 
de  ce  point  O,  se  font  éqûilibpe;  donc  le 
second  couple  peut  être  substitue  au  premier; 
or  la. force  +^  ^^t  dëoompoSâble  en  deux 
autres  forces  parallèles  passant  par  les  points  a 
et  *  ;  la  force  — t  l'est  de  même  en  deux  autres 
passant  par  le$  points  b  et  a;  et  à  cause  de 
caz=zdhy  les  forces  composantes  de  ces  deux 
forces  +  ^'  et  —  i  seront  égales  et  ne  diflere-* 
rônt  qu'en  directions  ;  donc  chacune  des  trois 
forces  concourant  au  point  a  y  sera  égale  à 
l'une  des  trois  forcée  concourant  au  point  h^ 
donc  les  résultantes  des  deux  systèmes  de 
forces  appliquées  aux  points  a  et  £  seront 
égales  et  opposées;  d'où  il  suit  que  les  deux 
couples  +  ^,  —  5,  et  +  i,  — /  se  réduiront 
à  un  seul  '^Vj-^r. 

Si  le$  forces  +  ^ ,  —  t  étaient  parallèles  à  la 
dt*oite  LK,  on  changerait  (55)  le  couple  +^  , 
*—  5  en  un  autre  +  s'y  —  s'y  dont  lés  forces 
seraient  dirigées  parallèlement  à  la  droite  LK , 
et  les  quatre  forces  parallèles  +  ^,  +^',  — ty 
— s'  se  réduiraient  à  deux  égales  et  opposées 
(/+/)  el  — (/+/). 


t 
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CHAPITRE  II. 


Des  Momens* 


£7.  {js  coft^iéèrer^devtxe^ècesàenîomef^; 
le  moment  d'une  force  par  rapport  à  hb  poiàt 
est  le  produit  de  cette  force  multipliée  par 
la  pferpeudiculaire  abaissée  de  ce  point  âur 
la  force  ;  le  moment  d'une  force  par  rappoH 
à  Un  plan  ^  est  le  produi't  de  cette  force  mtd- 
tipliée  par  la  distance  de  son  point  d  appU^ 
cation  à  ce  plan  ;  cette  seconde  espèce  de  mo^ 
mens  ne  change  pas  y  quoique  les  forces  varient 
de  direction  ;  ils  diffèrent  par  cette  condition 
des  momens  de  la  première  espèce  ^  qui  sont  in- 
dépendans  des  points  #l'applicatio&  des  forces 
dont  la  direction  est  constante. 

58.  Lorsque  Ton  côn^dèré  li^s  momens  de 
plusieurs  fort:e^  phr  rappbrt  a  uii  ntéme  point  ^ 
ce  point  se  nomme  cemire  des  mdfilens. 

59.  U  suit  de  là  que  si  Ton  connaît  la 
grandeur  d'une  forc^,  et  son  moment  par 
rapport  à  un  centre ,  par  rapport  à  un  plan  , 
et  si  le  plan  est  parallèle  à  la  force ,  on  aura 
la  distance   du   centre^    ou   du  plan  y  à  la 
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direction  de  la  force  ^  en  prenant  le  qucM 
tient  du  moment  divisé  par  la  force  ;  si  l'on 
connaît  le  moment  et  la  distance^  on  aura  la 
grandeur  de  la  force  en  prenant  le  quotient 
du  moment  divisé  par  la  distance. 

* 

Corollaire. 

60.  Lorsque  deux  forces  P,  Q,  dont  les 

directions  sont  parallèles^  agissent  dans  le 

même  sens  ^  leurs  «lomens  ^  par  rapport  à  uh 

point  quelconque  C  de  la  direction  de  leur 

..        résultante  9  sont  éfi^aux. 

Car  si  par  le  point  C  on  mène  une  droite 
AB  perpendiculaire  aux  directions  des  deux 
forces,  et  terminée  en  A  et  B  à  ces  deux 
directions,  cette  droite  sera  partagée  par  le 
point  C  en  deux  parties  réciproquement  pro- 
portionnelles aux  forces  P,  Q  (18);  c'est-à- 
dire  que  Ton  aura 

P:Q::BC:AC. 

:  Donc^  en  ég^alant  le  produit  des  extrêmes 
au  produit  des  moyens^  on  aura 

PxAC=QxBC. 


THÉORÈME. 
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6i.  Si  aux  extrémités  A ,  B ^  iune  droite  ^^m  ,ç; 
inflexible  sont  appliquées  deux  forces  P^  Q^ 
dont  les  directions  soient  parallèles  j  et  qui 
agissent  dans  le  même  sens  j  et  si  par  le  point 
d'application  C  de  leur  résultante  on  mène 
une  droite  DE  dans  un  plan  quelconque;  le& 
momens  des  forces  P^  Qy  par  rapport  à  la 
droite  DE ,  seront  égaux,  c* est-ondire  que  si 
des  points  A^  B ,  on  abaisse  sur  DE  les  per^ 
j)endiculaires  AD  y  BEy  on  aura 

PxAD=QxBE, 

DÉMONSTRATION.  Les  triangles  rectangles 
ADG  y  BEC  y  (]ui  sont  semblables  y  .parce  que 
les  aqgles  opposés  au  sommet  G  sont  égaux  ^ 
donnent 

EC:AC::]BE:AD. 

Or  on  a  (i8)P  :  Q   ::  BClAC. 
Donc  on  aura  P  :  Q  ::  BE:AD; 

et  en  égalant  le  produit  des  extrêmes  à  celui 
des  moyens, 

PxADi=QxBE. 


-1-7*  •    -    -ï-^rj.-^. 


-^'■*' 


..  «   .-•». 


Fîg.  x5. 


5a  Traita  ELÉBrcirrAïKt 

direction  de  la  force  ^  en  prenant  le  qncM 
tient  du  moment  divisé  par  la  force;  si  l'on 
connaît  le  moment  et  la  distance,  on  aura  la 
grandeur  de  la  force  ed  prenant  le  quotient 
du   moment  divisé  par  la  distance. 

COROLLAIRfi. 

60.  Lorsque  deux  forces  P,  Q,  dont  les 
directions  sont  parallèles,  agissent  dans  le 
même  sens,  leurs  momens,  par  rapport  à  um 
point  quelconque  G  de  la  direction  de  leur 
résultante,  sont  égaux. 

Car  si  par  le  point  C  on  mène  une  droite 
AB  perpendiculaire  aux  directions  des  deux 
forces,  et  terminée  en  A  et  B  à  ces  deux 
directions,  cette  droite  sera  partagée  par  le 
point  C  en  deux  parties  réciproquement  pro- 
portionnelles aux  forces  P,  Q  (18);  c'est-à- 
dire  que  Ton  aura  ' 

P:Q::BC:AC. 

Donc,  en  ég^ant  le  produit  des  extrêmes 
au  produit  des  moyens,  on  aura 

PxAC^QxBC. 
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THÉORÈME. 

61.  Si  aux  extrémités  A  y  Bj  iune  droite  ^-^  ^q^ 
inflexible  sont  appliquées  deux  forces  P,  Q^ 
dont  les  directions  soient  parallèles  ^  et  qui 
(fissent  dans  le  même  sens  ^  et  si  par  le  point 
d'application  C  de  leur  résultante  on  mène 
une  droite  DE  dans  un  plan  quelconque;.  le& 
momens  des  forces  jP,  Q,  par  rapport  a  la 
droite  DE ^  seront  égaux,  c'est^àndire  que  si 
des  points  A^  B ,  on  abaisse  sur  DE  les  per^ 
^endiculaires  AD  y  BEy  on  cuira 

PxAD=QxBE, 

DÉMONSTRATION.  Les  triangles  rectangles 
ADG  y  BEC  y  (]ui  sont  semblables  y  parce  que 
les  aqgles  opposés  au  sommet  C  sont  égaux  ^ 
donnent 

EC:AC::]BE:AD. 

Or  on  a  (i8)P  :  Q   ::  BC:  AC. 
Donc  on  aura  P  :  Q  ::  BE'.AD; 

et  en  égalant  le  produit  des  extrêmes  à  celui 
des  moyens , 

PxAD=QxBE. 
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9f<  ?4  62.  Deux  forcés  P,  Q,  itmtiài  .dU^eciions 
S0fU' pamllèles  j  et  qui  ugissent  Àams ie  même 
êmèSy  étant  appU(ftuie$  tuix  fmnis  jâ ,  Bdiuiu^ 
Amie  ù^lexihlty  et  par  Min  point  jP  de  cette 
âtoite  étant  mené  dans  un  pian  ^fuelco^ue 
la  droite  FM: 

fig.  16.  x^  Si  A(  point  f  est  pris  Mfr  le  prokrn^ 
gement  de  AS^  ia  smnme  des  mfimens  des 
deusç  forces  Py  -  Q  sera  égale  ait  mammt  de 
leur  résultante  M;  €testràndins  que  si  des  points 
A  y  B  y  et  du  point  inapplication  C  de  la  re- 
suUantCy  on  abaisse  sur  FH  les  perpendicu-^ 
Ufiirps  AGy  Bff^  d,  on  oiinçL 

R  X<2I=Q  X  BH+P  X  AG. 

^*  '7-  a*.  Si  le  point  jP,  est  pris  entre  A  et  B , 
la  différence  des  moment  des  forces  jP,  Q  sera 
égale  au  moment  de  la  résultante;  cest^^-^re 
que  ton  aura 

R  X  CI=:Q  X  BH— P  X  AG. 

'  Démonstration. Parle  point  C  soît  me- 
née DE  parallèle  à  FH^  et  qui  <:oupera  en 
D^  E,  les  perpeadiccdaires  AG^  BH,  pro- 
longées s'il  est  nécessaire;  on  auraDG=CI 
E=:£U.  De  plos^  les  momens  des  deux  forces 
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P,  Q  par  rapport  à  DE  seront  égaux ,  et  l'on 
aura  (6i)  P  X  AD=Q  X  BE. 

Cela  posé ,  dans  le  premier  cas ^  la  résul- 
tante R  étant  égale  à  la  sonune  des  deux 
forces  P,  Q,  (i8)^  son  moment  sera 

RXCI==(QXP)XCI, 
ou  =  Q  XHE+PXG». 

Maïs  on  a  GD=AD-|-»AG;  donc  on  aura 

R  X  CI=Q  X  HE+P  X  AD+P  X  AG; 

ou,  mettant,  au  lieu  de  P  X  AI)>  le  moment 
QXBE,  qui  lui  est  égal,  on  aura 

RxCI=QxHE+QxBE+PxAGj 

ou  enfin  R  X  CI  =Q  X  BH+P  x  AG. 

Dans  le  second  cas  on  a  pareillement        ^^8  17* 

R  X  CI = Q  X  HE + P  X  GD . 

Mais  onaGD==AD  —  AG;  donc  on  aura 

RXCI=:QXHE+PXAD— PXAG; 

pu ,  mettant  sm  lieu  4©  P  X  Aï)   sa   valeur 
Q  X  BË ,  on  aura 

RXCI=QXHE+QXBE— PxGA; 

ou  enfin  R  X  CI=Q  x  BH— P  X  AG. 
Donc,  etc. 
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Corollaire  I. 

Fig.  16.  63.  Il  suit  de  là^  i"*  que  lorsque  les  deux 
points  A  ^  B ,  seront  du  même  côté  de  la  droite 
FH,  la  distance  CI  du  point  C  de  la  résul- 
tante à  cette  droite  sera  égale  à  la  somme  des 
mdmens  des  forces  P  ^  Q  ^  divisée  par  la  ré-* 
sultante^  ou,  ce  qui  revient  au  même,  divisée 
par  la  somme  P-+-Q  des  forces  (18);  c'est-à-. 
dire  que  l'on  aura 

^t_Qxbh+pxag' 

Fig.  17.  2".  Que  lorsque  les  points  A,  B,  seront 
placés  de  part  et  d-autre  de  la  droite  FH, cette 
distance  sera  égale  a  la  différence  des  mo- 
mens  des  forces  F,  Q ,  divisée  par  la  somme 
P+Q  des  forces;  c'est-à-dire  que  l'on  aura 

^T_QxBH— PxAG 
^*— p+^ ' 

Dans  ce  cas,  le  point  C  sera  placé,  par 
rapport  a  la  droite  GH,  du  même  côté  que 
celle  des  deux  forces  P,  Q ,  dont  le  moment 
est  le  plus  grand. 

Corollaire  II, 

F»g-  '6  04.  Si  la  droite  FH  est  perpendiculaire  à 
AB,  les  droites  AG,  BH,  CI,  seront  toutes 
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Iroîs  dirigées  suivant  AB ,  et  la  proposition 
énoncée  dans  le  théorème  précédent  n'en 
aura  pas  moins  lieu  j  or  dans  ce  cas  on  aura 

AG=AF,  BH=BF,  CI=CF. 

Donc  on  aura  pour  la  fig.  16^ 

RxCF=QxBF4.PxAP, 
et  pour  la  fig.  17, 

R  X  CF=Q  X  BF— P  X  AF. 

Donc  lorsque  deux  forces  P,  Q ,  dont  les 
directions  sont  parallèles,  et  qui  agissent 
dans  le  même  sens^  sont  appliquées  à  deux 
points  A,  B  d'une  droite  inflexible,  le  mo-* 
ment  de  leur  résultante  par  rapport  à  un 
point  quelconque  F  de  cette  droite  est  égal 
a  la  différence  ou  à  la  somme  des  momens 
des.  forces  P,  Q,  selon  que  le  point  F  est 
pris  sur  AB,  ou  sur  son  prolongement. 

Quant  a  la  distance  CF  du  point  F  au  point 
d'application  C  de  la  résultante,  on  l'aura 
eu  prenant  le  quotient  de  la  différence,  ou 
de  la  somme  des  momens  des  forces  P,  Q 
par  rapport  au  point  F ,  divisée  par  la  résul- 
tante P+Q,  selon  que  le  point  F  sera  pris 
sur  AB,  ou  sur  son  prolongement  ;  c'est-à-* 
dire  que  l'On  aura  pour  la  fig.   16, 

^„        QXBF  +  PXAF 
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et  pour  la  fig/  17^ 

CF  = p^^j ^. 

THÉORÈME. 

ïig- 18,  65.  Demx  forces  Py  Q,  dont  les  directions 
'^'  sont  parallèles  y  et  qui  agissent  dans  le  même 
sens  y  étant  appliquées  aux  points  A  y  B  d^ne 
droite  in/fexiMe;  £t  par  un  pfiii^t  F  de  cette 
droite  étant  n^nfi  un  plan  MN  pftrqlîèle  à 
leurs  direofions  : 

Fig.  la  1*.  Si  le  point  F  est  pris  sur  le  prolonge^ 
ment  de  AB  y  la  somme  des  momens  des  d^ux 
forces  Py  Qy  par  rapport  au  plan  MN  y  sera 
égale  a^  moment  de  leur  résultante  JS,  çest-* 
à-rdire  qi^e  si  des  points  Ay  B y  et  du  point 
d'application  C  de  la  résultanlCy  on  abaisse 
sur  le  plan  les  perpendiculaires  A.Gy  BH  y 
CJy  on  aura 

R  X  CI=Q  X  BH-hP  X  AG. 

*S-  19-  -jjo^  g^  1^  point  F  e^t  pris  entiv  A  et  B  y 
la  différence  des  momens  des  forces  Py  Q 
^era  égale  qumçment  de  leur  résultante;  cest-* 
à-dire  que  ton  aura 

R  X  CI=:Q  X  BH— P  X  AG. 

^'f;  Ji?'      DÉMONSTEATiON.  Lcs  ttoi»  droites  AG  , 


BH,  CI,  perpeiiidiciilflire$  au  même  plau 
MN^  sont  parallèles  ^atrefdles;  de  plus  ellejs 
passent  par  trois  points  A^ B^  G  d'une  ménifi 
droite;  donc  elles  sont  dans  un  luêm^  plan 
ipenë  par  A,  B;  donc  leurs  pieds  G,  H^  l 
et  le  point  F ,  sont  dans  ce  plan.  Mais  les 
quatre  points  F^  G^  H^  I  sont  aussi  dans  le 
plan  MN ;  donc  ils  sont  dans  lintersection 
de  deux  plans  difierens^  et  par  conséquent  ^ 
en  ligne  droite.  Soit  donc  nienée  la  droite 
FGIH  :  elle  coupera  les  droites  AG,  BH,  GI, 
à  angles  droits;  car  elle  sera  dans  le  plan 
MN  auquel  ces  droites  sont  perpendiculaires, 
et  elle  passera  par  leurs  piçds.  Donc  en  con-^ 
sidérant  FGiH  comme  la  droite  FH  (  fig.  16 
et  17), 

I*.  Lorsque  le  point  F  sera  sur  le  prolon- 
gement de  AB,  on  aura  (62)  **««•  ï8. 

R  X  CI=Q  X  BH+P  X  AG  ; 

^•.  Lorsque  ppiat  F   sçra   compris  entre 
A  et  B,  on  aura  Fig.  18. 

RXGI=QXBH-.PXAG; 

Donc  y  etc. 

66.  Donc ,  I*  lorsque  les  doîM^  forces  P,  Q  ^'S-  «^ 
seront  du  même  c6té  par  rapport  au  plan 
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MNy  la  distance  CI  du  plan  à  la  direction 
de  la  résultante  sera  égale  à  la  somme  des 
momens  des  forces  par  rapport  au  plan  y  di* 
visée  par  la  résultante  R^  ou^  ce  qui  revient 
au  même  (i8),  divisée  par  la  somme  P-f-Q 
des  forces;  c'est-à-dire  que  l'on  aura 

^1= pq:Q • 

rig.  19»  2*.  Lorsque  le  plan  passera  entre  les  di- 
rections des  deux  forces  y  cette  distance  sera 
égale  à  la  différence  des  momens  divisée 
par  la  somme  des  forces;  c'est-à-dire  que  l'on 
aura 

^*—  p  +  Q • 

Dans  le  dernier  cas  la  résultante  sera  placée  y 
par  rapport  au  plan  MN,  du  même  côté  que 
celle  des  deux  forces  P,  Q  dont  le  moment 
est  le  plus  grand. 

THÉORÈME. 

„.  ^  67.  Si  à  un  nombre  quelconque  de  points 
Aj  B y  C y  D....  y  S ituSs  OU  nbn  situés  dans  un 
même  plan  y  mais  liés  entre  eux  d'une  manière 
invariable  y  sont  appliquées  des  forces  Py  Q^ 
JRyS...,  dont  les  directions  soient  parallèles  y 
qui  agissent  dans  le  même  sens  y  et  qui  soient 
toutes  placées  du  même  coté  d'un  plan  quel^^ 
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eorufue'MN  parallèles  à  leurs  directions;  la 
somme  des  momens  de  toutes  les  forces  par, 
mpport  au  plan  MN  sera  égale  au  moment 
de  leur  résultante. 

DÉMONSTRATION.  Soît menée  la  droite  AB, 
et  soit  E  le  point  de  cette  droite  par  lequel 
passe  la  résultante  T  des  deux  forces  P,  Q  ; 
soit  menée  la  droite  £C ,  et  soit  F  le  point 
de  cette  droite  par  lequel  passe  la  résultante 
y  des  deux  forces  T^  R,  qui  sera  aussi  la 
résultante  des  trois  forces  P,  Q,  R;  soit  me- 
née FD^  et  soit  G  le  point  de  cette  droite 
par  lequel  passe  la  résultante  X  des  deux 
forces  V^  S^  qui  sera  aussi  la  résultante  des 
quatre  forces  P,  Q^  R,  S;  et  ainsi  de  suite.* 
Enfin  des  points  A^  B,  C^  D....  et  des  points 
E,  F,  G....  soient  abaissées  sur  le  planMN 
les  perpendiculaires  Aa,  Bi,  Ce,  D^....  Ee, 

F/,  G^.... 

Cela  posé,  le  moment  de  la  résultante  T 
sera  égal  à  la  somme  des  momens  de  ses 
deux  composantes  P,  Q  (65),  et  l'on  aura 

T  X  Ee=P  X  A^+Q  XB*. 

Pareillement,  le  moment  de  la  forcé  V  sera 
égal  à  la  somme  des  momçns  de  ses  deux 
composantes  T,  R,  et  Ton  aura 

yxF/=^TxEe+RxCc. 
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Dottc ,  ttiettant  pour  T  X  E^,  sa  vàTettr  ,  tm 
aura  VxF/iàPX  Afl-t-QxB*-HR  X  C^. 

De  même  le  moment  de  la  force  X  sera 
égal  à  la  somme  des  mometis  de  ses  deux 
colnlposantes  V^  S^  ce  (fax  donnera 

XxGg^VxF/4-SxDrf. 

Donc,  en  mettant  pourV  X  ^sa  valeur^ 
jon  aura 

X  X  G^:=iPxÂ£H-<3xB*-f«XCtf+SXl)rf. 

Et  ainsi  de  suite ,  quel  que  soit  le  nombre 
des  forces.  Donc  le  moment  d'une  résultante 
quelconque  est  égal  à  la  somme  des  momens 
de  toutes  les  composantes;   donc,  etc. 

COKOLL^IBE  I. 

6iB.  Nous  avons  vu  (27)  que  la  grandeur 
de  la  résultante  X  des  forces  Pj  Q,  R,  S.... 
est  égale  à  la  sommePH-Q+R-f'S....deces 
Ibrces;  donc  la  distance  G^  de  la  direction 
de  cette  résultante  au  plan  MN  est  égale  k 
la  somme  des  momens  de  toutes  les  forces 
P,  Q,  R,  S....  divisée  par  la  somme  de  toutes 
éés  forces;  c'est-a-dire  que  Ton  a 

p    P><Aa+QxBb+KxCc  +  SxDd 

^^—  p+Q+R  +  S  •' 


I 
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Corollaire  II.   ' 

69.  Donc^  si  du  côté  vers  lequel  sont  pla- 
cées les  forces  ^  on  mène  un  plan  indéfini  ^ 
parallèle  à  MN ,  et  qui  en  soit  éloigné  d'une 
distance  égale  à  Ggj  c*est-à-dire ,  égale  à 

PXAc^-QxB&4-RXCc+SxDrf 

P  +  Q+R+S  — ' 

ce  plan  contiendra  la  direction  de  la  résid^ 
tante  de  toutes  les  forces  P,  Q,  R,  S....  ; 
car  ce  plan  contiendra  tous  les  points  qui^ 
de  ce  côté  y  sont  éloignés  du  plan  MN  de  la 
quantité  G^^  et  par  conséquent  tous  ceux 
de  la  direction  de  la  résultante. 

Corollaire  IIL 

70.  Si  les  forces  -P,  Q,  iî.  S....  sont  ^i-Fîg.  ai. 
tiiées  de  part  et  d'autre  du  plan  MN y  lé  mo- 
ment de  leur  résultante  par  rapport  a  ce  plan 

sera  égal  à  Vexées  de  la  somme  des  momens 
des  forces  ijui  sont  situées  d*un  côté  du  plan  > 
sur  la  somme  deS  momens  des  forcés  CjUi  sùiït 
situées  de  Vautre  côté. 

En  effet,  soient  V  la  résultante  particulière 
de  toutes  les  forces  P,  Q....  qui  sont  situées 
d'un  côté  du  plan ,  en  quelque  nombre  qu'elles 
soient^  et  £  le  point  d'application  de  cette 
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force.  Pareillement  soi entX  la  résultante  ]|j|af' 
tîculière  de  toutes  les  forces^R,  S....  qui  sont 
situées  de  Tautre  côté,  et  F  le  point  d'ap- 
plication de  cette  force.  Si  l'on  abaisse  sur 
le  plan  les  perpendiculaires  Aa,  Bi....  Ee, 
Ce,  Dd....  Vf  y  nous  venons  de  voir  (67) 
qu'on  aura 

V  X  Ee=P  X  Afl+Q  X  Bi.... 
etXxF/==RxCc+S  xT)d.... 

Actuellement  soient  Y  la  résultante  des 
deux  forces  V,  X,  et  G  son  point  d'applica- 
tion; cette  force  sera  la  résultante  générale 
de  toutes  les  forces  F,  Q,  R,  S.... 

Cela  posé ,  les  deux  forces  V,  X  étant  si- 
tuées de  part  et  d'autre  du  plan  IMN,  le 
moment  de  leur  résultante  est  égal  à  la 
différence  de  leurs  momens  (65)  ;  donc ,  en 
abaissant  sur  le  plan  la  perpendiculaire  Gg  ^ 
on  aura 

Y  X  Gg=V  X  Ee—X  X  F/ 

Donc,  en  mettant  à  la  place  de  ces  deux 
derniers  momens  leurs  valeurs ,  on  aura 

^    YxGgprPxAa-HQxBÂ...— (RxCc+SxDd...) 

Donc^  etc. 


COROLLAIRS 


•   î   ■  ;  .... 


.71.  Dopc^  eD,g(^btéral  ^  dé  quélcpiè  itaattièra 
que  plosîeurs  .jforc^P^.Q^  R^  S....  dont  les 
directioiis  sont  pttmUelfti^  et  qui  agissent 
dans  mx  même  s^as  y  soient  sttnié^  par  capi» 
pprt  à  MQ  .plati  Mfif  >\paraUàle  a  ^eirt  direc- 
tions^ la  distance  Ggide  leur  téaaltanie  à  ce 
plan  est  égale  à  l'excès  de  la  sommedes  mor  , 
mens  •  des  forces ,  situées  d'un ,  p6té  du  plan  ^  , 


Et  cette  résultante  est  placée^  .par  raj^r^ 
au  plan  MN^  du  côté  pour  lequel  la  ^pmma 
fiés  ttkùtaéni  est  la  cAus  gpànde»    '      ^c^   <  > 

^       ,  •  "...  1  ^ "       .  .  r 

7^.  pOnC^  ai  du  côté  ïdu|p1an  MN  ^  potic 

teduel  la'  sopsme  '  des  monietik  est  la  .pttUi 
grande;»'  f^À  fui  'mène  tin  plan  parallèle^  in- 
défini j  el  qui  en  soit  éloigné  de  lâ  qi^tité> 

r-^J  ;^>:?<;.Ah4:QxBi>...-^(RxCc4:SxD^>^.) 

Gy;ou.iAn    ,.Xp^,^.^^^-^^  v ^ 

ce  plan  contiendra  la  direction  de  la  réaul*, 
tante  de  toutes  les  forces  P.  Q.  Jfl.  Sl-*« 


■  -.  ■  »  .  . — 
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75.Sik4^recti6n8de»fe]MejiP,4^^ll^*S...: 
•ont  tcmtes  «ituées  ^sOk  um  même  pla^  pèr^ 
pendipulaire  âti  piaii'^MSi^^  les  droites^  Aà^ 
hby  Gcy  DiL.,^4  G^  tomberont  toutes -tar  Ut 
droitfe  HjL^  intérseicikin  Ûks  âeuK'plans'^  et 
Toa  nW^Mm  psEs-môias-'  "  î<  '  M;  ;*  «i:.  •; 

Fig.  M.  -^YxGityP>«JAà+QxBi..;4t^ 

Fig.  23.  *  •'rxGé^P+Aa4^XBft.:;-:^^^^  ^ 

îfëlbn  qfde  ïès  %rcës  seropt  du  même  c^te;^ 
dti  des  xietlx  côtés-dç  là  "iâroîte  KJL.  Donc  on 
aura^  oàns  le  premier  cas^ 

^s^— ;  t+Q+ft+s... > 

et  ditns  le  second 'Cas,  '  "," 

iju:i  ..j     »  ■    ■''•^-    ■    .    '     •■•    ■      :•     •    .      ":.  ■{  i'- 
^ PXAa-f.QxB&...T-(RXCc+SxD<^..) 

G^= '^'^P+<jVà  +  s..       '  "  ^  • 

c'est-à-dire  que  Io]^Sl|Ue  {plusieurs  forces  dont 
les  directions  sont  parallèles  et  situées  dans 
yn-méme  plan^  agissent  dans  le  méniè  ^êns^ 
la  distance  de  leur  résulcante  &  ttné  droite 
quelconque  9  tracée  dans  le  même  pla^  ^tp^, 
rallèle  à  leurs  directions^  est  en  géiéral  égale 
k  Texcès  de  la  soipmè  des  momeoMlesdGDrcear 
situées  d'un  côté  de  la  droite  y  sur  la  somme 
destnomens  desfôriicô  situées  de  l'autre  (éôté,* 
divisée  par  la  àomme  des  forces. 


*  •      ■' 

PROBIJÈME. 

74-  £^^^t  donné  un  nombre  tfuelcomjuB  dé 
forces  dont  les  directions  soient  parallèles, 
^ui  agisfM  Jans  le  mime  sens  y  ei  dofU-  les 
pùinî&d^^pUcatian  soient  situés  ou  non  situés 
-éénsunmifme  plan^  déiernUn&par  le.imf/» 
ides  momèns  iu  direction  de  la  ré4ultante  Jk 
4&l»iesceis  forces.  .  '^'\':\l.:^ 

'  Sot.vVto'Tf.  Aj^rès  avoir  mené  k  vôIODÏé  f|.  ,4. 
deux  plans  èifférettà  A^GD,  BGIK^  ^P*'^'' 
ièl%^  àai(  flSirectioiis  dés  forces,  on  çKerdiiei^ 
la  distante  de  la  réstdunti  k  chactitt"dè  '^s 
plans  en  particulier  f  7 1^)  ;  ptiis  on  mèVîlihi  tih 
plan  EF6H  p^allèle  ^  ABGD^  âoi^ë  de 
ttè  dernier  plan  de  k  dhtaneé  à  lA(j[Wellê  A 
estlartfsnltaikte^  et  aihié  du  côté  pour  leqtfel 
'la  'somme  des  motatens  )^  Mppûrt  au  -pllki 
AÎSGD  etft  la-^us  grande;  et  ce  f^n  ÎSlfGfil 
contiendra  là  direction  *dëmandëe  (j\).  )Pa- 
rtillemeftit  on  mènera  un  pkn  LMNO  piiral- 
lèlei  .fiCffik,  âoignë  de  ee  dernier  plan  de 
la  distàïice  ii  k^eUe  en  (rat  la  résultante^ 
et  situé  du  t?Atë  pottr  lequel  k  somme  des 
'"teomens^  par  n^|yport  au  plan  BGIR^  est  k 
plus  grande  ;  «t  ce  j^n  Contiendra  encom 
la  direction  tlemahdée.  Donc  la  direction  ào 
k  résultanl^  tLetant  ètre^  et  dans  le  pUa 


EFGH^  et  dans  le  plan  LMNO^  sera  dans  la 
droite  PQ  d'intersection  de  ces  denx  plans. 

Corollaire  L 

^5.  Nons  avons  vu  (3o)  qae  si  plosienn 
'forces   dont  les  directions  sont  pArallèles , 
changent  de  directions^  sans  clianger  de  gran« 
'  âenrs  ni  de  points  d'application^  et  sans. cesser 
d'être  parallèles  entœ  elles  ^  leur  résultante 
passe  toujours  par  un  certain  même  point, 
.^'oçi  appelle   cenine  des  forces  parattèles; 
.donc^  ppur  les  forces  parallèles  ^p^  Ton  vient 
4ç  Cf^n^dérer  y  1q  centre  est  placé  dan^  la  di* 
.rectjï^^  PQ  de  leur  résultante. 
.  )  Pour  trouver  ce  centre^  on  mènera  à  vo- 
lonté un  troisième  plan  ABKR,  et  Ton  con- 
icevriL  que  toutes.  Içs  forces^  sans  clianger  da 
gtandeurs  ni  de  points  d'application,  soient 
dirigées  parallèlement  entre  ellbs  et  au  plan 
AfiKIl;  l'on  cherchera  la  distance  de  k  ré- 
sultante de  ces  nouvelles  forces  à  ce  plan  (71). 
Cela  posé,  si  l'on  mène  un  plan  STVX  pa- 
^rallèle  à  ABKR,  et  éloigné  de  ce  dernier  plan 
.  de  la  distance  qu'on  aura  trouvée ,  ce  plan 
contiendra  la  nouvelle  résultante,  et  par  con- 
séquent le  centre.  d/e(f  forces.  Donc  le  centre 
.  de^  forces,  devant  se  trouver  et  dans  la  droite 
.PQ  et  dans  le  plan  STVX,  se  trouvera  au 


BC  stiÎlTIqitx.^  ap- 

point y  d'intersection  de  la  d.roite  et  du  plan; 
ou^  ce  qui  revient  au  même,  ce  centce  se 
trouvera  au  point  Y  d'intersection  des  trois 
plans  EFGH^  LMNO,  StVX. 

GoROLLAïas  n. 

76.  Si  les  forces  P^  Q>  R>  S.::^  dont  les  Fîg.  a 
directions  sont  parallèles  et  qui  agissent  dans  • 
le  même  sens^  sont  situées  dans  un  même, 
plan;  pour  trouver  la  position  de  leur  résul- 
tante^ après  avoir  mené  dans  ce  plan  une 
droite  LN  parallèle  aux  directions  des  forçc)|5^ 
et  après  avoir  abaissé  sur  cette  ,droite^  de 
tous  les  points  d'application  A,B^C^  D...^ 
les  perpendiculaires  Aa^  Vb^  Ce  y  Dd....  ob 
portera  sur  une  droite  liM  perpéadiculairs 
ji  LN^  la  droite  Lg",  ^ale  à 

^+'<i+iii^è:.: (75)  > 

et  la  droite  g^,  mmiée  par  le  point  g^  pa<-» 
rallèlement  à  LN^  sera  hi  direction  de  la 
résultante. 

Si  toutes  les  forces  n'étaient  pas  dm  même 
cbxé  de  la  drcûte'LN^  il  fioidrait  retrancher 
les  momens  des  forces  qui  seraient  situéêl 
de  Tai^tre  côté^  au  liçu  de  les  ajouter  (jS)i^ 


s 
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Corollaire  m. 

rig.  a5.  77.  Pour  trouver  le  centre  âidë' totem  P,* 
Qy  R,  S....^  dont  ks  directiotift  sont^^aMt* 
lèles  et  comprises  dans  un  même  plan^  on 
concevra  que  ces  fblnces^  saiis  changer  de 
grandeurs^  et  sans  cesser  d'être  appliquées 
aux  mêmes  points  AVB'a  G;  BC...  soient  di- 
rigées parallèlement  à  une  autre  droite  t^l^ 
que  LM^  suir  laquelle  on  abaissera  tes  per^ 
pendiculaires  Aif;  Blf^Ct/,  TkF..\:  et  là  dis^- 
tance  Gg^  de  cettié  diroite  à  k  nouvelle  te- 
auhante  sera* 

^  Donc ,  si  Ton  porte  sur  une  perpendiculaire 
à  LM  la  droite  hg.  égale  à  eêlte  distance  ^ 
et  que  par  le  point  g  on  mène  gG,  para}lèle  à 
Ua^  cette  droite  g^  sera  la  dir^tion  de  la 
nouvelle  résultante.  Or  le  centre  des  forces 
doit  se  trouveii,  et  sur  la  direction' de  hi 
première,  résultahtb  g(Yy  et  sur.  celle  de  k 
seconde  gG;  donc  U  sera  au  point  G  d'in- 
tersection de  des.4éiix  directions; 

Si  toutes  les.  foncés  n!étaient  pas  du  même 
eètéde  la  droite  :LM^  il  fâudi^it  netrancher 
le^  momens.  ée  celles  qui  seraient  situées  de 
l'autre  côté;^  au  lieu  de  les  ajouter. 


Vf  STATIQUE.  _.  7< 

ConOLLAIKE  rV.        "  "    '■ 

:  «|8.  Sikspomtt  dapfdiicatxûn  A^B^C^D»... 
«ont'  dans  on  lûème  phm  auquel  k»^-  diree-' 
tioQS  des  ibrce&  pafatièks  P^  Q",  R;  S.... 
«oient  ol>liqiies,  le  ceatve  6  de  ùei  fcyrcei^ 
sera  aussi  dans  ce  plan  (3o);  et  supposition 
sera  là  même  que  si  lés  directions  des  forces 
liaient  parallèles  entre  eHes  et  situées- ;42tii% 
qe  plan.  Ainsi^  pour  ti^ouver  dans  .cefcas-  la^ 
cen^e  des  forces  G^  oh  mènerai  dans  le  .p^^ii. 
^eux  droites  quelconques  LN^  LM;,.,puis^ 
on  supposera  que  les  forces  soij^t  diriges, 
parallèlement  à  LN,  et  on  trouvera  (77)  la 
direction  g' Y  de  leur  résultante  dans  cette 
anppeisitioa;  on  supposcia  ftnsuite  qu'elles 
soi^t  4ingées  paiâUèlemeiU  k.  JlM^^  ^t.  on. 
trpuyei^  la  ^  direction  Og,  de  leiii^c  r^ulla^te  ;> 
et  le  point  G  d'int^rseçdon^ès  .dfe^<^^dfoites^ 
^Y,  gG  sera  le  centre  des  forces  demandéets. . 

: 'Le:  eenCrd  étaat  ùiou^é^.  sL  l'an- ixièner^r 
e/^  point  taue  dirèite  {tafaUèlie'  aui  dirâGlioa8> 
réelles  des  foi^^es  P>,Q;>/R>  S....>.ceitte  dfeiteî 
sera  la  direction  de  leur  résultante^  *: 

Corollaire  V.  ' 

■ 
Il  ■  -j  .  ■     '  » 

79.  Enfin  ^  si  les  pçints  d'^plrçatiQnr^'ir  ^'^ 
<f,  (t....  sont  surfUs^n).êmeJi|m9  droite  LM 


oblique  «nz  dir«ctioiu.de$ forces,  le  centre^ 
de  ces  forces  sera  sor  cette  droite  (3o),  et 
Ba  position  sera  la  même  qae  si  les  dirvctkms 
des  forces  étaient  perpendiculaires  k  IM. 

Donc  (76)  la  distance  g'L  de  ce  cenb«  k 
nn  point  L  domié  sur  la  droite  sera  ^ale  k 

•PXa'L  +  QxyL4-Rx<<L  +  Sx<yL..: 

P  +  Q  +R  +  S...  '     ■ 

en-  obserrant  qae  si  tontes  les  forces  n'étaient 
pas  sitiiées  du  même  câtë  par  rapport  au 
point  L',  H  &ndrait  retrancher  les  moment 
de  ceHes  qm  seraient  situées  de  l'autre  c6t^j 
au  lieu  de  les  ajouter. 

LEMME. 

"*'  80.  Zonque  les  directions  des  deux  forées 

P,  Q,  eoneotùwt  en  unpointA  ^  les  momens 
de  ces  Jbrces  par  report  à  un  point  çuel" 
connue  D  dé  la  direction  de  leur  résultante  R 
sont  'égeuix. 

Car  nous  avons  vu  (55)  que  si  du  poîot  D 
on  abaisse  les  perpendiculaires  DB,  DC  sur 
les  directions  des  forces,  prolonge'es  s'il  est 
nécessaire,  on  a 

P  :  Q  ::  DC  :  DB. 
Doac>  en  e'galant  le  produit  des  extrêmes 
au  produit  des  moyens ,  on  a 
■  PxDB==(ïxDC. 
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COROLLAIKK. 


Si.  H  suit  de  là  que  si  les  directions  de^s*  ^^ 
deux  forces  P^  Q  concourent  en  u^  point  A, 
le  moment  de  Tune  quelcon<{ue  Q  de*  ces 
forces  par  rapport  a  un  point  D  de  la  direc^. 
lion  de  l'autre^  sera  égal  au  moment  dç  leur, 
résultante  R  p»r  rapport  au  même  point;. 
c'€St4-dire  qu'en  abaissapt  du  point  D  les 
perpendiculaires  DB  ^  DC  sur  la.  direction  de 
la  force  Q ,  et  sur  celle  de  la  résultante  Kj 
prolongées  s'il  est  nécessaire^  on  aura 

QXDB=RXDC. 

■ 

Car  si  Ton  applique  au  point  A  une  troi- , 
sième  force  S^  égale  et  directement  opposée 
à  la  résultante  R^  les  trois  forces  P,  Q^  S 
seront  en  équilibre^  et  par  conséquent  •  ta> 
force  P  sera  égale  et  directement  opposée  à  ^  , 
la  résultante  des  deux  forces  Q^  S.  Donc  les 
momens  des  deux  forces  Q  ^  S  ^  par  rapport 
au  point  D  de  la  direction  de  leur  résultante/ 
seront  égaux  (80)  ;  donc  on  aura  Q  X  DBs?. 
S  X  DG;  ou^  à  cause  de  SssR'^ 


• 

V 


'       '      '««witffln  A*»w  "? 
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THÉORÉMEi 

87.  Jj6f9(fUe  les  direotionà  lie  dmêXifi$rùe9 
Pi  Qy  concourent  en  Wi  mène  pùint  J,  ik 
moment  de  ta'  résukante  R  de  eesjbrcâp  par 
rapport  à  un  point  D  quelconque  J  pris  dans 
te  plan  de  ces  directions,  est  égala  la  somme 
dû  à  la  différence  des  momens'des  forces  P*j.Q  y. 
parrappertOumêmèpoiMi^lonque  le  point  l> 
est  en  dehors  ou  en  dedans  de  Vangï»  PAQ^ 
Jwmé  par  les  directions  dès  forces;  ifèst-^à^ 
dire  que  si  du  point  D  on  abaisse  sunoés^  di^ 
rectionSj  et  sur  celle  de  la  résultante ,  les  per- 
pendiculaires DBj  DCy  DE,  on  a  y  dans  le 
premier  cas  , 

Kg.  a8.  R  X  DE=Q  X  DG+PxDB; 

df!  (ions  le  second  cas  y 
^  RxDE=QxDC— PxDB. 

*  *  ^  ■ 

DsiKOiHSTRATiaiy.  Soit  menée  la  droite  AD^ 
et  <  soit  décomposée  la  force  P  en  deux  autres 
jlf:fiff  dîiâgéesy.  la,  première  suivant  AD^  et 
la  seconde  suivant  la  dire.ç^on  de  la  force  Q. 
Pour  cela  (58),  on  représentera  la  force  P 
par  la  partie  AF  de  sa  direction;  par  le  point  F 
•n  mènera  les  droites  FG,  FH,  respective- 
ment parallèles  à  AQ  et  AD;  et  les  deux  com- 
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posantes;;^  p^  seront  représentées  p«r  les  c^téi:  ^ 
AG,  AH,  da  paraMogramiiie  A6FH. 

Le  point  p  se  itrouvant  sur  la  directto»  de 
lar  eompofiaxite:/i^y  Je  iftoiiient de  Fautive  OQnw- 
posante  jf^  ptfr  i^àpport  à  cie  points  est  é^* 
au  moment  de  leur  r^bamtc  P,  et  Fon  a  (81^ 
p'  X  DC=PxD3.  De  plus,,  à  1^  j[>lace  de  la 
force  P  prehant  les  deux  forces'^,  p[y  la  ré- 
sultante tl  des  deux  forces  F,  Q'  est  aussi 
cjdle  des  trois: forces /?,  /sr^iQ;:  •■ 

Cela  posé  y  dans  le*,  prenjiiec  cas  ^  les  deoirp^  ^ 
forces  Q  et  p\  ^pk  pn^,  la  inéin/%.  direction  et 
qui  agissent  oans  le  lïiêtRe  setis  ^  équivalent 
à  une  force  unique  égale  à  leur  somima  Q  -H*]p'; 
ainsi  la  force  R  peut  ètise' rtgardée  comme 
la  résultante  des  dei|x  forces  p  et  QHr/f'; 
dipnc  le  rnoinent  de  cette  r^suttî^  par  rap- 
pot*t  au  pohît  B;de  Ih  direction  4e'lk  preiniOTr 
de  ces  fbrcë^',  est  égal  au  mb>[4ént  de  Is^ 
Seconde  (8i)j  donc  on.  a         * 

axjDE=(Q+y}De;,  '? 

oif  J9.X  DJE—Qx  i)Ç+)?'XJ)CL 

Bonc^  en'  mettant  à  la  placé  du  liiomê^^ 
;/ X  DG  sa  valeur^  on  a 


RX  DE==Q;X  DC+PxPB- 


Dans  le  second  cas^  les  deux  fiirces; Q, /:>',  Fîg.  % 
qui  ont  la  même  direcftiôii,  et  qui  agfssent 


• 
• 
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em  MHS  contraires^  équivalent  à  ime  force 
unique  égale  k  lenr  diSerenm  Q'—p';  or  le 
moment  de  cette  force  noiqne,  par  rapport 
m  point  D  de  la'  direction  de  la  fince^,  est  ' 
^^  'au  mcmient  de  la  résoltante  R  de  ces 
^nx  forces  (81);  et  Ton  a 

RXDE=(Q->»')DC, 
.       ou    R><DE^QxPC— yxDC. 

Donc,  en  m'Mtant  k  la  place  dn  mmnimt 
T/XDC  sa  Talear,  on  a 

•  RxDE«QxDC— PxDB. 

Donc,  etc. 

Remarque  I. 

85.  Ce  the'orème  (8a)  de  Statique  est  nne 
Conse'qnence  de  la  proposition  suivante  de 
^réomëtrie  :  si  d'un  point  quelconque  D  (fig. 
a8.  a,  pi.  1.')  pris  dans  le  plan  d'un  parallélo-. 
gramme  AFML,  on  abaisse  des  perpendicu- 
laires DB,  DC,  DE,  sur  les  c&tés  et  la  dia- 
gonale de  ce  parallélogramme,  qui  concou- 
Tent  en  un  même  point  A;  le  produit 'de 
la  diagonale  AM  par  sa  perpendiculaire  DE 
est  égal  à  la  somme  des  produits  des  cAtés 
multipliés  cbacon  par  s^perpendiculûre  DB 
on  DC  ;  parmi  les  démonstrations  connues 
d*  ce  théorème^  en  Toici  une  qui  est  assex 


gimple  :  les  triangles  ADF,  ABL>  ADM  ayaat 
xnéaie  base  AD .  sont  entre .  eux  comme  leurs 
Jiauteur9  ^,,L/^  M/n;  mais  on  a  :  lAm^ss^f 
-|t  L/5  ci^,. xneçiuit  LK.  mrallèle  à  ABj  09 la 
Mi7i=MR+K^=F/+L^;  donc  le  triangle 
A  DM  est  égal  à  la  soqfime  des  triangles, 
ADF  et  ADL  ;  donc 

AM  X  DEsasAF  X  DB^f- AL  X  AÇ. . 

Bjsmarque  II. 

84*  Si  Ton  suppose  qn(^la  droite  AD  soit 
inflexible^  et»^que  le  pointD. soit  immobile: 
lorsque  ce  point  est]^ce  en' dehors  de  Tan»» 

gle  PAQ  (  fig.  ^Oy  le*  ^^^  forces  P  >  .Q 
tendent  à  faire  tourner  dans  le  même  ^aràs 
le  point  A  autour  du  point  Dj .  ^j^  i^u  çobç- 
traire  ,  lorsque  le  point  D  est  placé  en  dedMS 

:4e  Tangle  PAQ^fig^  ^*  )>iles,  denx  foi^ 

'  tendent  à  £um  tourner  le  point  A  d^  -des 
êm&  opposés.  .  ,  V   ^  ù 

Donc  y  si  4qu^  forces  sont-dirigées  4^n3  iUa 

.  même  plan^ie  mpme^t  4®  leur,  jçésidtante  par 
tapport  à  un  point  quelconque  pris  dans  ce 

.  plan,  est  égal  à  la  somme  où  à  la  différenco 
de  leurs  mojoiens  par  rapport  au  même  poiaf^' 

.  selon  que  ces^forces  tendent  à  fidre  toun[|fr 
leur  point  d'application  autour  du  centre  .df  s 

.  momens  •  ou  dMu  le.nême  sens*  (iu  dMM  dss 


;^-i 
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tante  tend  k  dire  CbunîeJr  iseii  ^diM  ^Hq^ll- 
farces  dont  le  moment  eéi  'te  ')^^  gnkâ.  '  -^ 


• 


lUiÉORÈll^. 


fîf.  3o.  ^^  '  ^àràqUé^  dès  forces  Pj  Ç/  n.  S.:.,  di^ 
rigées  dans  un  même  plon^^  font  appliçuées  à 
des  points  a^  b,  c^  d....  liés  entre  eux  £une 
^manière  iàffmriaUe  ^  '  et  itofufv^  kfSiire  toutner 
•Mf  points  dtmsïéménfeien^mêouf^dlim.aiêtie 
-point  D  pris^dansceplàni  la\smmne'des  md- 
''piens  de  ees forées  par  rapport  wi  point  D  est 
^àéjffale  au  moment  de  lei^  t^sultànte  par  rapt^ 
yoH  ùu  fiéme  pointi  i^ 

''"DiMOîrsTRATioifi  Soient  \V  la  t^nkantc 
•ipwtrticulîère  des  deux  fortes  ¥yX^i  X  celle 
des  deux  forces  V,  R,  et  par  cWïsëqucnt des 
^tMîs  forces  3P,Q^  R  ;  Y  tielTe  dfes  deux  forces 
•X,  S,  etip*  dbWëtJaènt'dels  qi#l^  forces 
^^>  Qj  R,  S;  «  arasî  de  suft^-  Enfin  du 
^îht  D  soient  abaissées  sur  les  directions 
^des  forces  et  sur  celles  des  ïsésnHàrites  jMit^- 
'^ctilièrcs  V,  3t,  Y....  lès^erpèhdicùlaïrts 
^HfE,  DFyfilG/DH....  Dli  DR,  tHa....  Cela 
'-mkëAe  taonrent  de  la  ^ëttdfetiitë-V  estég^l 


ci 

■I  .:  .     .  '  I  'I 


%4a  wmni»dw4iiomeM  deses  oflfrapevBlM 

9  ^^mppt  de.  là  resultaiite  X 
est  eg^^îia  .fpî^f^  cpm* 

yCTSHrïZi.sr*   ;»ii   :;ii.j:  ;•  t'i .  r.i  /  JrC8  urij.i 


,i^  > 


1.-  ;.«.»U(.       -:    '  lIldpMlIAAlMi' 

Irf  f  ^^Sigal  a  t^exùès'  de  la  somm^^^iée^  fMnièi& 
des  forces  gui  tendent  à  faire  taSf^en  éàns^un 


sensty^Mtr  la  somme  des-momens.  de,  c^Uesrj^ 
tendent  afaire  tourner. d4Ua  If  smuQjfposjiy  , 

Ea  effisti  soit  V  la  t^éutàjULte  pvdcnlière 
de  toutes  les  lorcjcs  P,  Q....  ^  tepdent  à 
fiûrë  '  fàtinier  dans  ui'sçi^i'picrëill^éiit  soit 
X  lit  i^snltatitâ  piitâc(iUèli<é''^de  toutes  les 
forces  R,  S....  «pii  tèjnfldit* i  flore  toiiiràer 
dans  le*  seâs  contiraire  \  et  da  "^valL  D  soient 
alMifivéeft  .m\u  àittc^miD^  ^^^rces  ,.  -çt  f iir 
celles  des  deux  rësultahtes  V*  X^  leSip^^pen* 

diciilaires,I^E,  Pf/ V.  CI,  PÇf,  Dk....,I«5.; 
ados  '  tddoiis  ilë  'VoSr  (85)  qae  f  où  à     "'  * 

'  et  "X<>fï1l'î4feRx66-|-S:x'lW..v.;.  »     ' 

Enfin  soit  Y  la  résultante  de  deur%r(%s 

y  X>  '  et '^f 'icotiséqueQt  ceUe ,  de  tMltesi'les 

<^?^iPft^f,^fi:f?*«m?*^l^  V  résjjïtaiite  X 

rence  desmomens;de  «si  çpwîtosantes  Y,  X, 
qui  tendent  à  taire  tourner 'dans  des  sens 
opposes  (84)  j  c'est-^à-direi  tjn'en  abaissant 
sur  sa  directipn  Ja  j^rpendiculâire  DL^  oo^ 

Dç(nç^, en. mettant  à  la  place .4^^^4?,ux  c^jT'^ 
niem  itMmeqs  Ijeurs  valeurs^  '!Ç^r  ?^v..       :  V. 

Doac^  .ftc« 

Corollaire 
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GOROLLAIRS  n» 

« 

87.  Si  Les  directions  des  fbrcesl^^Q^R^S.;:  ^^  ^^ 
comprises  dans  un  même  plan^  sont  paral-»^»  ^ 
lèles  entre  elles  ^  les  perpendiculaires  DE^ 
DF^  DGy  DH...*  DL>  abaissées  du  centre 
des  momens  D  sur  cçs  directions  et  sur  cello 
de  la  résultante  Y^  seront  dans  la  même  ' 
ligne  droite  ;  et  la  proportion  précédente  n'en 
aura  pas  moins  lieu  ^  soit  que  toutes  les  forces 
agissent  dans  le  même  sens^  comme  dans  la 
£gure  52 ,  soit  qu'elles  agissent  les  unes  dans 
un  sens  et  les  autres  dans  le  sens  contraire  ^ 
comme  dans  les  figures  35  et  54.  Or  la  ré'^ 
sultante  Y  de  toutes  ces  forces  est  égale  à 
l'excès  de  la  somme  de  celles  qui  agissent 
dans  un  sens,  sur  la  somme  de  celles  qui 
agissent  dans  le  sens  opposé  (29);  donc  la 
distance  DL  du  centre  des  momens  à  la  di- 
rection de  la  résultante  est  égale  au  quotient 
de  l'excès  de  la  somme  des  momens  des 
forces  qui  tendent  à  faire  tourner  dans  un 
sens,  sur  la  somme  des  momens  de  celles 
qui  tendent  à  faire  tourner  dans  le  sens 
opposé,  divisé  par  l'excès  des  forces  qui  agis^ 
sent  dans  un  sens ,  sur  la  sonune  de  celles 
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qui  agissent  dans  le  sens  contraire  :  ainsi  on  a 

_PXDE+QXDF...->(RXDG+SXDH...) 
~  P  +  Q+R+S... 


Fig.  3a.    DL= 


Fig. 


33. 


34. 


m  _PXDE+QXI>F...--(RXD(?+SXDH..0 
^^""  P+<^..,— (R+5...)         [ 

^j  _PXDE+R>^DG...— (QxDF-t-SxDH...) 

Dans  tous  les  cas^  lu  résultante  a^t  dans 
le  sens  pour  lequel  la  soneime  des  forces  est 
la  plus  grande  ;  et  elle  est  {dacée ,  par  rapport 
au  point  D,  du  c6té  pour  lequd  la  sommo 
des  juomens  est  la  plus  grande. 
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CHAPITRE  III. 


Dts  Centres  ds  Graifiié. 


f  • 


88.  Lja  propriété  en  yerlu  de  laquell^Ies 
corps  abandonnés  à  eux-mêmes  tombentrêrs 
la  terre,  se  nomme  pesanteur  ou  gravité. 

Toutes  les  molécules  dont  les  corps  sont 
.  composés  jouissent  de  la  pesanteur^  et  ellesf 
en*^ jouissent  sans  interruption;  car  en  quel*^ 
cpie  nombre  de  parties  qu'un  corps  soit  di-. 
visé,  chacune  de  ses  parties  pèse  continuel-* 
lement ,  et  tombe  vers  la  terre  dès  qu'elle  est 
abandonnée  à  elle-même. 

89.  On  appelle  ^oirf^  d'un  corps  l'eflTort  que 
fait  ce  corps  pour  tomber  lorsqu'il  est  retenu 
ou  supporté  par  an  obstacle  qui  s^oppose  à  sa 
chute;  ce  poids  peut  .être  regardé  comme 
Feffet  d'une  jForce  qui  serait  continuellement 
appliquée  au  corps  :  aussi  l'on  a  cAitume  de 
considérer  la  pesanteur  comme  une  force. 

La  pesanteur  n'est  pas  une  force  rigoureu- 
sement constante  pour  la  même  molécule  ,  et 
elle  varie  suivant  les  positions  différentes  que 
cette  molécule  peut  avoir  relativement  au 
globe  de  la  terre. 
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i"*.  Lorscpe  la  distance  de  la  molécule  an 
centre  de  la  terre  change  ^  la  pesanteur  dé-* 
croit  dans  le  même  rapport  que  le  quarré  de 
cette  distance  augmente;  de  plus,  la  terre 
n'étant  pas  par£iitement  sphérique,  et  les 
rayons  de  Téquateur  étant  plus  grands  que 
ceux  qui  aboutissent  aux  pôles,  la  pesanteur 
à  la  surface  de  la  terre  est  plus  grande  pour 
uné^ême  molécule  y  lorsque  cette  molécule 
est  placée  vers  les^  pôles,  que  lorsqu'elle  est 
vers  réquateur,  parce  qu'alors  la  distance 
de.  la  molécule  au  centre  de  la  terre  est 
moindre. 

n*.  La  terre  tourne  autour  de  son  axe,  et 
toutes  les  parties  qui  la  composent  font  leurs 
révolutions  dans  le  même  temps}  c'est-à-dire^ 
à  peu  près  en  vingl-quatre-heures.  Les  par- 
ties de  la  surface  qui  sont  voisines  de  Téqua- 
teur,  décrivent  des  circonférences  de  cercles 
plu^  grandes  que  celles  qui  sont  décrites  par 
les  parties  voisines  des  pôles  ;  leur  force  cen- 
trifuge, qui  est  pareillement  plus  grande  ,  dé- 
truit une  iplus  grande  partie  de  TefTet  de  la 
pesanteur ,  et  est  une  nouvelle  cause  qui  rend 
cette  dernière  force  moindre  à  Téquateur 
qu'elle  n'est  aux  pôles. 

Ainsi,  en  parlant  rigoureusement,  la  pe- 
santeur est  variable  pour  une  même  molé- 
cule,  lorsque  cette  molécule  s'éloigne   ou 


j 
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s'approclie  ^e  la  surface  de  la  terre,  et  lors- 
qu'elle s'éloigne  ou  s'approche  de  l'équateur  r 
mais,  lés  distances  des  positions  dans  lesquelles 
on  a  coutume,  en  s&tique,  de  considérer  une 
même  molécule,  sont  n  petites  par  rapport 
au  rayon  de  la  terre ,  que  les  effets  de  cette 
variation  sont  absolument  insensibles  ;  et  l'on 
est  autorisé  à  regarder  la  pesaoteur  comme 
une  force  constante  pour  une  même  molécule, 
quelle  que  soit  la  position  de  cette  molécule. 

90.  La  ligne  droite  suivant  laquelle  une 
molécule  abandonnée  h  elle-même  tombe  vers 
la  terre,  et  qui  est  évidemment  la  direction, 
de  la  pesanteur,  se  nomme  verticale;  cette 
droite  est  partout  perpendiculaire  à  la  sur- 
face de  la  terre,  ou  plus  exactement  à  la  suiv 
face  des  eaux  tranquilles. 

9t.  On  dit  qu'un  plan  est  Borizontal  lors- 
qu'il est  perpendiculaire  à  une  .droite  verticale. 

Si  la  terre  était  parfaitement  spbérique, 
toutes  les  directions  de  la  pesanteur  concoui^ 
raient  en  un  même  point  qui  serait  le  centre  : 
mais  le  globe  de  la  terre  n'étant  pas  une 
spbère  par&ite ,  les  directions  de  la  pesanteur 
pour  deoxmolécules  différentes  peuvent  n'être 
pas  dans  un  même  plan;  et  lorsqu'elles  sont 
dans  un  même  plan,  elles  concourent  en  un 
même  point. 

Cep»idant  let  JDOolécales  dans  un  même 
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corps  9  et  celles  des  différens  corps  que  Ton 
a  coutume  de  considérer  en  statique ,  sont  si 
voisines  les  unes  des  autres^  eu  égard  à  leurs 
distances  au  centre -dç  la  terre  ^  que  l'angle 
formé  par  les  directions  de  la  pesàhtenr  pour 
deux  d'entre  elles ,  n'est  pas  sensible  y.  et  l'oa 
est  autorisé  à  regarder  toutes  ces  directioois^ 
comme  parallèles. 

93.  Nous  regarderons  donc  toutes  les  mo- 
lécules des  corps  pesans  comme  poussées  ou 
tirées  continuelleAient  vers  la  terre  par  des 
forces  constantes  pour  chacune  d'elles  ;  rions 
supposerons  que  ces  forces  sont  parallèles  et 
qu'elles  agissent  dans  le  même  sens;  et  par 
conséquent  nous  pourrons  leur  appliquer  tout 
ce  que  nous  avons  dit  de  la  composition,  de 
la  décomposition  et  de  Féquilibra  des  forces 
parallèles. 

Or,  lorsque  plusieurs  forces  y  dont  les  di- 
rections sont  parallèles,  et  qui  agissent  dans 
le  même  sens,  sont  appliquées  à  des  points 
liés  entre  eux  d'une  manière  invariable,  nous 
avons  TU,  i"  que  ces  forces  .ont  une  résul— 
tante  égale  à  leur  somme  (27);  a*  que  la  di- 
rection de  cette  résultante  est  parallèle  à  celle 
des  composantes;  5**  qu'il  existe  un  centre  des 
forces  par  lequel  passerait  toujours  cette  ré- 
sultante^ quand. même  les  forces,  sans  chan- 


gër  de  grandeurs  et  sans  cesser  d'être  paral- 
lèles^ changeraient  de  direction  (3o). 

Donc^  i""  les  poids  de  tontes  1^  nWoMcnleis 
d'un  corps  solide  ont  une  résultante  qpi  éèns^ 
titn^  le  poid^  du  corps  y  et  cette  résultante  eiât 
«gde  à  la  s^nae  des  poids  dtê^  moléèùTesr; 
ft''  la  direction  àe cette  résultaiîti&y  àn^in  f^i^ 
du  corps  y  est  toujours  parallèle  à  celle  de  la 
la  pesanteur 9  et  par  conséquent  verticale: 
3^  quelles  que  soient  les  différentes  pçskions 
.qae  l'on  donné  à  ce  corps,  les  directions  des 
résultantes  pour  toutes  ces  positions  îe  conoç- 
peut  eh  un  même  J^bint  :  car  en  variant  la 
position  du  corps  ^^  on  n^altère  pas  la  graudeur 
aes  forces  qui  agissent  sur  lès  molécules ,  ^t 
^es  foifces ,  qui  cjiàngent  seulement  de  direo* 
tion  par  rapport  âù  corps  ^  ne  Qessent  pas 
d^éti^e  ^araïfèfes  entre  eues. 

95.  '&e  p^iht  par  lequel  passe  toujours  fy 
directioji  du  poids  d^un  corps,. quelle  que  so{t 
sa  position ,  se  nôfnmé  centre  de  gras^ite.      ^ 

94*  Lorsque  plus[îéurs  corps  sont  liés  eàtre 
eux  d'une  manière  invariable,  et  que  l'on 
considère  leur  assemblage  comme  s'il  ne 
faisait  qu'un  seul  et  même  corp^ ,  on  doùne 
ordinairement  à  cet  scssemblage  le  «nom  de 
système» 

95.  Tout  ce  qu'on  vient  de  dire  d'un  cor|^ 
unique  >  doit  être  dit  pareillement  du  sj'stème 
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de  plusieurs  corps;  c'est-àp-dire^  qaele  pôidk 
du  système  est  égal  à  la  somme  des  poids 
particuliers  des  corps  qui  le  composent  ;  que 
la  direction  de  ce  poids  est  verticale  ;  et  que 
cette  direction^  quelle  que  soit  la  position  du 
système^,  passe  toujours  par  un  certain  même 
point,  qui  est  le  centre  degraçUé  du  système J 

COROLLAIRX  I. 

96.  On  peut  toujours  regarder  le  poids  d'u& 
corps ^  ou  du  système  de  plusieurs  corps,' 
comme  une  force  dirigée  verticalement^  et 
appliquée  au  centre  de  gravité  du  corps  où 
du  système  :  car  ce  poids^  qui  e3t  la  résul- 
tante des  poids  particuliers  de  toutes  les  mo- 
lécules qui  composent  le  corps  ou  le  système,' 
peut  être  considéré  comme  appliqué  à  un 
point  quelconque  de  sa  direction ,  et  par  con- 
séquent au  centre  de  gravi  té ,  qui  est  toujours 
aur  cette  direction  y  quelle  que  soit  d'ailleurs 
la  position  du  corps  ou  du  système. 

Corollaire  II. 

97.  Donc  on  fera  équilibre  à  l'action  que 
la  pesanteur  exerce  sur  toutes  les  molécules 
d'un  corps  ou  d'un  système  de  corps ,  en  ap- 
pliquant au  centre  de  gravité  du  corps  ou  du 
système  une  force  unique,  dont  la  direction 
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«oit  verticale ^  qui  soit  égale  an  poids  total 
du  corps  ou  du  système,  et  qui  agisse  dans 
le  sens  contraire  à  celui  de  la  pesanteur. 

Réciproquement  9  lorsqu'une  force  unique 
fera  équilibre  aux  poids  de  toutes  les  mblé-« 
cules  d'un  corps  ou  d  un  système  de  corps  ^ 
la  direction  de  cette  force  sera  verticale  y  et 
elle  passera  par  le  centre  de  gravité  du  corps 
ou  du  système. 

Ainsi ,  lorsqu'un  corps  AB  suspendu  par  un  Fig.  35. 
fil  ED  à  un  point  fixe  D  sera  en  équilibre  y  et 
que  l'action  de  la  pesanteur  sera  par  consé- 
quent détruite  par  la  seule  résistance  du  fil  ^ 
la  direction  de  ce  fil  ^sera  verticale ,  et  son 
prolongement  passera  par  le  centre  de  gra--> 
vite  C  du  corps. 

1 

COROLLAIHE.   lU. 


»'  » 


98.  On  déduit  de  là  une  manière  simple  Fi^:  35. 
de  trouver  par  expérience  le  centre  de  gra,- 
vité  d'un  corps  de  figure  quelconque.  Eneffet^ 
si  l'on  suspend  le  même  corps  à  un  fil  succes- 
sivement par  deux  points  differens  E  ,  E' ,  et 
qu'on  prolonge,  par  la  pensée  dans  l'intérieur 
du  corps^  les  deux  directions  du  $1;  le  point 
C ,  où  ces  deux  directions  se  couperont,  sera 
le  centre  de  gravité  demandé. 
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'   Remarque. 

.  gg.  Les  poids  particxdfers  des  corps  ^pi 
composent  un  système  pouvant  être  consw 
dérés  comme  des  forces  paraUèle^  appliquëesT 
aux  centres  de  gravité  particuliers  de  ces 
corps  y  il  s'ensuit  que  lorsqu'on  connaîtra  les 
poids  de  ces  corps  et  les  positions  de  leurs 
centres  de  gravité  particuliers^  on  trouvera  la 
position  du  centre  de  gravité  de  leut  systènÀiè 
par  les  procédés  que  nous^  avons  donnés  ptiuf 
trouver  les  centres  des  forces  parallèle^,  sôit 
en  se  servant  du  principe  de  la  composition 
des  forces  parallèles^  comme  dans  rarticle(38)y 
soit  en  employant  la  considération  des  mo^ 
xnens ,  comme  dans  Icte  articles  (75,  77 ,  78  et 
7g);  nous  aurons  bientôt  occasion  d'en  Sonner 
des  exemples. 

Pour  trouver  le  centre  de  gravité  d'un  corps 
de  figure  quelconque,  on  conçoit  ce  corps 
divisé  en  un  certain  nombre  de  parties  telles 
que  l'on  connaisse  le  poids  de  chacune  d'elles  ^ 
et  la  position  de  son  centre  de  gravité  parti- 
culière; puis,  en  trouvant  le  centre  de  gra- 
vité du  système  de  toutes  ces  parties ,  on  a  le 
centre  de  gravité  demandé  du  corps. 

Mais  lorsque  les  parties  du  corps  sont  de 
même  nature  dans  toute  son  étendue,  et  lors- 
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{(ue  la  figure  du  corps  n'est  pas  très-compli- 
quée ^  ou  peut  souvent  trouver  son  centre  de 
'  gravité  par  des  considérations  plus  simples^ 
et  que  nous  allons  employer  pour  arriver  aux 
résultats  dont  l'usage  est  le  plus  fréquent. 


LE] 


\VÎ 


I  oo.  léOrs(fitun  corps  peui  être  considéré  p. 
comme  composé  de  pariie$\Aj,  jfj  By  ff ^  C^ 
C:  *  qui  y  prise$  deux  à  deux^  sotU  égales  entré 
elles  j  etplaeé^s  de  telle  manière  fjM  les  nU^ 
lieux  des  dt*oit^s  jUA x  BB' ,  CCj  qui  joignent 
les  centres  de  gravité  des  parties  J^çmologues'^ 
coïncident  en  un  même  point  JD)  ^  pokity  qui 
est  le  centre  dejigure  du  o^^psj  ^si  aussi  son 
centre  de,  grflvi^él        .  j.. 

Gair  le  poinè  D  est  le  centré' de  ^  gravité'  di$ 
ehaque  ay slènke  par ticuHer  jJe  Asioi .  partîei^ 
homologues  ;  doue  il  est  aussi  le  coiitre  ^ 
gravité  de  leOip  système  génériak 


CoROLLAllil^, 


loi.  En  considérant le&ligtÉes 9  les  surfaces 
et  les  solides  9  comme  composés  de  parties 
uniformément  pesanfeèy  û  èxièeUty  ï*  fpiële 
centre  de  gravité  dtinë  l^né  droite  est  aii 
milieu  de  ^longueur  >:•  -.i*{.'v  ,]  ur:^;or. 


lïg;  37.  3'Qnele  centre  de  gravité  de  l'aire,  et  celai 
du  contour  d'un  parallélogramme  ABCD, 
sont  dans  son  centre  de  figure,  :c'e8t-à-Klire  , 
an  point  E  d'intersection  de  ses  deux  diago- 
nales AC,BD; 

5*  Qne  le  centre  de  gravité  de  l'aire  d'un 
cercle,  et  celui  de  sa  circonférence  entière, 
•ont  au  centre  du  eer<cle  ; 

4'  Q^B  1^  centre  de  graivité  de  la  snr&ce 
totale  d'un  parall^lipipède ,  et  celui  de  sa  so-' 
Itdité,  sont  dans  Son  centre  de  &gure,x'estr 
i-dire,  dans  l'intersection  de  deux  qnelcott- 
qnes  de  ses  quatre  diagonales,  on  an  milieu 
d'une  d'entre  elles  ; 

5*  Qbe  le  centre  de  gravité  de  la  snrface 
convexe  d'un  cylindre  droit  ou  oblique,  ter- 
miné par  deux  bases  parallèles,  celui  de  la 
surface  totale  de  ce  cylindre,  et  celai  de  sa 
solidité,  sont  dans  le  milieu  de  la  longueur 
d^  son  axe  ; 

6'  Que  le  centre  de  gravité  de  la  surface 
d'une  sphère,  et  celui  de  sa  solidité  sont  aa 
centre  de  la  sphère. 

PROBLÎME. 

pj-.  33       loa.   Trouver  le  centre  de  gravité  de  Faire 
t^im  triangle  rectiligne  t/uelconque  ABC. 
Solution.  Après  avoir  mené  par  le  som-^ 
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met  A.  d'un  des  angles  ^  et  par  le  milieu  D 
du. côté  opposé^  la  droite  AD^  si  l'on  conçoit 
l'aire  du  triangle  diyisée  en  une  infinité  d'élé-' 
mens  par  des  droites  parallèles  à  BC^  le  cen-* 
tre  de  gravité  de  chacun  de  ces  élémens  sera 
da^is  son  milieu  (101) ,  et  par  conséquent  Sur 
la  droite  AD;  donc  le  centre  de  gravité  dé 
leur  système^  qui  sera  celui  de  l'aire  du 
triangle  9  sera  sur  cette  même  droite  (3o).  Par 
la  même  raison  ^  si  du  sommet  B  d'un  autre 
angle ^  et  pat  le  milieu  £  du.  côté  opposé^  on 
mène  une  droite  DE,  cette  seconde  droite 
contiendra  le  centre  de  gravité  :  donc  ce 
centre  se  trouvera  et  sur  la  droite  AD,-  et 
sur  la  droite  BË  ;  donc  il  se  trouvera  au  point  F. 
d'intersection  de  ces  deux  droites. 

Corollaire  I. 

loS.  Si  du  sommet  A  £un  des  angles  du^  ^ 
triangle  ABC  y  et  par  le  milieu  D  du  côté  op^ 
posé  y  on  mène  une  droite  AD  j  et  que  Von  di-^ 
vise  cette  droite  en  trois  parties  égales  y  le  centre 
de  gravité  F  de  Vaire  du  triangle  sera  sur  cette 
droite  j  aux  deux  tiers  à  partir  du  sommet  de 
V angle  y  ou  au  tiers  à  partir  du  côté  opposé. 

Car  si  l'on  mène  la  droite  DE  y  cette  droite 
sera  pai*allèle  à  AB^  à  cause  que  les  côtés  BC^ 
AC^  sont  coupés  proportionnellement  en  D 
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€t  E;  et  les  triangles  ABF  ,  VE^  seront  8em« 
-  blables ,  parce  que  leurs  angles  correspondans 
seront  égaux;  on  aura  donc       ' 

AF:FD::AB:DE. 

Mais  lè$  deux  autres  triangles  seœblabjes 
^C,  EDC,  donnent 

AB  :  DE  :^  BC  :  DG,  ou  ::  a  :  i  (102). 
Donc  on  aura     '     y 

AF  :  FD  ::  a  :  I ,  ou  AF=saFD; 

et  par  conséquent^ 

FD=iAJ),  et  AFrcfAD. 

Corollaire  H. 

Fi^.Sg.  io4«  Si  dans  le  plan  d un  triangle  rectiligne 
ABC  on  mène  une  droite  quelconque  Gly  la 
perpendiculaire  FOy  abaissée  du  centre  de  gra- 
vité F  de  taire  du  triangle  sur  GI ,  sera  égale 
au  tiers  de  la  sonvne  AG-^  CH-^-  BI  des  per^ 
pendiculaires  abaissées  des  sommets  des  trois 
angles  sur  la  même  droite. 

En  eflTet,  par  le.  sommet  A  d'un  des  angles 
soit  menée  la  droite  AM  parallèle  à  GI ,  et 
qui  coupera  en  R,  L,  M,  les  perpendJcur 
laires  abaissées  des  autres  points;  par  le  point 
A^  et  par  le  centre  de  gravité  F,  soil  menée 


3>I   STATIQUE.  .  j^ 

la  droite  AF ,  dont  le  prolongement  cpun* 
pera  le  côté  opposé  en  deux  parties  égales  ai|L 
point  D  ;  enfin  par  le  point  D  soit  menée  DIS 
perpendiculaire  à  AM  :  cela  posé ,  on  aur^i 

DN  = — ,  et  les  triangles  semblables 

AFL,  ADN,  donneront 

FL:DN::  AF:AD,  ou  ::2:3(io3).    \ 

Donc  on  aura  FL  =f  DN=:  ^î^:^. 

Mais  les  droites  AG^  KH^  LO^  MI,  étant 
égales  entre  elles^onauraLO= g— ^t — j 

Donc^  en  ajoutant  cette  égalité  à  la  précé*- 
dente,  on  aura 

PL+L0=*S±-±-±î5S±SJ. 

c  est-a-dire  FO=f g— ^- — 

On  déduit  de  là  une  autre  manière  de  Fis*  4«> 
trouver  le  centre  de  grairité  de  l'aire  d'un 
triangle  rectiligne  ABC  ;  car  après  avoir  mené 
a  volonté,  dans  le  plan  ^u  triangle,  deux 
droites  GI,  GP,  et  après  avoir  trouvé  les  dis- 
tances FO,  FR  du  centre  de  gravité  à  cha-, 
çune  de  ces  droites,  si  Ton  mène  la  droite  RV 
parallèle  à  GI  et  à  la  distance  FO  ,  cette  droiti^ 
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contiendra  le  centre  de  gravité  demande  :  |ia^ 
reillement^  si  Ton  mène  XO  parallèle  à  PG 
et  à  la  distance  FR^  cette  seqpndie  droite  con- 
tiendra le  centre  de  gravité;  donc  ce  centre 
se  trouvera  sur  les  deux  droites  RV^  XO  ; 
donc  il  sera  au  point  F  de  leur  intersection. 

PROBLÈME. 

FJg.  4t;      1  o5.   Troui^r  te  centre  de  gravite  de  Taire 
d'un)!)olygonerectilign€  ABCDE y  ifunnom* 
bre  quelconque  de  côtés. 
•   Première  Solution,  par  le  procédé  de  la 
composition  des  forces  parallèles,. 

On  divisera  l'aire  du  polygone  en  triangles^ 
par  des  diagonales  AC,  AD. . . .  menées  du 
sommet  A  d'un  même  angle,  et  on  détermi-* 
nera(i02,ou  io3,ou  io4)  les  centres  de  gravité 
particuliers  F,  G,  H  des  aires  de  ces  triangles; 
puis  considérant  ces  triangles  comme  des 
poids  proportionnels  à  leurs  aires  et  ap- 
pliquées à  leurs  centres  de  gravité,  on  joindra 
les  centres  de  gravité  des  deux  premiers 
triangles  ABC,  CAD,  par  une  droite  FG,  et 
l'on  trouvera  sur  cette  droite  le  centre  de  gra- 
vité I  du  système  des  deux  triangles,  ou  du 
quadrilatère  ABCD,  en  divisant  la  droite  FG 
en  deux  parties  réciproquement  proportion- 
nelles aux  aires  des  deux  triangles  (18)9  ce 
cpi'on  fera  par  là  proportion  suivante  (^  5)  : 

Le 
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Le  (}iifidnUtèi«  ABCD  :  an  triangle  CAD 
t:  FG  :  FI, 

Par  le  point  I ,  et  par  le  centre  de  gravité 
H  du  triangle  suivant,  on  mènera  la  droite 
HIj  sur  laquelle  on  trouvera  le  centre  de  gr» 
vite  K  du  système  des  trois  premiers  triangles , 
en  divisant  cette  droite  en  deux  parties  réci* 
proquement  proportionnelles  aux  aîres  du 
quadrilatère  ABCD  et  du  triante  DAE  :  ca 
qu'on  fera  par  la  proportion  suivante  : 

Le  pentagone  ABCDE  :  au  triangle  DAE 

::  IH  :  IK.. 

En  continuant  ainsi  de  suite-j  quel  que  soit 
le  nombre  des  triangles  ^  on  trouvera  le  centr# 
de  gravité  de  leur  système ,  et  ce  centre  sera 
celui  de  l'aire  du  polygone  proposé. 

Seconde  Solution  ,  tirée  de  la  COosidé-  tu,  ^. 
ration  des  momens. 

Apres  avoir  divisé  l'aire  du  polygone  en 
triangles,  comme  dans  la  solution  précédente  , 
et  après  avoir  déterminé  les  centrés  de  gra- 
vité particuliers  F,  Gj.  H  de  tous  les  triangles  , 
on  mènera  dans  le  plan  du  polygone  k  Volonté 
deux  droites  LM,  ITN,  sur  lesquelles  on 
abaissera  des  perpendiculaires  de.  tous- les 
centres  de  gravité  F,  G,  H;  on  considérera  ctf 
droites  comme  le«intersections  de  deux  plans 
parallèles  àladirectîo:|idelagravité;  cela&it, 
la  disUnca  dusflV^ide  gravita  da  polygone, 

7 


^  THAlxi   ÉLÉMENTAIRB 

oa  du  systèmédetonslestrûttglesjît  cbacunc 
des  droites  LM ,  LN,  sera  égale  àla  somfne  des 
momens  de^  ulAagles  par  rapport  à  chaque 
plan,  divisée  pur  lasoifaiiaedele<ttVaîres(77^: 
-ainsi  là  distance  dti'Ce  cent^àkdMifé  LM  sera 
ABCXFf-pCADxGg+DAEx  HA 
ABCD£  • 

K  sa  (fistaoCd  à  U  droite  LSf  ^èra 

ABC  X  Tf-^GADX  G)^  ^JtAÈx  tf y 
■■  ABCDE  •  ■ 
'■-  Tk»ïc,  ai  Yob  mène  nne  àtàhi!  ÇartUèïe  à 
LM,  et  qui  en  soit  éloignée  d'une  quantité 
ijgsleà  ta-  prcAièl^  Hé  (Jèi-d'éiil  distances, 
*ette  droite  contiendra  lecentrè  de  gravité 
du  poljgcmé;  paFeiDément  j  si  l'on  mène  une 
parallèle  à  LN^  et  qai  en  soit  éloignée  d'une 
(Quantité  égale  à  la  seconde  de  ces  distances , 
cette  droite  contiendra  le  centre  de  gravité  ; 
donc  l'intÉrsectron  de  ces  deux  droites  sei-a 
le  centre  de  gravité  demandé. 

io6.  ^i  les  centres  de  gravité  F,  G,  H  des 
Iriangles  qui  composent  l'aire  du  polygone, 
n'étaient  pas  tons  placés  du  métne  côte  par 
rapports  chacune  des droite^LM , LN ;  pour 
trbuver'  la  distance  du  cenbre  de  gravité  R  du 
jioljrgoné  k  binctmé  de  Ces  (boites,  il  Êindrait 
rati-aiicbér  les  ACnïen^  des  triangles  dont  les 
centres  de  grtfvité  servent  placés  de  l'autr» 
«côté  d^  c«n«  droite^aà'Ueû-tfeleB  ajouter  (77). 
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,     PROBLEME. 

107.   Trower  le  aentre  d&  gravité  'eu  cdh-^  ^'8-  43. 
tour  ePim  poljgcfne  ABCDE y.  d^uh  nombre 
quelconqtm  de  côtés ^    \  -         • 

Première  Solution  y  par  le  procédé  de  hc 
composition  des  forces,parallèles. 

Oïl  divisera  chacun  des  côtés  du  polygone 
étL  dé*j? parttesf  ^éS  afu!jc  poîWs  F,  G,  H, 
I,  R ,  <^i  âeitont  li^  Centres  de  gràVîtë  parti-^ 
cûllèfs  àe  iéi  ctftëè  (léi).  Fui»  6t>h'sMérètit^ 
ions' }ëà  cèf^càûHtiéâës-pbids  i^Mpùrii&à^' 
nel^'à  leur8loâgttèu):*s^  on  trourera  le  centre 
de  gravité  du  système  O  de  deux  ^eJQipnqûeai 
d'entre  eux-,  tels  çjue..,^iBy  BC^en  joignant 
leurs  centres  de  grai^té  par  la  droite  FGy  et 
eh  divisant  cet^e  droite  ^ep.deùx  parties  réci-. 
proquem^t  proppfrtionnellès  a  ces  cotes ^-  ce. 
4u on  fera  par  la. proportion  suii^ante  .(2>)  : 

JkB4^Bt;:BC^îFG:F(y. 

>  ■■'  ■  '■"..il." 

Xe  'point  O  éâfbl  \toififey  on  méfiera ;par  ce* 
peiût)  et  par  le  nàilieir  H  du  c6cé  suivant  y  lar^, 
drptle  OH,  srir  lacfuelle  on  tjtauvejfa lei^^trê^ 
de  ^âtifé  P  du  systkne  des  trois  cotés.,  ea* 
divisant  cette  droite  en  deux  parties  récipro- 
q\iéihént  proportionnelles  au'cèté  CD-«ta^I^ 
somme  des  deux  premiers  AH,  BC  ;'  ce  qu'om 

7  ^» 


un  pât  la  proporiion 

AB+BC+CD:CD::OH:OP; 

PareiUanent^  en  menant  la  droite  PI^  on 
trouvera  le  centre  de  gravité  Q  dn  syatème 
des  quatre  côtes  AB^  BG^  GD^  D£^  par  la 
ptopotûon 

AB+BC+CpH-DE  :  DE  ::  PI  :  PQ. 

En  continuant  ainsi  de  suite  ^  quel  que  soât 
le  nombre  des  côtés  du  polygone  ^  on  trouvera 
le  centre  de  gravité  de  leur  système^  etc«. 
centre  sera  celui  du  contour  du  polygime. 

Seconds  Solution  ,  tirée  de  la  considé* 
ration  des  momens. 

Après  avoir  divisé  chaque  côté  du  polygone 
en  deux  parties^  on  mènera  à  volonté  les  deux 
droites  LM,  LN  ^  sur  chacune  desquelles  on 
abaissera  des  perpendiculaires  des  milieux  de 
tous  les  côtés.  Cela  fait,  la  distance  du  centra 
de  gravité  R  du  système  de  tous  les  côtés  par 
rapport  à  chacun  des  plans  qui  ont  pour  in- 
tersection les  droites  LM,  LN,  sera  égale  à  la 
somme  des  momens  des  côtés  par  rapport  à  ce 
plan,  divisée  par  la  somme  des  côtés(77)  ;  ainsi 
]a  distance  de  ce  centre  à  la  droite  LM  sera 

AB+BCH-CD+DE+EA  "■ 
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et  sa  distance  ii  la  droite  LN  sera 

ABxFf  H-BCxGg'  H-CDxHy -^DExIiVEAX  K^ 

iân-BCU-CDH-DËH-EA  * 

,  Donc  y  en  menant  une  droite  parallèle  k 
LM^  et  qui  en  soit  éloignée  d'une  quantité 
ëgale  à  la  première  de  ces  distances  ;  puis  une 
autre  droite  parallèle  ii  LN,  et  qui  en  soit 
éloignée  d'une  quantité  égale  k  la  seconde'de 
ces  distances,  le  point  d'intersection  de  ces 
deux  droites  sera  le  centre  de  grayité  R  du 
contour  du  polygone. 

Memarque. 

io8.  Si  les  milieuxF^  G,  H,  I,  R  des  cdtéa. 
du  polygone  étaient  placés  de  part  et  d'autre 
des  droites  LM,  LN  ;  pour  trouver  la  dis- 
tance du  centre  de  gravité  R  à  chacune  de 
ces  droites,  il  faudrait  retrancher  les  moment 
des  côtés  dont  les  milieux  seraient  placés  de 
lautre  part,  au  lieu  de  les  ajouter  (77). 

PROBLEME. 

log.  Trouver  le  çenire  de  gravité  de  la  soli^  Kg.  44« 
dite   d'une  pyramide  triangulaire  quelconque 
ABCD. 

Solution.  On  déterminera  le  centre  de 
gravité  F  de  Faire  d'une  des  faces  BGD  de  la 
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pyramide  (iq3)^  en  ^j&iiazi^jpiar  le  sommet  P 
d*un  des  angles  de  cette  face ,  et  par  le  milieu 
E  du  côté  o^pgsé  BC^  une  droite  D£^  et  en 
prenant  sur  cette  droite  un  point  F^  qui  soit 
aux  deux  tier$àpartîj?'du  sommet  de  Vangle, 
ou  au  tiers  à  partir  dju  côté  ;  puis  on  mè;^erà 
la  droite  AJF  •  JCela  £iLt ,  si  Von  conçoit  la  pyrar^ 
mide  divisée  en  un  njbmbre  infini  de  tranches 
*  paf  des  plans  parallèles  à  là  &ce  BGD,  toutes 
ces  tranches  seront  semblables  à  cette  âcc;,  el 
elles  seront  rencontrées  par  la  droite  AF  dsAS 
des  points  qui  y  étant  placés  s^r  chacune  d'eVes- 
de  la  même  manière  que  le  point  E  est  placé 
sur  la  face  BCD,  seront  les  centres  de  gra- 
vité particuliers  de  ces  tranches;  donc  le 
centre  de  gravité  de  leur  système ,  qui  sera 
celui  de  la  solidité  de  la  pyrjynide  y  sera  sur 
Ja  droite  AF  {3o). 

Par  la  même  raison,  après  avoir  déterminé 
)e  centre  de  gravité  G  de  l'aire  d'une  autre 
face  ABC,  ce  qu'on  fera  en  menant  la  droite 
AE,  et  en  prenant  suf  cette  droite  la  partie 
EG=^  AE;  si  par  ce  point,  et  par  le  sommet 
D  de  l'angle  opposé  de  la  pyramide,  oti  mène 
la  droite  DG,  cette  droite  contiendra  aussi  le 
«centre  de  gravité  de  la  solidité  de  la  pyramide. 

Donc  les  droites  AF,  DG,  devant  toutes 
deux  contenir  le  centre  de  gravité  de  la  pyra- 
mide, se  couperont  nécessairement  en  un  cer- 
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taiii  point  H;  et  le  poiut  d'hiterseclionde 
ces  deux  droites  sera  le  ceutriC  de  gravilc 
demandé. 

Ren^arque  /• 

1  lo.  On  pourrait  démontrer,  indépendani^ 
ment  de  la  considération  du  centre  de  gra-r 
vite  de  la  pyramide^  que  Les  droites  AF,  PG,| 
se  coupent  néeessaîrement  en  un  poiilt;.car 
ces  droites  sont  dans  un  même  plan,  qui  est 
celui  du  triangle  ADE. 

Remarque  II. 

1 1 1 .  Des  six  arêtes  d  une  pyramide  trian- 
gulaire, une  quelconque  est  coupée  par  quatre 
autres,  la  cinquième  qui  ne  la  rencontre  pas 
est  dite  son  opposée^  si  on  jqint  les  milieux 
d'une  des  six  iarêtes  et  de  son  opposée  par 
•une  droite,  tm  démontre  que  le  milieu  de 
cette  droite  est  le  centre  de  gravité  de  la  py-r- 
ramide  (  Voyez  la  correspondance  de  UiLcole 
polytechnique j  tom.  Hypag.  i.) 

CoaoLLAiliE  I. 

11^.  Si  du  sommet  A  d^un  des  angles  dime 
pyramide  triangulaire ,  et  par  le  centra  de  gra^ 
vite  F  de  Faire  de  la  face  opposée  BCPy  on 
mène  une  droite  AF^  le  centre  de  gravité  H  de 
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ta  solidité  de  la  pjrrarmde  sera  sur  cette  droite, 
et  au  quart  à  partir  de  la  face,  oxk  aitx  trois-- 
quarts  à  partir  du  sommet  de  Sangle. 

En  effet,  Boît  menée  la  droite  GF,  qui  sera 
parallèle  à  AD ,  parcequelesdroitesËAjED, 
sont  coape'es  proportionnetlemënt  en  G,  Fj 
,  les  triangles  AHD,  FHG^  dont  les  angles 
correspondans  fonte'ganx,  scnmi  seoiblables 
ci  donneront 

AH:HF:;AD:GF. 

Mais  les  4enx  autres  triangles  semblables 
AEB ,  GEF,  donnent'AD  :  GF  :  :  ED  :  EF,  ou 
::  3: 1  (io5);  donc  on  auraAH:HF  "  3  :  i  ; 
c'esl-/i-dire ,  AH=5HF,  et  par  conséquent 
HF=^AF,  et  AH=|AF, 

COROLI^IBE    II. 

Il 5.  On  dëmonlrera,  d'une  manière  ana- 
logue à  celle  de  l'article  io4,  que  la  distance 
du  centre  de  gravité  de  la  solidité  d'une  py- 
ramide triaugulaire  à  un  plan  quelconque,  est 
égale  au  quart  de  la  somme  des  distances  des 
sommets  des  quatre  angles  de  la  pyramide  an 
même  plan. 

COROLLiilTIK  III, 

tig.  45.      1 14,  Le  centre  de  gravité  O  de  la  solidité 
d^ufte  pjramide  à  hase  quelconque  JBCDEf 


Di  statique:  io5 

est  sur  la  droite  AG^  menée  du  sommet  A  au 
centre  de  gravité  G  de  Vaire  de  la  hase,  et  Ou 
çuart  de  cette-droite  à  partir  de  la  hase,  ou 
aux  trois-quarts  à  partir  du  sommet. 

Concevons  que  la  pyramide  soit  divisée  en  ' 
un  nombre  infini  de  tranches  par  des  plans 
parallèles  à  la  base  :  toatea  ces  tranches  seront 
"semblables  à  la  base,  et  le  point  où  chacune 
d'elle  ssera  rencontrée  par  la  droite  AG ,  sera 
placé  sur  cette  tranche  de  la  même  manière 
que  ^e  point  G  est  placé  sur  la  base;  parcon- 
séqoent  ce  point  sent  le  centre  de  gravité  de 
la  tranche  :  donc  les  centres  de  gravité  de 
tontes  les  tranches  seront  sur  la  droite  AG  ; 
donc  le  centre  de  gravité  de  leur  système, 
qui  sera  celui  de  la  solidité  de  la  pyramide, 
sera  aussi  sur  cette'droite  (5o). 

De  plus,  soit  partagée  la  base  eu  triangles 
par  les  diagonales  BE,  BD,  et  concevons  que 
par  ces  diagonales  et  par  le  sommet  A  on  ait 
mené  des  plans  ABE^  ABD,  qui  diviseront 
la  pyramide  proposée  en  autant  de  pyramides 
triangulaires  qu'il  y  aura  de  triangles  dans  la 
base;  puis  par  les  centres  de  gravité  H,  I,  K 
des  bases  triangulaires,  soient  menées  les 
droites  AH,  Al,  AK; 'enfin  soient  pris  sur 
ces  droites  les  points  L ,  M,  N  ,  qui  soient  sur 
chacune  d'elles  au  quart  de  sa  longueur, 
k  partir  dv  la  base  ;  ces  points  seront  lei 
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centres  de  gravité,  des  pyramide*  triangu- 
laires (lia).  Gela  posé,  les  points  L,  M,  N, 
qui  diviseront  proporlionnellemeot  les  droites 
AH,  AI ,  AK,  meoéjss  du  sommet  de  la  py- 
ramide sor  la  base ,  seront  <)ans  un  pème  plan 
parallèle  à  la  base  ;  dpnc  le  centre  de  gra.vité 
du  système  des  pyr^nudes  triangulaires,  c'est- 
à-dire  le  centre  de  ^^vité-de  I^  solidité  de  la 
pyramide  proposée,  sera  dans  ce  même  plan  ^ 
donc  le  centre  de  gravité  devant  se  trouver  ^ 
et  dsfis  ce  plan,  et  dans  la  droite  AG^  ser^ 
au  poiiH  O  de  leur  intersection. 

Or  la  droite,  AÇ  ^cra  coupée  par  le  plan 
LMN  en  parties  proportionnelles  aux  divi*" 
sioos  des  droites  AH,  Al,  ÀK;  doncle  centre 
de  gravité  O  de  la  solidité  de  la  pyramide 
sera  placé, sur  AG,  au  quart  de  cette  droite  à 
partir  de  la  base,  ou  aux  trois-quarts  à  partir 
du  sommet. 

Corollaire  ÎV. 

i-i5.  Le  centre  de  gravité  de  la  ^solidit4 
d'un-  cf>ne  à  base  oaielconque  est  sur  la  droite 
menée  du  sommet  au  centre  d^  gravité  de 
la  base,  et,  au  quart  de  cette  droite  à  partir 
de  la  base,  ou  aux  trois-quarts  à  partir  du 
«ommet;  car  ce  solide  peut  être  considéré 
ATOmme  une  pyramide  dont  la  base  a  une  ior 
finiié  de-côtes.  < 
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PEC^LÉME. 

■   ■       > 

116..  Trouver  le  centne  de  gravité  de  Taire  '**  ^* 
€tune  section  faite  dans  la  carène  dun  vais-- 
^eau  par  un  plan  horizontal. 

Solution.  Soient  CEH^c  la  section  pro- 
posée^ çt  AB  la  rencontre  du  plan  de  cette 
section  avec  le  plan  vertical  mené  par  la 
quille  du  vaisseau.  Q  est  ë^dent  que  tout  ëtant 
symétrique  de  part  et  d'autre  de  la  droite  AB, 
le. centre  de  gravité  démandé  R  sera  sur  cette 
droite  :  ainsi  ^  pour  construire  ce  point,  il 
suffira  de  connaître  sa  distance  AK  à  une 
droite  Ce,  menée  par  un  point  donné  per- 
pendiculairement à  AB. 

Pour  cela,  soit  4iYi$ée  la  droite  AB  par  des 
perpendiculaires  ou  ordonnées  Dç/,  J^,  F/".... 
en  un  assez  grand  nombre  de  parties  égales, 
pour  que  les  arcs  CD,  DE ,  EF . . .  compris  entre 
deux  perpendiculaires  voisines,  jouissent  Qtre 
regardés  comme  des  lignes  droites,  ce  qui  di- 
visera Taire  de  la  section  en  trapèzes  ;  puis  soit 
partagé  chacun  de  ces  trapczes  en  triangles  ^  au 
. moyen  des  diagonçjjes  Co^  De ,  Ef...  Cela foit , 
si  Ton  prendla  somme  ,deç  inomeps  de  tous  les 
•  triangles  par  rapport  au  plan  vertical  passant 
parla  droite  Ce,  et  qu  on  divise  ce.tte  somme  par 


.1 
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la  somme  des  aires  des  triangles, le  quotient 
sera  la  distante  demandée  AK  (7  7) .  Or  chaque 
triangle  peut  être  considéré  comme  ayant 
pour  base  une  des  perpendiculaires,  et  pour 
hauteur  4a  distance  comnanne  des  denx  per- 
pendiculaires consécutives;  donc  l'aire  de  cha- 
que triangle  sera  égale  à  la  moitié  du  produit 
de  l'ordonnée  qui  lui  sert  debase,  multipliés 
par  la  distance  commune.  Par  exemple,  l'aire 
du  triangle  DEe  ttra  égalera  la  moitié  du 
produit  Ee  X  LM;  celle  du  triangle  Hde  sera 
la.  moitié  deD<f  X  LM;  etainsi  des  antres.  De 
plus,  la  distance  du  centre  de  gravité  de  cha- 
cun des  triangles  au  plan  Ce  sera  égale  au 
tiers  de  la  somme  des  distances  des  sommets 
de  ses  trois  angles  au  même  plan  (104);  par 
exemple,  la  «Ëstance  du 'centre  de  gravité 
du  triangle  DEc  an  plan  Ce  sera  le  tiers  de 
AL+AM-(-AM;  et  ainsi  des  autres. 

Donc  il  sera  fecile  d'avoir  la  somme  des 
aires  de  tous  les  triangles,  et  la  somme  des 
mômens  de  ces  aires  par  rapport  au  plan 
Ce';  et,  eu  divisant  la  seconde  de  ces  deux 
sommes  par  la  première,  on  aura  la  distance 
demandée  du  centre  de  gravité  K  àla  droite  Ce. 

La  solution  précédente  n'est  pas  rigou- 
reuse, parce  que  les  parties  CD,  DE —  cd, 
de:...  des  bords  de  la  section,  ne  sont  pas  de» 
lignes  droites^  comme  on  l'a  supposé;  maia 


DS  6TATIQU1.  Io6 

OU  voit  <jae  le  résultat  approchera  d'autant 
plus  d'é^  exact,  que  ces  parties  seront  plus 
petites  y  c'est-à-dire  que  le  nombre  des  per- 
pendiculaires sera  plus  grand. 

117.  L'opération  que  nous  venons  de  dé« 
crire  est  susceptible  de  quelques  réductions. 
En  effet,  d'après  ce  qui  précède^  Faire  du 
triangle 

Cerf  est  AL  X  — 

a 


Celle  de  CDdest  AL  X 


Dd 


Celle  de  Dde  est  AL  X  — 
Celle  de  DEe  est  AL  X  ^ 


CeUedeEe/estALx^ 
GeUe  de  EF/est  AL  X  ^1 


et  ainsi  des  antres.  En  ajot^nt  tons  ces  pro^' 
duits,  on  voit  que  leur  somme  est  égale  au 
produit  du  Êicteur  commun  AL,  multiplié 
par  la  somme  Êtite  de  la  moitié  des  deux  per* 
pendiculaires  extrâmes,  et  de  la  somme  de 
toutes  les  autres.  * 


IIO  TRAITA   ÉlinifTAIliS 

Quant  aux  moméni  àé  éts  trxais^ltii- ptt 
rapport  au  plan  Ce, 


••  • 
Celui  de  Ccd  e»t  AL  X  —  X  ^4^:. 


■t'' 


Celui  de  CD<iest  AL  X  —  X  ^. 

Celui  de  bite  est  AÉ  X  ^  X  ^» 

Celui  de  DEe  est  AL  X  —  JC*^^, 

Celui  de  E  e/ est  AL  X  ^  X  Z^. 

Celui  de  EF/  est  AL  X  ^X  ^, 

et  ainsi  de  suite;  où  lôh  voit  (jue  le  nombre 
•  qui  multiplie  AL  dans  le  moment  du  dernier 
triangle,  est  toujours  ëgàl  au  triple  du  nombre 
des  intervalles  moins  une  unité;  ou,  ce  qui 
revient  au  mêitoe,*ati  triplé  du  numéro  de  la 
dernière  perpendiculaire  moins  4*  Etl  ajoutant 
tous  ces  moinensy  leur. somme  est  égale  au 
produit  du  facteur  commun  AL  X  AL,  mul- 
tiplié par  la  somme  faite  du  6*  de  la  première 
perpendiculaire,  du  6*  dé  la  dernière-  multi- 
plié par  le  triple  du  notnbre  dés  péVpendî- 
culaires  rnôins  4,  puis  de  la*  seconde'  pWpéti'-' 
dkulaire,  du  doublé  dé  ta  Iroîs'ièiïié',  dû  frïpfé^ 
de  la  quatrième^...  et  alÂlSt.diei  ^uite'. 
Orlasonune  des  momens  et*  Celle  desf  aires' 
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ayant  le  facteur  comfiinn  AL^  leur  quotient 
sera  encore  lé  même  si  Ton  supposé  ce  facteui* 
dans  lës;;.detn  termes  de  la  divi^on;  donc, 
pour  avoir  la  distance  du  èentre  dé  gravite  K  # 
à  Turie  dés  ordonnées  extrêmes  Ccyilfaut^, 
i""  prenait  le  6*  de  la  première  ordonnée  Ce; 
ién'  de  la  dernière  Hh  multipliée  par  le  triple 
du  nombre  des  ordonnées  y  moins  4/  p^  l^ 
seconde  ordonnée  y  le  double  de  la  troisième  y 
le  triple  de  là  quatrième...:  et  ainsi  de  suite j  ce 
'tfui  dohhera  une  ppendère  somme;  û"^  à  la 
fnoitié'  des  deux  ordcfnhées  extrêmes  j  ajouter 
Èoutes  les  ordonnées  intermédiaires  y  ce  qui  don^ 
fiera  une  seconde  somme  ':  5*  diviset  ta  première 
de  ces  deux  somMes  par  Ut  seconde  y  et  multi^ 
"plier  lé  quotient  par  tiniers^alle  commun  dçs 
'ordonnées. 

PROBLÈME. 

1 18.  Trouver  le  centré  ae  eravité  du  volume 

'  '    •  ■  ••  '''Pi 

4e  ta  partie  submergée  de  la  carène  dlun  vais^ 
seau. 

SoLÙTiôrr.  Nous  supposerons  que  le  vais- 
seau ét^mt  à  flot^  la  qiâfle  soit  horizontale  , 
et  que  le  plan  vertical  mené  par  la  quille  par- 
tagé le  volume  de  la  carène  en  deuic  parties 
parfaitement  symétriqu^:  cela  p6së^  le  centre 
de  gravite  de  la  part^^ubàiérgee  sera  dans 
ce  plan  y  et  la  queftiôiî  sera  réduite  à  trouver 


J':?i -If i: -  .L;.* '. -_-;S; 
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les  distances  de  ce  point  à  denx  droites  CtffH 
nues  de  position  dans  le  plan  vertical. 
fis*  47.  Soient  ABCDF  la  coupe  du  TaisMan  par  1« 
plan  vertical^  CD  sa  quille,  et  roncevona 
que  le  plan  de  flottaison,  ou  la  section  faite 
dans  le  vaisseau  à  fleur  d'eau,  soit  repre-^ 
I  sentëe  par  la  droite  Bb  parallèle  à  la  qvDe. 
Soit  divisé  l'intervalle  des  deux  droites  B&, 
CD,  en  un  certain  nombre  de  parties  ëgalea 
BB',  B'B%  B'B*. ...  et  par  chaque  point  de 
division  soient  imaginées  des  sections  hori-* 
zontales ,  représentées  par  W,  W.... Pa« 
reillement  soit  divisée  la  droite  B£,  à  partir 
du  point  B  del'étamhot,  en  parties  égales  BF^ 
FF',  FT'....  et  par  chaque  point  de  division 
soient  imaginés  des  plans  verticaux  perpen- 
diculaires «"i  la  quille,  et  représentés  par  les 
droites  BB^  F/*,  Fy^....  la  partie  submergée 
de  la  carène  sera  divisée  en  prismes  rectan-- 
gulaires,  dont  les  arêtes  seront  perpendicu- 
laires au  plan  vertical  mené  par  la  quille ,  et 
qui  seront  terminées  de  part  et  d'autre  à  la 
surface  du  vaisseau.  (  Il  £mt  que  les  divisions 
des  droites  BB*,  B&,  soient  assez  petites  pour 
que  la  partie  de  la  surface  du  vaisseau  qui  ter^ 
mine  chaque  prisme  puisse  être  regardée 
comme  plane.  )  Etf||ft  soit  partagé  chaque 
prisme  rectangulaire,  représenta  par  sa  base 

LMNP^ 


LMNP>  en-  deux  prismes  triangulaires^  par 
un  plan  diagonal^  représenté  par  MP. 

Cela  posé>  i""  chaque  prisme  triangulaire 
pourra  toujours  être  partagé  en  trois  pyrami-* 
,  des  de  même  base  que  le  prisnie  (  Géométrie 
de  LegendrCj  6*  édition,  pag.  19a.  ),  et  dont 
chacune  aura  pour  hauteur  une  des  arêtes  du 
prisme  :  donc  si  par  des  mesures  actuelles  ^ 
prises  daqs  le  vaisseau ,  on  a  la  longueur  de 
toutes  les  arêtes ,  il  sera  facile  d  avoir  la  so^ 
lidité  de  chaque  pyramide,  en  multipliant 
Taire  de  la  base  commune  LMP  par  le  liera 
de  laréte  qui  sert  de  hauteur  à  la  pyramide  ; 
et  en  prenant  la  somme  de  toutes  ces  solidités^* 
on  aura  celle  de  la  partie  submergée  de  la 
carène.  ^''.  Le  moment  d'une  pyramide  trian- 
gulaire par  rapport  à  un  plan  étant  égal  au  pro^. 
duit  de  la  solidité  de  la  pyramide ,  multipliée 
par  le  quart  de  la  somme  des  distances  des 
sommets  de  ses  quatre  angles  à  ce  plan(i  i3)^ 
il  sera  facile  d'avoir  le  moment  de  chaque  py-» 
ramide  par  rapport  au  plan  vertical  BB%  ou 
au  plan  horizontal  CD,  parce  que  les  distances 
des  sommets  de  ses  angles  à  chacun  de  ces 
plans  sont  connues  ;  et  Ai  prenant  la  somme 
de  tous  ces  momens,  on  aura  le  i»oment  de 
la  partie  submergée  de  la  carène. 

Cela  fait,  le  quotient  delà  sonune  des  mo-' 
mens  par  rapport  au  plan  vertical  BB%  divisé 
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par  la  aoinnie  des  solidités  y  sera  la  distance 
KX  du  centre  de  grarité  demandé  à  la  Terli- 
cale  BB*;  pareillement  h  quotient  de  la  somme 
des  momens  par  rapport  au  plan  horizontal 
CD^  divisé  par  la  somme  des  solidités ,  sera 
la  distance  RY  do  même  point  à  la  quitte.  On 
aura  donc  alors  les  distances  du  centre  de 
gravité  à  deux  droites  connues  de  pmiâon 
dans  le  plan  vertical  mené  par  Ja  quille^  el 

Sar  conséquent  la  position  de  ce  point  sera 
éterminée. 

La  solution  précédente  n'est  pas  rigou- 
reuse y  parce  que  la  surface  du  vaisseau  étant 
courbe^  la  partie  de  cette  surface  qui  termine 
chaque  prisme  triangulaire,  ne  peut  pas  être 
regardée  comme  plane,  ainsi  qu'on  Fa  sup- 
posé; mais  on  conçoit  que  le  résultat  appro- 
chera d'autant  plus  d'être  exact,  que  Je 
nombre  des  divisions,  et  dans  le  sens  de  la 
hauteur  du  vaisseau,  et  dans  le  sens  de  sa 
longueur,  sera  plus  grand. 

119.  L'opération  que  l'on  vient  de  décrire 
est  susceptible  de  quelques  réductions;  et  en 
raisonnant  comme  dans  Farticle  (îi6),  on 
trouve  que  pour  a^oir  la  distance  RX  du 
centre  de  gravité  de  la  partie  submergée  de 
la  carène  au  plan  vertical  BB%  il  faut  i^'pour 
vhaque  section  horizontale^  prendre  le  6"  de  la 
première  ordonnée  qui  est^  dans  le  plan  BBT, 
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le  &  de  la  dernière j,mukipUée  par  le  triple  du 
norz^jv  des  ordonnées  contenues  dans  la  sec- 
lion,  moins  4**  P^'  ^  seconde  ordonnée ,  le 
douile  de  la  troisikntf  .le  triple  de  la  ^ua" 
trième„..r  ce  qui  formera  une  somme  particu- 
lière pour  chaque  section;  ensuite  ajouter  en- 
semble la  moitié  de  la  première  de  ces  sommes  , 
la  moitié  de  la  dernière ,  et  toutes  les  inter- 
médiaires, ce  (fuijormera  an  dividende;  a"  au 
quart  des  quatre  ordonnées  placées  auJc  angles 
du  rectangle  Bbb'^  £*,  ajouter  la  moitié  de 
toutes  celles  qui  sont  sur  le  contour  de  ce  rao- 
tangle,  et  e»  entier  toutes  celles  qui  sont  dans 
V intérieur,  ee  qui  formera  un  divisatr;  5"  di^ 
«iser  le  dividende  par  le  diviseur  y  muUiplier  le 
quotient  par  tintervalla  BFpùraUèl*  à  la  dis- 
tance eh«r^té«  KX. 

Ponr  trouver  la;  £»bmce  RY  ds  centra  d? 
gravita  an  ^an  Iioriioatal  mené  par  la  quille  , 
il  faut  opérer  lOF  te»  sectiôTisverticalsSjCOincno 
on  a  opéré  sbt  les  seetioiB  horixontsjea  dantf 
le  cas  précéiieiit;.  c'esl-^ire  ,  i"  pour  chaque 
tection  verticale ^  prendre  le  6*  de'Vordoanétf 
inférieure,  le&  de  celle  qui  est  dans  le  plan 
deJlottaiaoH,  multipliée  par  le  triple  dumomAra 
des  ordoanéew  de  la  section,  moins  4;  pfti^  l* 
seconde  ordonnée,  m  partir  éen  bas,  ledotM^ 
de  la  troÎMème,  le  triple  de  la  quatrième....  , 
ce  qui  formera  pour  chaque  teotian  une  somn$ 
6  .^ 


Il6  TRAITÉ  iLÉinCNTlXRÏ 

particulière;  ensuite  ajouter  ensemble  la  fnoitîé 
de  la  première  de  ces  sommes  y  la  moitié  de  la 
dernière j  et  toutes  les  intermédiaires  j  ce  qui 
formera  un  dividende;  a*  diviser  ce  dividende^ 
par  le  même  diviseur  que  dans  le  cas  précédent^ 
et  multiplier  le  quotient  par  t intervalle  BB 
parallèle  à  la  distance  cherchée  KY. 

Bemëo^que, 

120.  Dans  le  problème  précédent  on  ayail 
seulement  pour  objet  de  trouver  le  centre  de 
grayité  du  volume  de  la  partie  plongée  de  la. 
carène,  ou,  ce  qui  revient  au  même,  du  vo- 
lume d'eau  déplacé  par  le  vaisseau.  Mais  s'il 
ctoit  question  de  trouver  le  centre  de  gravité 
du  vaisseau  lui-même,  soit  en  charge,  soit 
hors  de  charge,  c'est-à-dire,  de  trouver  \^s 
distances  de  ce  point  au  plan  horizontal  mené 
par  la  quille,  et  au  plan  vertical  perpendicu" 
laire  à  la  quille ,  il  faudrait  prendre ,  par  rap- 
port à  chacun  de  ces  plans,  la  somme  des  mo- 
xnens  de  toutes  les  parties  qui  composent  le 
vaisseau  et  sa  charge ,  et  diviser  ensuite  char- 
cune  de  ces  sommes  par  le  poids  total  du 
vaisseau  et  de  sa  charge,  en  observant,  pour 
prendre  les  momens,  de  multiplier,  non  pas 
le  volume,  mais  le  poids  de  chaque  partie, 
par  la  distance  du  ceatrç  de  gravité  particulier 
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de  cette  partie  au  plan  par  rapport  auquel  on 
prend  les  momens;  et  les  quotiens  de  ces 
divisions  seraient  les  distances  demandées. 

Quant  au  centre  de  gravité  particulier  de  cha** 
cune  des  parties  du  vaisseau  et  de  sa  charge^ 
il  sera  facile  à  trouver^  du  moins  d'une  ma- 
nière suffisamment  approchée^  parce  qu'on 
pourra  toujours  décomposer  cette  partie  en 
parallélipipèdes^  en  cylindres^  en  pyramides, 
ou  en  d'autres  solides  dont  nous  avons  donné 
le  moyeu  de  trouver  }es  centres  de  gravité. 


\ 
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CHAPITRE  IV. 

De  téquilihre  tles  Maehmes. 

131.  \}v  appelle  machine  toat  instranient 
destiac  à  traiismcUre  faction  d'ooe  force  dë- 
terminée,  a  un  point  qui  ne  se  trouvepassur 
sa  direction ,  de  manière  que  celle  force  puisse 
mouvoir  un  corps  auquel  elle  n'est  pas  iiunie- 
diatement  appliquée,  et  le  mouvoir  suivant 
une  direction  diflereute  de  la  sienne  propre. 

122.  On  ne  peut  en  général  changer  la  di- 
rection dune  force  qu'en  décomposant  celle 
force  en  deux  autres,  dont  l'une  soit  dirigée 
vers  un  point  Hxe  qui  la  détruise  par  sa  ré- 
sistance ,  et  dont  l'autre  agisse  suivant  la  nou- 
velle direclion  :  celle  dernière  force,  qui  est 
Ja  seule  qui  puisse  produire  quelque  eflêl,  est 
toujours  une  composante  de  la  première;  et, 
suivant  les  circonstances,  elle  peut  être  ou 
plus  petite  ou  plus  grande  qu'elle.  En  chan- 
geant de  celle  manière  les  directions  et  les 
fjrandeurs  des  forces,  on  peut  donc,  à  l'aide 
d'une  machine,  et  des  points  d'appui  qu'elle 
présente,   meltre  en   équilibre  deux  forças 
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inégales  et  qui  ne  sont  pas  directement  op- 
posées. ^ 

I  a3.  La  force  donton  apour  objet  de  chai^-- 
ger  la  direction  en  employant  une  machine , 
se  nomme  ordinairement  puissance^  et  on 
donne  le  nom  de  résistance  au  corps  qu'elle 
doit  n^ouvoir,  ou  à  la  force  à  laquelle  elle 
doit  faire  équilibre  au  moyen  de  la  machine. 

1:24.  Nou^  nous  proposons  seulement  ici 
de  trouyer  les  rapports  que  doivent  avoir  entre 
elles  la  puissance  etla  résistance  appliqufes  à 
la  même  machine^  pour  que^  eu  égard  à  leur& 
directions^  elles  soient  en  équilibre.  Nous 
ferons  abstraction  des  frottemens^  c'est-à-dire 
des  difficultés  que  les  différentes  parties  de  la 
machine  peuvent  éprouvera  glisser  ou  à  rou- 
ler les  unes  sur  les  autres;  et  no'us  suppose- 
rons que  les  cordes ,  lorsqu'il  en  entrera  daas 
la  compcisition  de  la  machine ,  soient  parfaite- 
ment flexiUes.  Ainsi  ^  après  avoir  donné  aune 
puissance  la  grandeur  qui  convient  àTétat  d'é- 
quilibre dans  cette  supposition^  il  ne  suffirait 
pas  de  Taugmenter  d  une  petite  quantité  pour 
troubler  l'équilibre,  et  mettre  là  tnachine  «n 
mouvement;  il  fiiudrait  d'abord  Taugméater 
de  toute  h  quantité  nécessaire  pdur  vainore 
les  obstacles  dont  nous  venons  de  £ûre  men- 
tion ^  et  ensuite  une  légère  augmentation  fertit 
naître  le  mouvement.  ^ 
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1^5.  Quoique  le  nombre  des  machines  soit 
trèfr-grand^  on  peut  les  regarder  toutes  comme 
composées  de  trois  machines  simples^  qui 
sont  les  cordes  y  le  le\fier  et  le  plan  ÙÊclùîé  : 
nous  nous  contenterons  d'exposer  les  théories 
de  ces  trois  machines ,  et  de  celles  qui  en  sont 
immédiatement  dérivées  ;  il  sera  facile  ensuite  ^ 
par  de  simples  applications^-  de  trouver  le 
rapport  de  la  puissance  à  la  résistance  pour 
le  cas  de  Téquilibre  dans  toute  machine^  quel- 
que compliquée  qu'elle  soit. 

Article  L 

De  V équilibre  des  forces  qui  agissent  les  unes 
sur  les  autres ,  au  moyen  des  cordes. 

1 26.  Nous  supposerons  que  les  cordes  sont 
sans-pesanteur;  et  parce  que  la  faculté  qu'elles 
ont  de  transmettre  les  forces  est  indépendante 
de  leur  grosseur,  nous  les  supposerons  ré- 
duites à  leurs  axes,  et  nous  les  regarderons 
connue  des  lignes  droites  flexibles  et  inex- 
*'^  'tensibles.  Cela  posé,  considérons  d'abord  le 
cas  d'équilibre  entre  trois  forces  P,  Q ,  R , 
agissant  les  unes  sur  les  autres  au  moyen  de 
trois  cordes  réunies  par  im  nœud  A. 

i**.  Les  trois  forces  P,  Q>  R,  ne  peuvent 
pas  être  en  équilibre,  à  moins  que  leurs  trois 
directions^  et  par  conséquent  les  cordes  au 
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moyen  des^tpelles  elles  transmettent  leurs 
actions  ne  soient  dans  un  même  plan  (io)« 

:)*.  Si  Fon  représente  deux  quelconques  de 
ces  forces^  par  exemple^  les  deux  forces  P^  Q  ^ 
par  les  parties  AC  y  AD  de  leurs  directions  y 
et  que  sur  ces  droites  y  comme  côtés  contigus,- 
on  construise  le  parallélogramme  ACBD  :  la 
diagonale  AD  représentera  en  grandeur  et  en 
direction  la  résultante  de  ces  deux  forces  (36); 
or  les  trois  forces  étant  en  équilibre^  la  force 
R  doit  être  égale  et  directement  opposée  à  la 
résultante  des  deux  autres  ;  donc  la  direction 
de  la  force  R  sera  dans  le  prolongement  de 
BA,  et  sa  grandeur  sera  représentée  par  cett# 
diagonale  :  ainsi  l'on  aura 

P:Q:R::AC:AD:AB; 

ou  parce  que  les  côtés  AD^  BC  du  parallé- 
logramme sont  égaux  entre  eux,  les  trois 
forces  P,  Q ,  R ,  seront  entre  elles  comme  les 
côtés  du  triangle  ABC. 

127.  Les  angles  du  triangle  ABC  étant 
donnés  par  les  directions  des  forces  P^Q ,  R^ 
et  les  grandeurs  de  ses  côtés  étant  prc^ortion- 
nelles  a  celles  de  ces  trois  ibrces^  il.s^ensuit 
que  des  six  choses  que  l'on  peut  considérer 
dans  l'équilibre  dont  il ,  s'agit,  savoir ,  les  di- 
rections des  forces  et; leurs  grandeurs,*  trois 
quelconques  çtant  données^  on  pourra  trou- 
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ver  les  trois  autres  dan*  ton*  les  sas  où,  dc^ 
six  choses  que  l'on  peut  considérer  dans  1^ 
triangle  ABC,  savoir,  les  angles  et  les  côtés  , 
trois  étant  données,  ou  pourra  déteniuner  les 
trois  autres. 

Par' exemple,  lorsque  les  trois  forces  P,  Q, 
R ,  seront  connues,  on  trourera  les  angles 
que  les  cordons  doirent  £ùre  entre  eux  pour 
qu'elles  soient  en  équilibre,  en  construisant 
le  triangle  ABC,  dont  les  côtés  soient  prc^ 
portionnels  à  ces  forces.  Mais  lorsque  les 
directions  seront  données,  on  ne  poorra  coi>- 
naltre  que  les  reports  des  trois  forces,  paro» 
que  dans  le  triangle  ABC  la  connaissance  des 
trois  angles  détermine  seulement  le  rapport 
des  côtés,etne  détermine  pas  leursgrandeurs. 
Ainsi  il  Ëiudra  de  plus  connjdtre  la  grandeur 
d'une  des  trois  forces  P,  Q ,  R ,  pour  trouver 
celle  des  deux  autres,  an  mt^en  de  la  suite 
proportionnelle. 

P:Q:R::AC:BC:AB. 

Remarque  I. 

is8.  Si  les  trois  cordons  sont  réunis  par 
un  nœnd  coulant,  par  exemple,  à  la  corde 
'«'  te-  PAQ  passe  dans  un  anneau  attaché  à  l'extré- 
mité du  cordon  RA,  les  conditions  que  nous 
venons  d'énoncer  ne  snffisenit  pas  ponr  établir 
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Téquilibre  :  il  (ktitdeplas  que  les  angles  PAB^ 
QAB  y  formés  par  les  deux  parties  de  la  corde  ^ 
et  par  le  proloogemefit  AB  de  la  direction  de 
l'autre  cordon^  soient  égaux;  car  il  est  évi- 
dent que^  sans  cela^  Tauneau  A  glisserait  sur 
cette  corde  du  côté  du  plus  grand  des  deux 
angles. 

Remarque  II. 

log.  Ce  que  nous  venons  de  dire  contient 
toute  la  théorie  de  l'équilibre  entre  trois  puis- 
sances appliquées  à  des  cordons  réunis  en  un 
même  nœud;  mais  nous  avons  supposé  la  cons- 
truction du  parallélogramme  ACBD,  et  oi| 
peut  énoncer  cette  théorie  indépendanmient 
de  toute  construction. 

En  effets  dans  tout  triangle  ABC ^  les  côtés 
sont  proportionnels  aux  sinus  des  angles  op- 
}>osés  y  c^est-à-*dire  que  Top  a 

AC  :  BC  :  AB  :  :  «in.  ABC  :  sin.  BAC  :  sin.  ACB.  ^'«  ^ 

Or  les  sinus  de  ces  angles  sont  respective* 
ment  les  mêmes  que  ceux  de  leurs  supplé- 
mtns  KAQ^  KAP^  PAQ^  donc  on  a  aussi 

AC:BCÛB  :;  sin.IUQ:  sin.RAP  :  sia.PAQ« 

(et  par  coviiéquent 
P  :  Q  :  R  ::  sin.  RAQ  :  sin. RAP  :  sin.PAQ. 
c'est-à-dire  que  lorsque  les  trois  puissances. 
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qui  agUteni  par4es  eordeê  sur  Un  mimèUèmÊi'^ 
sont  en  équilibre^  chaame  Sellés  est  ewnme'  b 
sinus  de  Pangleforfné  par  les  directions  deê^ 
deux  autres* 

m 

GOROIXAIRX   I. 

lig.  5o.  iSo.  Si  les  cordons  AP^  AQ^  an  lien  d*6trc 
tirés  par  deux  pnissances^  sont  attachés  à 
deux  points  fixes  en  P  et  Q,  et  que  Ton  re- 
présente la  force  R  par  la  diagonale  AB  diL 
parallélogramme  ABCD ,  les  deux  côtés  ÀG, 
AD^  représentent  les  tensions  de  ces  deux 
cordons  ^  ou  les  efforts  qu'ik  exercent  sur  let 
points  fixes  dans  le  sens  de  leurs  directions* 

GoKoixAiKE  n» 

i5i.  Lorsque  FanglePAQ  est  très-grand  y 
les  côtés  AC^  AD  du  parallélogramme  sont 
très-^[rands  par  rapport  à  la  diagonale  AD,  et 
par  conséqujent  les  efforts  que  la  puissance  R 
exerce  sur  les  points  fixes  P,  Q,  pour  les  ap« 
procher  Fun  de  l'autre,  sont  trèsrgrands  par 
rapport  à  cette  puissance.  On  peut  donc,  aa 
moyen  des  cordes,  mettre  une  puissance 
médiocre  en  état  d'exercer  une  tarès-grand% 
action. 
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COKOLLAIRE   IIL 

i^a.  Dans  le  cas  d'équilibre^  quelquepetîte 
que  soit  la 'force  R^  la  diagonale  AB  qui  la 
représente^  n'est  pas  nulle  ^  et  les  trois  points 
C^  A^  D,  ne  sont  pas  en  ligne  droite  :  donc^ 
en  supposant  qu'une  corde  P AQ  ^  sans  pesan- 
teur, soit  tendue  en  ligne  par  deux  forces  P,  Q  ^ 
la  plus  petite  force  R  y  appliquée  en  A,  la  pliera 
dans  ce  point  ^  et  lui  fera  faire  un  angle  PAQ. 
Ainsi  il  est  rigoureusement  impossible  dû 
tendre  une  corde  pesante  en  ligne  droite^  à 
moins  qu'elle  ne  soit  verticale  ;  car  les  poids 
des  parties  qui  la  composent  peuvent  être  re- 
gardés comme  des  forces  appliquées  lP  cette 
corde  ^  et  qui  doivent  nécessairement  l'écarter 
de  la  ligne  droite. 

GOROLlJklKE  IV. 

i55.  Si  tant  de  puissances  P^  Q^R,  S^  T..; 
qu'on  voudra ,  agissent  les  unes  sur  les  autres 
par  des  cordes  réunies  trois  à  trois  dans  un  ^>ir-  ^'^ 
même  nœud^  il  estÊicile^  d'après  ce  qui  pré- 
cède^ de  trouver  les  rapports  que  ces  puis^ 
sances  doivent  avoir  entre  elles ,  eu  égard  à 
leurs  directions,  pour  être  en  équilibre  :  car 
l'équilibre  général  ne  peut  avoir  lieu ,  à  moins  ^ 

1^  que  les  trois  puissances  réunies  par  chaque 
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nœud  ne  soient  ea  équilibre  entre  elles;  3*qne 
chacun  des  cordons  AB,  BG,  qui  réunissent 
deux  nœuds ,  ne  «oit  également  tendu  dànt  ' 
les  deux  sens.  Donc,  en  nommant  tT,  X, 
les  tensions  des  deiu  cordes  AB,.BC»  oa 
aura  (139),  ï  cause  de  l'équilibre  autoordu 
nœud  A  j 

P  :  Q  ::  sin.  QAB  :  stn.  PAB , 
P  :  U  ::  sin.  QAB:9in.PAQ; 

k  cause  de  réquilibrv  nrtoor  du  nœud&y 

U  :  R  ::  sin.  RBC  :  sin.  ABC, 
U:X::  sin. RBC  rein. ABR; 

à  cause  de  l'équilibre  «utxHir  du  nœud  C , 

X:S  ::sin.SCT:siii.BCT, 
X:T  ::sin.SCT:sin.BCS. 

Et  en  continuant  ces  proportions,  on  trou- 
▼era  le  rapport  de  deux  quelconques  de  ces 
puissances ,  et  le  rapport  d'une  d  entre  elles 
i  la  tension  U,  X  db  quelque  cordon  que 
ce  soit. 

Par  exemple,  en  multipliant  par  ordre  la 
3*  proportion  et  la  3",  on  trouve 

P;  R  ::  ùt.  QAB  x âa.  RBC  :  mu  PAQ  X  tio  ABC  j 
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en  multipliant  la  2*  et  la  4*^ 

P  :  X  ::  sin.^AB  X  «in.  RBC  :  sia.  PAQ  X  lin.  ABR; 

« 

en  mnltipKant  la  a* ,  la  4*  ^X  la  5* , 

P  :  S  ::  aia.QAB  X  sin.  RBCX  sio.  SCT 
:  sio.  PAQ  X  ÛB.  ABR  X  sin.BCT; 

'«n  multipliant  la  a*,  la  4*>  ^^  ^  > 

« 

P  :  T  ::  sin.QAB  x  sin. RBC  X  sia.SCT 
:  sin.  PAQ  X  sin.  AB&  X  sin.  BCS  ; 

et  ainsi  de  suite. 

Il  suit  aussi  de  la  qne  les  trois  cordons 
reunis  par  un  mêmenœud  sont  dans  uq  même 
plan  (  I  !i6)  9  quoique  ceux  qui  sont  réunis  au-> 
tour  de  deux  nœuds  puissent  être  dans  dea 
plans  dififécens. 

COHOLUilRS  V. 

1 34.  Si  les  forces  Q  »  R>  S,  sont  des  poids  ^'S* 
suspendus  par  les  nœuds  A^  B^  C»  à  une 
même  corde  EABCF^  et  que  cette  corde  soit 
retenue  par  ses  extrémitës  à  deux  points  fixes 
E,F:  • 

i"".  La  corde  entière  et  les  cordons  des 
poids  Q,  R,  Sy  sont  dans  un  même  plan  yer^ 
tical  ;  car  les  deux  parties  EA  y  AB  de  la  corde 
sont  dans  le  plan  yertical  mené  par  le  cordon 
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AQ;  pareillement  les  deux  parties  AB^  fiC; 
•ont  dans  le  plan  vertical  mené  par  BR  :  or 
ces  deux  plans  verticatix  passent  fÊor  la  même  * 
droite  AB ^  et  se  confondent;  donc  les  parties 
£A^  AB^  BC  de  la  corde ^  et  les  directions 
des  cordons  AQ  ^  BR  y  Sont  dans  un  même 
plan  vertical.  On  démontre  de  la  même  ma-* 
nière  que  la  partie  CF  de  la  corde  et  la  di- 
rection es  sont  dans  ce  même  plan ,  et  ainsi 
de  suite^ 

a!^.  Les  tenions  des  deuit  parties  extrêmes 
de  la  corde  sont  entre  elles  réciproquement 
comme  les  sinus  des  angles  que  ces  parties 
font  avec  la  verticale;  car  les  angles  QAB, 
ABR^  sont  supplément  l'un  de  l'autre  ^  et  ont 
le  même  sinus;  il  en  est  de  même  des  angles 
RBC  y  BCS  y  et  ainsi  de  suite  :  donc  y  en  né- 
gligeant les  facteurs  communs  dans  la  pro- 
portion qui  donne  le  rapport  des  deux  ten* 
sions  extrêmes  P,  T,  (i35)  on  a 

P:T::sin.SCT:sin.PAQ. 

S"*.  La  verticale  HI,  menée  par  le  point  de 
concours  G  des  prolongemens  des  deux  par- 
ties extrêmes  de  la  corde^  passe  par  le  centre 
de  gravité  du  système  de  tous  les  poids  Q  y 
Ky  S. .. .  car  les  deux  parties  extrêmes  étant 
dans  un  même  plan  y  leurs  tensions  ont  une 
résultante  dont  la  direction  passe  par  le  point 

G; 
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G  ;  de  plus  ces  tension^  supportant  le  système 
des  poids  Q  9  R ,  S . .  • .  leur  résultaïAe  doit 
être  verticale ,  et  doit  passer  par  le  centre  de 
gravite  de  ces  poids;  donc  le  point  G ^  et  le 
centre  de  gravité  des  poids  Q,  R,  S,  sont 
dans  une  même  verticale. 

Corollaire  VI. 

ï55.  Lorsqu'une  corde  pesante  EHF  estpig^.53. 
suspendue  en  équilibre  k  deux  points  fixes 
£F^  on  peut  Considérer  son  axe  comme  un  fil 
sans  pesanteur,  chaigé  de  poids  distribués 
dans  toute  son  étendue  :  donc,  i**  cet  axe  est 
dans  le  plan  vertical  mené  par  les  deux  points 
de  suspension  j  a*  si  l'on  prolonge  en  EG,  FG, 
les  directions  des  deux  élémens  extrêmes  de 
cet  axe  y  et  que  par  le  point  de  concours  G  on 
mène  la  verticale  lU,  les  tensions  de  ces  deux 
élémens  sont  entre  elles  rédproquement 
comme  les  sinus  des  angles  que  ces  élémens 
font  avec  la  verticale  ;  c'est-à-dire  qu'en  nom^ 
mant  P  et  T  ces  tensions,  on  a 

P  :  T  :  :  sin.  IGF  :  sin.  IGE  ; 

5*  le  centre  de  gravité  K  de  la  corde  est  dans 
la  verticale  IH. 

Enfin ,  en  considérant  le  poids  total  Z  de 
la  corde  comme  une  force  appliquée  au  point 

s 
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G  de  sa  direction ,  on  Irouvera  les  efibrts  qae 
la  corde  fait  sur  les  deux  points  d*appui  E^  F^ 
suivant  les  directions  EG^  FG^  en  ^compo-* 
sant  la  force  Z  en  deux  autres  qui  agissent 
dans  ces  directions^  et  Ton  aura  (129) 

Z  :  P  :  T  :  :  sin.  EGF  :  sin.  IGF  :  sîn.  IGE. 

JRemarque. 

• 

1 56.  Jusqu'ici  nous  ayons  supposé  qu'il  n'y 
eût  que  trois  cordons  reunis  à  chaque  nœud^ 
parce  que  si  les  cordons  rassemblés  en  un 
même  nœud  sont  en  plus  grand  nombre  et 
compris  dans  un  même  plan^  il  ne  suffit  pas 
de  connaiti^e  leurs  directions  pour  trouver 
dans  quels  rapports  doivent  être  les  puissances 
qui  leur  sont  appliquées ,  pour  être  en  équi- 
libre; c'est-à-dire  que  ces  rapports  peuvent 
varier  d'une  infinité  de  manières  ^  sans  que 
les  forces  cessent  d'être  en  équilibre. 

En  efiet^  quel  que  soit  le  nombre  des  puis* 
sances  dirigées  dans  un  même  plan^  il  suffit^ 
pour  qu'elles  soient  en  équilibre  autour  d'un 
même  nœud ,  que  la  résultante  de  deux  quel- 
conques d'entre  elles  soit  égale  et  directement 
opposée  à  la  résultante  de  toutes  les  autres; 
donc  toutes  ces  forces^  excepté  deux^  étant 
prises  a  volonté,  ce  qui  détermine  la  gran- 
deur et  la  direction  de  la  résultante,  on  pourra 
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trouver  les    grandeurs  des  deux  dernières 
forces  qui  feront  équilibre  à  cette  résultante. 

Cependant^  lorsque  quatre  cordons  réunis 
dans  un  même  noeud  ne  sont  pas  dans  un 
tnême  plan  ^  leurs  directions  étant  données  ^ 
les  rapports  des  grandeurs  que  doivent  avoir 
les  forces  qui  leur  sont  appliquées  pour  se 
£aiire  équilibre,  sont  déterminées:  car  nous 
avons  vu  (44)  T*®  ^^*  forces  doivent  être 
entre  elles  comme  la  diagonale  et  les  arêtes 
contiguës  du  parallélipipède  construit  sur 
leurs  directions.  Mais  lorsque  les  forces  ne 
sont  pas  dirigées  dans  un  même  plan,  et  que 
leur  nombre  est  plus  grand  que  quatre ,  les 
rapports  des  forces  né  sont  plus  déterminés 
parla  connaissance  des  directions  des  cordons. 

Articls  il 
^  De  V équilibre  du  lei^ien 

1 57.  Le  levier  est  une  verge  inflexible  ACB 
(fig.  54),  oi^,CAB(fig.  55),  droite  ou  courbe, 
et  mobile  autour  d'un  de  ses  points  C,  rendu 
fixe  au  moyen  d'un  obstacle  quelconque ,  et 
cet  obstacle  lil  nomme  point  £  appui. 

i38.  En  supposant  d'abord  que  leievier  soit 
sans  pesanteur,  et  qu'il  ne  puisse  en  aucune 
manière  glisser  sur  le  point  d'appui,  soient 

9  -s 
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G  de  sa  direction ,  on  trouvera  les  efforts  que 
la  cCM'de  fait  sur  les  deux  points  d'appui  E,  F, 
suivant  les  directions  EG  ,  FG ,  en  ^'compo- 
sant la  force  Z  en  deux  autres  qui  agissent 
dans  ces  dircctious,  et  Ton  aura  (129)  ~ 

Z  :  P  ;  T  ::  sin.EGF  :  sin.  IGF  :  siu.IGE., 

Ramai'que. 

1 56.  Jusqu'ici  nous  avons  suppos^fr 
eût  que  trois  cordons  reunis  à  chaque  uœud, 
parce  que  sî  les  cordons  rassenibles  en  un 
même  nœud  sont  en  plus  grand  nombre  et 
compris  dans  uu  même  plan,  il  ne  suflit  pas 
de  connaître  leurs  directions  pour  trouve? 
dans  quels  rapports  doivent  être  les  puissances 
qui  leur  sont  appliquées,  pour  èlre  eu  équi- 
libre; cY'St-à-dire  que  ces  rapports  peuvent 
Tarier  d'une  infinité  Jg  manières,  saus  que 
les  forces  cessent  d'être  en  équilibre. 

En  effet,  quel  que  soit  le  nombre  des  puis- 
sances dirigées  dans  un  même  pïan,  il  su/lit, 
pour  qu'elles  soient  en  équilibre  autour  d'm» 
niênie  nœud,  que  la  résultante  de  deux  quel- 
conques d'entre  elles  soit  ég;tle  et  directement 
opposée  à  la  résultaule  de  toutes  les  autres; 
doue  toutes  ces  forces,  excepté  deux,  étant 
prises  à  Aoionté,  ce  qui  détermine  la  gran- 
deur et  la  ilirectiou  delarcsuitaale,oapourra 
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Corollaire  I. 

1 39.  Si  Ton  fait  abstraction  de  la  résistance 
du  point  d appui,  c'est-à-dire,  si  l'on  sup- 
pose que  ce  point  soit  capable  d*une  résis- 
tance indéfinie,  il  faut,  pour  que  les  deux 
puissances  P,  Q>  soient  en  équilibre  autour 
de  ce  point  au  moyen  du  levier,  i*  que  leurs 
directions  et  le  point  d'appui  soient  dans  un . 
même  plan;  3*  que  les  deux  forces  P,  Q, 
tendent  à  faire  tourner  le  levier  autour  du 
point  d'appui  C  dans  des  sens  opposés,  et 
que  leurs  momens  par  rapport  à  ce  point 
soient  égaux;  c'est-à-dire,  que  l'on  ait  (80) 

P  X  GE;?=Q  X  CF. 
Corollaire  II. 

ï4o.  On  voit  donc,  i*  que,  quelqilb  petite 
que  soit  la  puissance  Q,  on  peut  toujours,  au 
moyen  d'un  levier,  la  mettre  en  équilibre  au- 
tour d'un  point  d'appiri  C,  avec  mie  autre 
puissance  P  donnée  de  grandeur  et  de  direc- 
tion ;  car  la  direction  de  la  force  P  étant 
connue,  la  distance  CE  de  cette  direction  au 
point  d'appui  sera  connue,  et  Ton  connaîtra 
le  moment  P.  X  CE  :  il  suffira  donc  de  faire 
ensorte  que  le  moment  Q  X  CF  de  la  puis- 
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P,  Q,  deux  puissances  applic[uées,  ou  immé- 
diatement, ou  au  moyen  des  cordes  AP,  BQ, 
aux  deux  points  A,  B  d'un  levier.  Si  l'ou 
considère  la  résistance  du  point  d'appui  C 
comme  l'effet  d'une  ti-oisième  force  R  applï- 
que'e  au  le\ier  dans  ce  même  point,  nous 
avons  vu,  pour  le  cas  d'équilibre  entre  ces 
trois  forces,  i°  cpie  leurs  directions  sont  com- 
prises dans  un  niùme  plan,  et  concourent  en 
un  même  point  D  (lo)  ;  2°  que  les  forces  P, 
Q,  sont  entre  elles  Tecipi-oquemcul  comme 
les  perpendiculaires  CE,  CF,  abaissées  du 
point  d'appui  sur  leurs  directions  (35),  c'est- 
à-dire  que  Ton  a 

P:Q::CF:CE; 

5^  que  si,  à  partir  du  point  D,  on  prend  sur 
les  directions  des  forces  P,  Q ,  les  droites  DL, 
DM,  proportionnelles  aux  grandeurs  de  ces 
forces,  et  qu'on  aciiève  le  parallélograme 
ITLZUIV,  la  diagonale  UN  représente  en  gran- 
deur et  en  direction  la  force  R,  et  par  con- 
séquent la  résistance  du  point  d'appui  (55)  ; 
ui[isi  l'on  a 

P  :  Q  :  R  ::  DL  :  DM  ou  NL  :  DNj 

ou  (129), 
p  :  Q  :  R  ::  sin.  QDR  :  sin.  PDR  :  sin.  PDQ. 
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Corollaire  I. 

1 39.  Si  Ton  fait  abstraction  de  la  résistance 
du  point  d appui,  c'est-a-dire,  si  Ton  sup- 
pose que  ce  point  soit  capable  d*une  résis- 
tance indéfinie,  il  faut,  pour  que  les  deux 
puissances  P,  Q,  soient  en  équilibre  autour 
de  ce  point  au  moyen  du  levier,  i'  que  leurs 
directions  et  le  point  d'appui  soient  dans  un 
même  plan;  3*  que  les  deux  forces  P,  Q, 
tendent  à  faire  tourner  le  levier  autour  du 
point  d'appui  C  dans  des  sens  opposés,  et 
que  leurs  momens  par  rapport  à  ce  point 
soient  égaux  ;  c'est-À*dire ,  que  l'on  ait  (80) 

P  X  CE=:Q  X  CF. 

Corollaire  II. 

140.  On  voit  donc,  i*  que,  quelque  petite 
que  soit  la  puissance  Q,  on  peut  toujours,  au 
moyen  d'un  levier,  la  mettre  en  équilibre  au- 
tour d'un  point  d'apptfi  Cj  avec  mie  autre 
puissance  P  donnée  de  grandeur  et  de  direc- 
tion ;  car  la  direction  de  la  force  P  étant 
connue,  la  distance  CE  de  cette  direction  au 
point  d'appui  sera  connue,  et  Ton  connaîtra 
le  moment  P.  X  CE  :  il  suffira  donc  de  faire 
ensorte  que  le  moment  Q  X  CF  de  la  puis- 
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sauce  soit  égal  au  précédeut;  c'est-à-dire,  de 
diriger  cette  puissauce  de  manière  qae  sa 
distance  CF  au  point  d'appui  soii  égale  à 

■  "^      »  et  qu'elle  tende  k  taire   tourner  le 

levier  dans  lé  sens  contraire  à  la  force  P. 

a**.  Que  si  la  distance  CF  de  la  direction 
de  la  force  Q  au  point  d'appui  est  connue  j  oq 
trouvera  la  grandeur  que  doit  avoir  cette  force 
pour  faire  équilibre  à  la  force  Pj^  en  divisant 
le  moment  de  cette  dernière  force  par  la 
distance   CF;    c'est-à-dire   que  Ton  aura 

Corollaire  IIL 


i4i.  L'effort  ou  la  charge  que  supporte  le 
point  d  appui  C  étant  égale  à  la  résultante  des 
deux  forces  P,  Q ,  î)n  trouvera  cette  charge 
au  moyen  de  la  suite  proportionnelle 

P:Q:R:sin.QDR:sin.PDR:sia.PDQ; 
c'est-à-dire  que  l'on  aura 

P P  X  sm.  PDQ 

j>       Q  X  sin.  PCQ 
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Corollaire  IV. 

14^.  I^onc,  si  la  rësistance  dont  le  point 
d appui  est  capable ^  n'^st  pas  indéfinie,  il 
£iut  depluSy  pour  que  le  point  d'appui  ne 
Mit  pas  entrahié,  et  que-l'équilibre  subsiste  , 
queia  résistance  dans  le  sens  CD  soit  égale  à 
la  résultante  des  deux  £3rces  P^  Q ,  c'est-à-dire  à 

P  X  sin  PDO 

\mm      <>^9  c®  ^  rerîent  au  même,  a 

sin.  PDR^^ 

Corollaire  Y. 

143*  Eu  général,  des  six  choses  qpfi  l'on 

peut  considérer  dans  l'équilibre  du  levier, 

savoir,  les  grandeurs  et  les  directions  des  deux 

puissâifces  P,  Q,  et  celles  de  la  charge  du 

point  d'appui,  on  voit  que  trois  quelconques 

étant  don!nées,  on détenmtiera  les  t^oiâ  autres 

dans  tous  les  cas;  ou  des  six  choses  anàlo^ 

gués  que  Ton  peut  considérer  dans  le  triangle 

DLN,  savoir,  les  côtés  et  les  angles,  trois 

étant  données,  on   pourra   déterminer  les 

autres.  \ 

RetÊarque  I. 

fl44*  Si  le  levier  peut  glisser  sur  le  point 
d'appui ,  les  conditions  que  nous  vepons  d'é- 
noncer ne  suffisent  pas  pour  que  le  levier  ne 
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prenne  aucun  mouvement,  et  que  réqnâîbrv 
ait  lieu  :  il  faut  encore  que  la  direction  DG 
de  la  chatte  du  point  d'appui  soît  perpendi- 
culaire à  la  sor&ce  du  levier  au  point  C;  car 
si  cette  direction  était  oblique,  le  levier  au- 
rait une  tendance  à  glisser  vers  le  c6té  du 
plus  grand  angle,  et  glisserait  en  effet  t6ates 
les  fois  que  cette  tendance  serait  plus  grande 
que  le  frottement  sur  le  point  ^jppui  qui 
s'oppose  à  cet  effet,  comme  nouffV^e'mon— 
trcrons  en  traitant  du  plan  iaclioé. 

Remarque  II. 

14S.  Ce  que  nous  venons  de  dire  contient 
toute  la  théorie  de  l'équilibre  de  deux  puis- 
sances appliquées  à  un  levier  considéré  sans 
pesanteur,  et  retenu  par  un  point  d'appui  ; 
nous  allons  en  faire  l'application  à  quelques 
cas  simples, 
rig.  56.  Si  les  directions  des  puissances  P,Q,  appli- 
quées à  un  levieFj  sont  Jiarallèles  eiilre  eJlesj 
jpar  exemple ,  si  ce  sont  deux  poids  suspendus 
aux  points  A,B,  la  charge  que  supportera  le 
point  d'appui  C  spra  ^gale  à  leur  somme 
P+Q,  et  les  deux  perpendiculaires  CE,  CF, 
abaissées  du  point  d'appui  sur  leurs  direc- 
tions, seront  en  ligne  droite.  Donc,  si,  le  le- 
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vier  est  djroît^  les  triangles  AGEf  BCF^  seront 
semblables  9  et  donneront 

CF:CE::CB:CA. 

Donc  on  aura^  dans  le  cas  d'équilibre  ^ 

P:Q::CB:CA; 

*  ■ 

c'est-à-dire  que  les  poids  P,  Q,  seront  entre 

eux  réciproquement  comme  leurs  bras   de 

levier. 

Ainsi  9  étant  donnés  la  grandeur  et  le  brail 

de  levier  d'une  résistance  F,  iS  le  bras  de 

levier  qu'il  faudra  donner  à  une  puissance  Q 

pour  lui  faire  équilibre  y  sera 

CB=— ç-^; 

3*  la  grandeur  de  la  puissance  qu'il  faudra 
appliquer  au  point  donné  B  pour  lui  faire 
équilibre^  sera 

^_PXCA 
^—      CB~' 

Enfin  j  si  les  deux  poids  P^  Q  ^  et  la  lon- 
gueur AB  du  levier  sont  donnés  ^  on  trouvera 
le  point  d'appui  C  autour  duquel  ces  poids 
seront  en  équilibre,  en  partageant  lé  levier 
AB  en  deux  parties  réciproquement  propor-. 
tionaelles  aux  deux  poids. 
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poids  P,  Q,  il  sera  toujours  possible  d*avoir 
l'autre  poids  ;  car  on  aura 

^       QXCB+SxCG 
*^—               CA 
.  rv       PXCA  — SXCG 
et  Q«- cB — 

Quant  à  la  charge  du  point  d'appui,  il  est 
évident  qu'elle  est  égale  à  la  somme  des  poids 
P+Q+S. 

i49>  Mais  si  le  poids  P  suspendu  au  levier 
pesant  ÂB  est  retenu  en  équilibre  autour  du 
point  d'appui  G,  au  moyen  d'une  puissance 
Q,  .dont  la  direction  «oit  verticale  et  dirige'e 
de  bas  en  haut ,  le  moment  de  la  force  Q,  qui 
tend  à  &ire  tourner  le  levier  dans  un  sens  y 
sera  égal  à  la  somme  des  momens  des  poï^ 
P,  S,  qui  tendent  à  le  &ire. tourner  dans  le 
sens  contraire^  et  l'on'iura 

Q  X  CB=P  X  CA-J-S  X  ÇG| 
ou,  retranchant  le  moment  du  levier, 
Q  X  CB— S  X  CG=P  X  CA. 
Ainsi  les  grandeurs  que  les  deux  forces  P, 
Q,  doivent  avoir  pour  se  faire  équilibre  seront 
p__Q><CB  — S><CG 
*^—  CA 

,  ^  _  P  X  CA  +  SXCG 

•tla  charge  da  point  d'appui  P+S—Q. 
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Corollaire. 

1 5o.  On  voit  donc  qu'en  regardant  le  poids 
P  comme  une  résistance  y  et  la  force  Q  comme 
une  puissance  qui  doit  lui  £aire  équilibre  ^ou 
la  vaincre,  au  moyen  du  levier  AB,  le  poids 
de  ce  levier  est  une  force  qui  peut  être  favo- 
rable ou  nuisible  à  la  puissance^  selon  que  ce 
poids  tend  à  faire  tourner  le  levier  dans  le 
même  sens  que  la  puissance,  ou  dans  le  sens 
opposé.  Par  exemple^  dans  le  cas  de  la^- 
gure  57 ,  le  poids  dti  levier  favorise  la  puis- 
sance Q;  et  en  alongeant  le  bras  de  levier  CB 
de  cette  puissance,  on  la  mettrait  en  état  de 
£iire  équilibre  à  une  plus  grande  résistance, 
pour  deux  causes  :  1*  parce  qu'on  augmente^ 
rait  par  là  son  moment;  2""  parce  qu'on  augt- 
xnenterait  le  poids  S  du  levier,  qid  seul  ferait 
équilibre  à  une  plus  grande  partie  de  la  ré- 
sistance. Mais,  dans  le  cas  de  la^.  5Sj  le 
poids  du  levier  nuit  à  la  puissance  Q,  et  Ton 
ne  peut  pas  augmenter  la  longueur  du  bra^ 
du  levier  CB ,  que  l'on  n'augmente  aussi  sou 
poids  S  qui  fait  partie  de  la  résistance  :  ainsi , 
pour  qu'il  soitavantageùiedians  ce  cas  d'alon- 
ger  le  bras  du  levier,  il  faut  que  le  moment 
de  cet  alongement  soit  moindre  que  laug- 
mentation  qui  en  résulte  dans  le  moment  de 
la  puissance. 
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Fig.  59.  i5i.  Deux  puissances  Py  Qj  appliquées  à 
un  lei^ier  ABj  et  en  équilibré  autour  JPun  point 
dappui  C  j  sont  entre  elles  réciproquement 
comme  les  espaces  que  ces  puissances  parcoure 
raient  suivant  leurs  directions,  si  V équilibre 
était  infiniment  peu  troublé. 

DÉMONSTRATION.  Du  pomt  d'appui  G 
soient  abaissées  sur  les  jdirections  des  puis- 
sances les  perpendiculaires  CE,  CF;  et  à  la 
place  du  levier  rectilîgne  AB^  considérons  le 
levier  coudé  ECF,  aux  extrémités  E ,  F ,  duquel 
on  peut  concevoir  que  les  puissances  F^  Q  ^ 
.  sont  appliquées;  puis  supposons  quen  vertu 
d*un  dérangement  dans  réquilîbre^  le  levier 
coudé  ECF  prenne  la  position  iufîniment  voi« 
ôine  eCF.  Cela  posé,  les  petits  arcs  Ee,  Yjf^ 
seront  les  espaces  que  les  puissances  P^  Q^ 
parcourraient  en  vertu  de  ce  dérangement  : 
or,  Tangle  ECF  du  levier  coudé  étant  inva- 
riable, les  deux  angles  ECe,  FÇ/*,  sont  égaux, 
et  Fou  a 

CF:CE::F/:Ee; 

de  plus,  à  cause  de  l'équilibre,  on  a  (35^ 

P:Q::CF:CE; 


m 
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donc  on  a  aussi 

P:Q::I/:Ee; 
doDC^  etc. 

Nous  aurons  occasion  de  faire  vqk  dans  la 
suite  que  la  proposition  analogue  a  lieu  dans 
les  cas  d'équilibre  pour  toutes  les  autres  ma- 
chines. 

Des  Poulies  et  des  Moufles. 

l. 

iSa.  Une  poulie  estime  roue  GIHD,  creu-  Fîg.  é», 
eée  en  gorge  à  sa  circoiifërence^  pour  rece^ 
Toir  ime  corde  PGDHQ,  et  traversée  à  son 
centre  par  un  axe  £^  sur  lequel  elle  peut 
tourner  dans  une  chape  EL. 


U. 


x55.  Concevons  que  Taxe  de  la  poulie  étant 
fixe  9  deux  forces  P^  Q^  soient  appliquées  aux 
extrémités  de  la  corde  y  et  que  cette  corde  y 
parfaitement  flexible ,  n^exerce  aucun  iGrotte- 
ment  sur  la  gorge  de  la  pouHe^  en  sorte 
qu'elle  puisse  glisser  librement  dans  cette 
gorge.  Quelle  que  soit  d'ailleurs  la  figure  de 
la  poulie ,  c'est-à-dire  que  Tare  GHD ,  em- 
brassé par  la  corde ,  soit  circulaire  ou  non  y 
il  est  évident  que  les  deux  forces  P^  Q^  ne 
jpeuvent  se  aire  réciproquement  équilibre,  à 


i^ 


^^sae^aÈtam 


# 
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înoing  qu'elles  ne  soient  égales;  car  8i  elkr^ 
étaient  inégales^  la  plus  grande  entraînerait 
la  plus  petite  9  en  Élisant  glisser  la  corde  dans^ 
la  gorge  de  la  poulie. 

Danflik  même  supposition^  la  poulie  n'ayant 
d'autre  point  fixe  que  son  centre ,  il  est  pareil- 
lement clair  qu'étant  tirée  par  les  deux  forces 
IPy  Qy  elle  ne  peut  être  en  repos,  à  moins 
que  la  résultante  de  ces  deux  forces  ne  soit 
dirigée  vers  le  centre  ^  et  ne  soit  détruite  par 
la  résistance  de  ce  point.  Donc,  après  avoir 
prolongé  les  directions  P6,  QH  des  deux 
cordons,  jusqu'à  ce  qu'elles  se  soient  ren- 
contrées quelque  part  enunpoint  A,  et  après 
avoir  pris  sur  ces  directions  les  droites  égales 
AB,  AC,  pour  représenter  les  forces  P,  Q, 
si  on  achève  le  parallélogramme  ABDC,  la 
diagonale  AD,  qui  représentera  la  résultante 
de  ces  deux  forces,  doit  passer  par  le  point 
fixe  E. 

Or,  lorsque  la  figure  de  la  poulie  est  cir- 
culaire, cette  dernière  condition  est  toujours 
remplie  :  en  efltt,  le  triangle  ABD  étant  iso- 
cèle, l'angle  PAD  est  égal  à  l'angle  BDA,  et 
par  conséquent  à  l'angle  DAC  ;  donc  la  dia- 
gonale AD  partage  en  deux  parties  égales 
l'angle  BAC.  Mais  si  Ton  mène  la  droite  EA  , 
cette  droite  partage  aussi  le  même  angle  en 
d<îux  parties  égales;  car  si  par  le  centre  E  on 

mène 


tnène  aux  points  de  contact  des  cordons  les 
rayons  EG,  EH,  qui  seront  perpendiculaires 
âux  difeclions  de  ces  cordons,  les  deux 
triangles  rectangles  EGA,  EHA,  seront  par- 
Êûtement  égaux ,  et  l'on  am*a  l'angle  E AG  de 
l'un  égal  à  Fangle  EÀH  de  l'autre.  Donc  la 
droite  EA  et  la  diagonale  DA  auront  la  même 
direction. 

Donc  le  centre  d'une  pou^e  étant  fixe  ,  et 
sa  figure  étant  circulaire ,  il  suffit  que  les  deux 
forces  P,  Q,  soient  égales,  pour  qu'elles 
soient  entre  elles  en  équilibre,  et  qu'en  même 
temps  la  poulie  soit  en  repos  autour  de 
son  axe.  ' 

La  charge  que  supporte  l'axe  de  la  poulie 
est  évidemment  égale  à  la  résultante  des  deux 
forces  P,  Q  ;  donc ,  si  l'on  nomme  R  cette 
charge,  on  aura  (56) 

P:Q:R::  AB:AC:AD, 

Enfin  soit  menée  la  sous-tendante  GH  de 
l'arc  embrassé  par  la  corde,  les  deux  triangles 
GHE,  ABD  seront  semblables^  parce  qu'ils 
auront  leurs  côtés  perpendiculaires  chacun  à 
chacun,  et  l'on  aura 

AB:AG:AD::GE:EH:GH; 
donc  on  aura 

P:Q:R::GE:EH:GH. 

10 
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m. 

i54.  Si  Ffixe  de  la  poulie  ^'eetpeB  ahsohi- 
ment  ûxe,  niais  qu'il  9qi%  fwpleQieiit  retenu 
par  la  puissaiice  S,  «nncqreA  d^laj(||wpç  £L 
et  du  cordon  LS;  pour  que  cet  axe  noifc  en 
repos ^  et  qw  les  trois  forces  P,  Q^  S,  jfMent 
en  équilibre^  il  £siat  qae  la  force  S  soitégpOb 
^t  directement^oppesee  .à  la  charge  qii0  .«ap- 
porte TaaLe.  Donc^  i*  I9  dirçctioo  de  cette 
force  doit.comcidev  av^ç  la  drqîte  I^  j  af  sa 
grandeur  doit  être  éffil»  k  la  r^snltvnte  R  des 
deux  forces  P^  Q^  e(  Vw  f^ura 

P:Q:S::GE:EH:GH. 

Ainsi  ^  lorsque  deux  forces  P^Q,  appli-' 
ijuées  à  une  corde  qui  embrasse  une  poîdie, 
sont  en  équilibre  entre  elles  ,  et  auec  une  troi^ 
sième  force  S  appliquée  à  Vaxe  de  la  poulie, 
I*  les  deux  forces  P,  Q,  sont  égales  entre 
-elles;  2*  la  direction  de  la  force  S  partage  en 
deux  parties  égales  V angle  formé  par  les  di^ 
rections  des  deux  autres  ;  3**  chacune  des  deux 
forces  P  et  Q  est  à  la  troisième  force  S  cQmme 
le  rayon  de  la  poulie  est  0  ta  sous-tendanfe  de 
Varc  embrassé  par  la  corde^ 

COROLLAIKS  L 

FifiC*      i55.  On  yoit  donc  que  si  le  cordon  de  la 
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ohape^  au  lieu  d'être  tiré  parune  force  S^  est 
attaché  à  un  point  fixe  d'une  résistance  indé- 
finie^ et  si  Ton  se  propose  seulement  ^  en  em- 
ployant la  poulie  y  de  mettre  en  équilibre  les 
deux  forces  P^  Q ,  ou  de  vaincre  une  résis- 
tance P^  à  l'aide  d'une  puissance  Q ^  la  pouliç 
ne  favorise  pas  la  puissance  :  elle  n'a  d'autre 
effet  que  de  changer  la  direction  de  cette 
force  y  sans  altérer  sa  grandeur. 

Mais  si  une  des  extrémités  de  la  corde  qui  Fig.  6i. 
embrasse  la  poulie  eist  attachée  à  un  point 
fixe  P,  et  qu'on  ait  pour  objet^  en  se  servant 
de  la  poulie^  -de  meitre  une  puissance  Q  en 
équilibre  avec  une  résistance  S ,  attachée  à  U 
chape  ^  la  poulie  est  favorable  à  cette  puis- 
sance,  qui  est  toujours  moindre  que  la  résis- 
tance ;  car  on  a    . 

Q:S::EH:GH. 

%  ■ 

CorollaIKe  n. 

1 56.  Lorsque  les  directions  des  deux  par-  lîg.  ù%. 
lies  PG,  QH  de  la  corde  sont  parallèles  entre 
elles,  et  par  conséquent  à  celle  du  cordon  de 
la  chape,  la  sous-tendante  GH  devient  un 
diamètre,  et  est  double  du  rayon;  la  suite 
proportionnelle  de  l'article  (i53)  devient  donc 

P:Q:S::  i;i  :a; 

10  .  , 


% 


\   -■ 
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♦  _  ■    *   _     .   • 

i54*  Si  Taxe  de  la  ponUe  n'est  pu  absoln- 
ment  fixe^  niaift  qu'il  wit  fioypleQieiit  retenu 
par  la  puissance  S,  «sttKQren  delajçhip$£L 
et  du  cordon  LS;  pour  que  cet  axe  soit  en 
repos^  et  qw  les  trois  forces  P,  Q^  S,  /H^ent 
en  équilibre^  il  £siat  que  la  force  S  soitégpflb 
et  directement^oppesëe  .à  la  charge  que  .enp- 
porte  Taxe.  Donc^  1*  le  dirçclûm  de  cette 
force  doit  coïncidèv  avfaç  la  drqîte  I^  j  7^  sa 
-  grandeur  doit  être  ëyle  k  la  rifsnitsn^.  R  des 
deux  forces  P,  Q,  et  l^m  aura 

P:Q:S::GE:EH:GH. 

Ainsi  y  lorsque  deux  forces  P^Q^  appli-^ 
ifuées  à  une  corde  qui  embrasse  une  poidie, 
sont  en  équilibre  entre  elles  ,  et  auec  une  iroi^ 
sième  force  S  appliquée  à  Vaxe  de  la  poulie, 
!•  les  deux  forces  P,  Q/  sont  égales  entre 
-elles;  2*  la  direction  de  la  force  S  partage  en 
deux  parties  égales  T angle  formé  par  les  di^ 
rections  des  deux  autres  ;  3**  chacune  des  deux 
forces  P  et  Q  est  à  la  troisième  force  S  comme 
le  rayon  de  la  poulie  est  0  ta  sous-tendante  de 
Varc  embrassé  par  la  corde, 

COROLLAIKS  I. 

FifiC*      i55.  On  yoit  donc  que  si  le  cordon  de  la 
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ohape^  au  lieu  d'être  tiré  parune  force  S>  est 
attaché  à  un  point  fixe  d'une  résistance  indé- 
finie^ et  si  Ton  se  propose  seulement ,  en  em- 
ployant la  poulie  y  de  mettre  en  équilibre  les 
deux  forces  P^  Q  ^  ou  de  vaincre  une  résis- 
tance P^  à  l'aide  d'une  puissance  Q^  lapouliç 
ne  favorise  pas  la  puissance  :  elle  n'a  d'autre 
effet  que  de  changer  la  direction  de  cette 
force  ^  sans  altérer  sa  grandeur. 

Mais  si  une  des  extrémités  de  la  corde  qui  Fig.  6i. 
embrasse  la  poulie  eist  attachée  à  un  point 
fixe  P,  et  qu'on  ait  pour  objet^  en  se  servant 
de  la  poulie  9  -de  meitre  une  puissance  Q  en 
équilibre  avec  une  résistance  S ,  attachée  à  la 
chape  ^  la  poulie  est  favorable  à  cette  puis- 
sance,  qui  est  toujours  moindre  que  la  résis- 
tance ;  car  on  a    . 

Q:S::EH:GH. 

CorollaIKe  n. 

1 56.  Lorsque  les  directions  des  deux  par-  lîg.  6a. 
lies  PG,  QH  de  la  corde  sont  parallèles  entre 
elles,  et  par  conséquent  à  celle  du  cordon  de 
la  chape,  la  sous-tendante  GH  devient  un 
diamètre,  et  est  double  du  rayon;  la  suite 
proportionnelle  de  l'article  (i53)  devient  donc 

P:Q:S::  i;i  la; 

10  .  , 


t 
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c'est-à-dire  que  la  force  S,  oa-la  chax^  da 
l'axe  de  la  poulie,  est  égale  à  la  somme  des 
deux  puissances  P^  Q  »  où  au  double  de  Tnna 
Fif.  63.  d'elles.  Ainsi,  dans,  le  cas  de  la^.  65^  k 
puissance  Q,  qui^  au  moyen  de  la  poulie  et 
du  point  d'appui  P,  fera  équilibre  k  la  résis* 
tance  S ,  ne  sera  que  la  moitié  de  cette  rér. 
sistance. 

IV. 

157.  On  dit  qu'une  poulie  est  immobile^ 
lorsque  sa  chape  est  attachée  k  un  point  fixe, 
et  que  la  puissance  et  la  résistance  sont  ap- 
pliquées à  la  corde  qiii  l'embrasse;  mais  lors- 
que la  résistance  est  attachée  à  la  chape,  et 
que  la  poulie  doit  se  mouvoir  avec  elle,  comme 
dans  lesjig.  61,  63,  on  dit  que  cette  poulie 
est  mobile. 
ri^.  64.  Cela  posé,  soit  un  nombre  quelconque  de 
poulies  mobiles,  et  «considérées  comme  non 
pesantes;  que  la  première  porte  un  poids  P 
suspendu  à  sa  chape,  et  soit  embrassée  par 
une  corde  dont  une  des  extrémités  soit  atta- 
chée au  point  iixe  D,  et  dont  l'autre  soil  ap- 
pliquée à  la  chape  de  la  seconde  poulie;  que 
celle-ci  sciit  embrassée  par  une  autre  corde  , 
dontune  des  extrémités  soit  fixée  aupoint^, 
et  dont  l'autre  soit  attachée  à  la  chape  de  la 
jPOttlifi  suivante;  que  cette  troisième  poulio 


soit  embrassée  par  une  troisième  corde  fixée 
dun  côté  en  M  ^  et  tirée  de  l'autre  par  une 
puissance  Q^  et  ainsi  de  suite ,  si  le  nombre 
des  poulies  était  plus  grand.  Enfin ,  supposant 
que  tout  le  système  soit  en  équilibre ,  soient 
menés  les  rayons  et  les  sous-tendantes  des 
poulies^  comme  on  le  voit  dans  la  figure.  On 
pourra  coiyûdérer  l'équilibre  de  la  première 
poulie  A  comme  si  cette  poulie  était  seule; 
et  nommant  X  la  tension  du  cordon  BX^  on 
âura(i55) 

P:X::BC:BA. 

Par  la  même  raison,  nommant X  la  tension 
du  cordon  FY^  on  aura 

X:Y::FG:EF. 
On  aura  de  même  pour  la  troisième  poulie 

Y:Q::KL:IK; 

et  ainsi  de  suite  ^  quel  que  soit  le  nombre  des 
poulies.  Donc  y  en  multipliant  par  ordre  toutes 
ces  proportions^  on  aura 

P:Q::BCxFGxKL:BAxEFxIK; 

c'est-à-dire  que  la  résistance  est  à  la  puissance 
comme  le  produit  des  sous-tendantes  est  au 
produit  des  rayons* 
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Fig.  65.  i58.  Lorsque  tous  les  cordoots  CD,  GU^ 
LM....  etc.  seront  parallèles,  les  sous-ten* 
daiLtes  seront  des  diamètres^  et  la  propordoa 
précédente  deviendra 

P:Q::axaxa:iXïXi,<m  ::8:i} 

d'où  Ton  voit  qu'alors  la  résistance  est  i  la 
puissance  comme  le  nombre  2  éle?ë  k  une 
puissance  marquée  par  le  nombre  des  poulies 
mobiles  y  est  à  l'unité. 

Ainsi,  en  augmentant convenableifieDt  le 
nombre  des  poulies  mobiles,  on  peut  mettre 
une  force  médiocre  en  ëtat  de  faire  équilibre 
à  une  résistance  très-grande.  Par  exejnple , 
avec  trois  poulies,  et  au  moyen  des  points 
d'appui  D,  H,  M,  la  puissance  fait  équilibre 
à  une  résistance  huit  fois  plus  grande  qu'elle. 

Quelqu'ayantageuse  que  paraisse  d'abord 
cette  disposition  des  poulies  mobiles,  on 
l'emploie  rarement,  parée  que,  pour  foire 
parcourir  a  la  première  poulie  A  un  certain 
espace,  il  faut  que  la  seconde  parcoure  un 
espace  double,  que  la  troisième  en  parcoure 
un  quadraple ,  et  ainsi  de  suite  ;  ce  qui  exige 
un  trop  grand  emplacement,  et  Ton  fiait  plus 
ordinairement  usage  des  moii/L's. 


/ 
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V. 

îSg.  On  appelle  moufle  le  système  de  plu- 
sieurs poulies  assemblées  dans  la  même  chape  y 
ou  sur  des  axes  particuliers  y  comme  dans  les 
Jigures  66 ,  67^  ou  sur  le  même  axe,  comme 
dans  la  figure  68.  On  emploie  toujours  en  p.  ^ 
même  temps  une  moufle  fixe  et  Aie  moufle  67  et  68*. 
mobile ,  et  toutes  les  poulies  des  deux  mou- 
fles sont  embrassées  par  une  même  corde, 
dont  une  des  extrémités  est  attachée  à  une  des 
deux  moufles,  et  dont  l'autre  extrémité  est 
tirée  par  la  puissance  ;  enfin  la  résistance  est 
suspendue  à  la  chape  de  la  moufle  mobile. 

On  peut  donner  aux  poulies  difierens  dia- 
mètres ,  et  les  disposer  de  manière  que  toutes 
les  parties  de  la  corde  qui  vont  d'une  moufle 
à  l'autre  soient  parallèles  entre  eUes,  comme  ' 
dans  \^^  figures  66, 67  ;  mais  cette  disposition 
augmente  l'étendue  des  moufles ,  et  on  les  ré- 
duit à  un  volume  plus  petit  et  plus  conmiode^ 
en  montant  dans  chacune  d'elles  toutes  les 
poulies  sur  un  même  axe,  comme  dans  la 
figure  68.  Par  là  les  cordons  qui  sont  d'un  cô^ 
des  moufles  ne  sont  pas  parallèles  à  ceux  qui 
sont  dcil'autre  côté;  mais  lorsque  Ift  distance 
des  moufles  est  un  peu  considérable  >  4b 
défaut  de  parallélisme  est  très -petit,  et  ou 
peut  le  regarder  comme  insensible. 
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libre,  et  quedans  le  cas  de  la  Jig.  67, où  Textré- 
mité  de  la  corde  est  attachée  à  la  moufle  mo- 
bile,  elle  doit  en  être  le  cinquième,  parce 
qu'il  y  a  une  poulie  et  une  corde  de  moins. 

Si  Ton  voulait  faire  entrer  en  considération 
le  poids  même  de  la  moufle  mobile,  on  le  re- 
garderait comme  Ëûsantpartie  de  la  résistance. 

Du  Tour. 

I. 

161.  Le  tour,  treuil ,  ou  cabestan  y  est  unepig.  ^ 
machine  composée  d'un  cylindre  mobile  sur 
son  axe,  et  d'une  corde  qui^  s'enveloppant 
par  une  de  ses  extrémités  autour  du  cylindre , 
pendant  qu'une  puissance  Q  le  fait  tourner  , 
entraîne  une  résistance  P  attachée  à  son  autre 
extrémité.  Le  cylindre  est  garni  à  ses  deux 
bases  de  tourillons  A,  B,  qui  portent  sur  des 
appuis,  et  au  moyen  desquels  il  peuj  tourner 
plus  librement  sur  son  axe. 

163.  Il  y  a  plusieurs  manières  d'appliquer 
la  puissance  à  cette  machine ,  pour  cmnmuni- 
quer  au  cylindre  le  mouvement  de  rotliion. 

i"".  On  peut  assembler  solidement  avec  le 
cylindre,  et  sur  le  même  axe^  une  roue  dont 
la  circonférence ,  creusée  en  gorge  comme 
une  poulie,  est  enveloppée  par  une  seconde 
corde.   Cette  corde^  tirée  par  la  puissance^ 
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fait  tourner  et  la  roue  et  le  cylindre  sur  lenr 
axe  commun.  Cette  première  disposition  ^  k 
laquelle  nous  rapporterons  toutes  les  autres, 
est  rarement  employée ,  parce  qu'elle  exige 
que  la  corde  de  la  roue  soit  très-longue^  lors- 
que l'espace  que  doit  parcotirir  la  r&istamce  v 
est  un  peu  considérable. 

2"*.  On  garnit  les  jantes  de  la  roue  de  che-^ 
villes  également  espacées,  et 'auxquelles  des 
hommes  s'appliquent  par  leurs  mains;  ce  qui 
leur  donne  le  moyen  de  s'aider  d'une  partie 
de  leur  poids  pour  faire  tourner  la  machine. 

3"*.  Dans  d'autres  circonstances,  au  lieu  de 
la  rouc^  on  monte  sur  le  cylindre  un  grand 
tambour  creux  dans  lequel  des  hommes  ou 
des  animaux  peuvent  marcher;  et  alors,  par 
leur  poids,  ils  font  tourner  le  tambour  et  le 
cylindre. 

4""'  Quelquefois,  au  lieu  de  se  servir  de 
roue  et  de  tambour,  on  traverse  le  cylindre 
par  des  barres  perpendiculaires  h  son  axe,  et 
aux  extrémités  desquelles  des  hommes  agis- 
sent parla  force  de  leurs  muscles  et  par  une 
partie  de  leur  poids. 

5*.  Enfin  le  plus  souvent^  et  lorsque  la  ré- 
sistance n'est  pas  très-grande ,  on  se  contente 
d'adapter  aux  extrémités  du  cylindre  unie  ou 
deux  maniveUes  que  des  hommes  font  tour- 
ner eu  employant  la  force  de  leurs  bras. 
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i65.  Les  dénominations  de  cette  machine 
varient  selon  son  objet,  et  même  selon  Ba 
position.  Ordinairement  on  îa  nomme  toWy 
treuil,  lorsque  le  cylindre  est  borizonUl,  et 
cabestan  y  lorsque  le  cylindre  est  Tertical,  et 
qu'on  se  sert  de  barres  borïzontales  pour  lui 
communiquer  le  mouvement. 

Il  est  évident  que  les  différentes  manières 
dont  la  puissance  peut  être  appliquée  au  cy- 
lindre du  tour ,  se  rapportent  toutes  pour  la 
théorie  à  la  première  qae  nous  avons  décrite  ;  ^'g-  %• 
car,  quelle  que  soit  la  direction  de  la  puis-  ^ 
sance,  lorsqu'elle  estdirigée  dans  i^  plan  per-  ^' 
pendiculaire  à  l'axe  du  cylindre,  on  peut  ton- 
joursla  concevoir  appliquée  à  une  roue  dont  la 
circonférence  serait  tangente  &  la  direction  de 
cette  puissance.  Ainsi  nous  supposerons  q*e 
UXYZ  éunt  le  cylindre  du  tour,  dont  l'axe 
BAestperpendicuIaireau  plan  de  la  roue  ÂD^, 
ï*  la  puissance  Q  soit  appliquée  à  la  circon- 
férence de  cette  roue  dans  une  direction  quel- 
cun(|ue  DQ, comprise  dans  le  plan  de  la  roue, 
et  tangente  à  la  circonférence  en  un  point 
donné  D;  3°  que  la  direction  KP  de  la  résis- 
tance soit  tangente  en  R  àlasuriàcedu  cylin- 
dre, et  située  dans  un  plan  parallèle  à  celui  de 
la  roue.  Enfin,  pour  fixer  les  idées,  nous  sup- 
poserons que  l'axe  AB  du  cylindre  soit  hori- 
zontal, et  par  con4t|aent  qne  la  direction 
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KP  de  la  résistance  soit  verticale.  Gela  pose,' 
il  se  présente  deux  questions  à  résoudre  :  la 
première  est  de  trouver  le  rapport  que  duveat 
avoir  la  puissance  Q  et  la  résistance  P  poor 
se  faire  équilibre;  la  sacond^f  est  de  trouver 
les  charges  que  supportent  les  points  d'appû 
des  deux  tourillons  A,' B. 

U. 

j64-Ponrré8ondre la  première  decesdeaz 
questions,  concevons  par  l'axe  du  cylindre 
on  plan  horizontal  KMEN;  ce  plan  passera 
par  le  point  R,  OÙ  la  direction  de  la  résis- 
-  tance  tonche  la  sur&ce  du  cjlindre;  de  plus 
il  coupera  le  plan  de  la  roue  dans  une  droite 
horizontale  ME  qui  passera  par  le  centre  G  , 
et  il  rencontrera  la  direction  de  la  puissance 
Q  quelque  part  en  un  point  £.  Soit  prolongea 
U  droite  ME  en  ES^  et  par  le  point  E  soit 
menée  la  verticale  ER;  les  trois  droites  EQ, 
ER,  ES,  étant  comprises  dans  un  même  plan 
qui  est  celui  de  la  roue,  on  pourra  décom- 
poser la  puissance  Q  en  deux  forces  R,  S, 
dirigées  suivant  EG,  EH.  Pour  cela  on  repré- 
sentera cette  puissance  par  la  partie  EF  de  sa 
direction  ;  et  en  achevant  le  parallélogramme 
EGFH,  on  aura 

Q:S::EF:EH, 
Q:R::EF:5P,ouFH; 


on  parce  qu'en  menant  le  rayon  CD  ^  les  deux 
triangles  rectangles  GDE ,  EHF,  seront  sem- 
blables^ et  donneront 

EF:FH:EH::CE:CD:DE, 

QTï  anra 

Q-rSrrCEzDE, 
Q:R::CE:CD. 

Ainsi  y  k  la  place  de  la  puissance  Q  on  pourra 
pirendbre  les  deux  forces  R^  S  ^  dont  les  valeurs 

P      QxCD 

g_QxDE 
^-^     CE      ' 

sont  connues,  puiscpie  la  direction  de  la 
force  Q  étant  donnée ,  tout  est  connu  dans  le 
Inangle  CDE. 

Or  des  deux  forces  R,  S,  la  dernière  étant 
dirigée  vers  Taxe  du  cylindre  qui  est  immo- 
bile, elle  peut  être  regardée  comme  immédia- 
tement appliquée  au  point  C,  et  comme  dé- 
truite par  la  résistance  de  Taxe;  cette  force  ne 
peut  donc  contribuer  en  aucune  manière  au 
mouvement  de  rotation 'du  cylindre,  et  elle 
n*a  d'autre  effet  que  de  comprimer  les  touril- 
lons contre  leurs  appuis.  Donc  il  ne  reste 
que  la  force  R  qui  puisse  être  employée  à 
faire  équilibre  à  la  résistance  P. 
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Actuellement  dans  le  plan  horizontal  KMEN 
soit  mené  le  rayon  du  cylindre  KI^  tpii  sera 
perpendiculaire  à  l'axe  et  parallèle  à  MÔE;  soit 
aussi  menée  la  droite  KE  qui  coupla  l^axè 
quelque  part  en  un  point  L  :  cela  posé,  le 
point  étant  dans  l'axe  y  il  pourra  être  regardé 
comme  immobile  ,  et  la  droite  ,K£  pourra  être 
prise  pour  une  verge  inflexible,  retenue  par 
un  point  d'appui  L,  et  aux  extrémités  de  la- 
quelle sont  appliquées  les  deux  forces  R,  P: 
or  les  directions  de  ces  denx  forces  sont  toutes 
deux  verticales,  et  par  conséquent  parallèles; 
donc, pour  qu'elles  soieiAt en  équilibre,  il  £iut 
qu'eUes  soient  réciproquement  proportion- 
nelles à  leurs  bras  de  levier  LE ,  LK  y  ou  que 
l'on  ait 

• 

R:P::KL:LE, 

Mais  les  triangles  rectangles  semblables  RU^, 
LCE,  donnent  - 

RL:LE::RÏ:ÇE; 

donc  on  aura 

R:P::RI:CE. 

Donc,  en  multipliant  par  ordre  cette  propor- 
tion et  la  suivante  , 

Q:R::CE:CD, 

que  nous  avons  trouvée  plus  haut,  on  aura. 
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dans  le  cas  d'équilibre , 

Q:P::KI:CD; 

c'est-à-dire  que  la  puissance  sera  à  la  résU'^ 
tance  comme  le  rayon  du  cylindre  est  au  rayon 
de  la  roue  ;  ce  qui  répond  à  la  première  ques^ 
tion. 

En  égalant  le  produit  des  extrêmes  de  cette 
proportion  à  celui  des  moyens^  on  a 

QXCD=PXRI: 

d'où  l'on  voit  que,  dans  le  cas  d'équilibre, 
les  momens  de  la  puissance  et  de  la  résis- 
tance, tous  deux  pris  par  rapport  à  l'axe  du 
cylindre,  sont  égaux  entre  eux. 

m. 

i65.  Quant  aux  pres&ioQS  qu^exercent  les 
tourillons  contre  les  points  d'appui^  il  est  clair 
qu'elles  ne  peuvent  être  l'effet  que  des  forces 
P,  Q ,  et  du  point  T  de  la  machine,  que  l'on 
peut  considérer  comme  réuni  à  son  centre  de 
gravité  g^  où,  çn  prenant  toujours  les  deux 
forces  R ,  S  à  la  place  de  la  puissance  Q ,  cçs 
pressions  sont  produites  par  les  quatre  forces 
P,  R,  S,  T. 

Ces  forces  sont  toutes;  connues  :  car,  i""  la 
résistance  P  et  le  poids  T  de  la  machine  sont 
donnés  immédiatement;  a*"  les  deux  autres 
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forces  dont  nous  avons  trouvé  cpe  les  vi« 
leurs  sont  en  général 

^       QXCD 

*^=  ^,  CE      ' 

c       QX  DE 

^=      CE      ' 

dans  le  cas  d'équilibre^  où  FonaQxCD 
=P  X  KJ,  deviennent 


R 
S 


_PXKI 

~     CE    • 
_PXKIXDE 
CD  XCE 


et  ne  renferment  que  des  quantités  connues  ^ 
puisque  la  direction  de  la  puissance  Q  étant 
donnée  y  on  connaît  tout  dans  le  triangle 
rectangle  CDE. 

Or  les  deux  forces  P^  R^  dont  les  directions 
tout  verticales  y  et  qui  sont  en  équilibre  autour 
du  point  L^  exercent  sur  ce  point  de  l'axe 
une  charge  dont  la  direction  est  verticale  y  et 
qui  est  égale  à  leur  somme  P+R.  De  plus  , 
cette  charge  P+R,  étant  portée  par  les  deux 
points  d'appui  en  A  et  B,  doit  être  regardée 
comme  la  résultante  des  deux  pressions  ver* 
ticales  qu'elle  exerce  en  ces  points;  et  on, 
trouvera  chacune  de  ces  pressions  en  parta- 
geant la  résultante  P+R  en  deux  parties  ré- 
ciproquement proportionnelles  aux  distances 

du 
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du  point  L  au  deux  appuis.  Soient  donc  X 
la  pression  qui  en  résnlte  au  point  A  ^  et  X' 
celle  qui  en  résulte  au  point  B  ;  on  trouvera 
ces  deux  pressions  par  les  proportions  sui-* 

Tantes^ 

AB:BL::P+R:X, 

AB:AL::P+R:X'. 

Pareillement  le  poids  T  de  toute  la  ma- 
chine  9  supposé  réuni  au  centre  de  gravité  g  y 
peut  être  regardé  comme  la  résultante  des 
pressions  verticales  qu'il  produit  sur  les  deux 
points  d'appui;  et  on  trouvera  ces  pressions 
en  partageant  le  poids  T  en  deux  parties  réci- 
proquement proportionnelles  aux  distances 

Soient  donc  Y  et  Y'  les  ^pressions  qui  eu, 
tésultent  respectivement  aux  points  A  çt  B  : 
on  trouvera  ces  pressions  par  les  deux  pro-^ 
portions  suivantes^ 

AB:%::T:Y, 
AB:Ay::T:Y'. 

Enfin  la  force  horizontale  S^  appliquée  au 
point  C  de  Faxe^  prcTduit  sur  les  deux  appuis 
des  pressions  horizontales  ^  dirigées  perpen- 
diculairement à  Taxe  AB^  et  dont  elle  est  la 
résultante  :  on  trouvera  de  même  ces  près-* 

%^^s  en  partageant  la  force  S  en  deux  parties 

11 
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réciproquement  proportionnelles  ans  droitaÉ 
AC,  CB.  Soient  donc  Z,  Z',  les  pressions 
horizontales  produites  respeclivement  sur  les 
points  A,  B  :  on  trouvera  ces  pressions  par 
les  deux  proportions  ^ 

AB:BC  ::S:Z;- 
AB:AC::S:Z'. 

Ainsi  le  point  d*appui  A  supporte  les  deux 
pressions  verticales  X^  Y^  et  la  pression  hori- 
zontale Z  qui  agit  dans  le  sens  de  la  force  S. 
Pareillement  le  point  B  éprouve  les  pressions 
verticales  X^,  Y',  et  la  pression  horizontale  ZV 
Donc^  en  composant  pour  chacun  de  ce9 
points  les  forces  qui  agissent  sut  Ini  y  on  trou- 
vera la  grandeur  et  la  direction  de  leur  résul- 
tante^ et  Ton  aura!  la  grandeur  de  la  résistance 
dont  il  doit  être  capable^  ainsi  que  le  sens 
dans  lequel  il  doit  résister^  pour  ne  pas  céder 
aux  efforts  réunis  de  la  résistance  P,  de  la 
puissance  Q  et  du  poids  T  de  la  machine;  c^ 
qui  fait  l'objet  de  la  seconde  question. 

IV.   . 

i66.  Jusqu'ici  nous  avons  regardé  les  cordes 
comme  des  fils  infiniment  déliés  :  mais  lors- 
que le  poids  P  est  suspendu  à  la  corde  KP^  la 
ligne  de  direction  d&  ce  poids  se  confond  aveQ 
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Taxe  de  la  corde;  et  dans  le  cas  ou  la  cotde^ 
«a  se  roulant  sur  le  cyliadre  •  ne  change  pas 
de  figure^  son  axe  est  toujours  éloigné  de  la 
surface  du  cylindre ,  d'une  quantité  égale  au 
demi-diamètre  de  la  corde*  Ainsi  y  à  cause  de 
son  épaisseur^  là  corde  est  dans  le  même  cas 
que  si  y  étant  infiniment  déliée  et  réduite  à  son 
axe  9  elle  s'enveloppait  sur  un  cylindre  dont  le 
rayon  fàt  plus  grand  que  le  rayon  du  cy lind|*e 
de  la  machine  y  d'une  quantité  égale  au  demi^ 
diamètre  de  la  corde.  Il  en  est  de  même  de 
la  corde  de  la  roue,  qui^  à  cause  de  son 
épaisseur ,  peut  être  regardée  comme   une 
ligne  mathématique  enveloppée  sur  une  roue 
dont  le  rayon  est  plus  grand  que  celui  de  la. 
roue  du  tour ,  d'une  quantité  égale  au  demi-* 
diamètre  de  cette  corde.  Donc,  dans  toué  les 
rapports  que  nous  venons  de  trouver ,  il  Êiut 
augmenter  le  rayon  du  cylindre  et  celui  de 
la  roue  de  quantités  respectivement  égales 
aux  demi-cUamètres  des  cordes  qui  les  enve** 
loppent.  Ainsi ,  par  exemple ,  dans  le  cas  de 
réquilibre  du  tour,  la  puissance  Q  est  à  la 
résistance  P  comme  le  rajron  du  cylindre,  ^w^"" 
mente  du  rajron  de  la  corde  KP^  est  au  rayon 
de  la  roue  augmenté  du  rayon  de  la  corde  DQ, 

Y. 

167.  Si  pli^^eors  tours  sont  disposés  de  fîc  :o. 

11 .. 
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manière  que  la  corde  BQ  de  k  roue  du  pni^ 
mier  étant  tîrëe  par  likie  puissance  Q,  la  cordtf 
CE  du  cylindre  de  ce  tour,  au  lieu  d'être 
attachée  immédiatement  à  la  résistance^  soit 
enveloppée  sur  la  roue  du  second;  que  la 
corde  FH  du  cylindre  du  second  soit  pareil- 
lement enveloppée  sur  la  roue  du  troisième^ 
et  ainsi  de  suite  ;  enfin*^  que  la  corde  IP  du 
cylindre  du  dernier  tour  soit  appliquée  à  la 
résistance  P  ;  la  puissance  et  la  résistance  nm 
peuvent  être  en  équilibre ,  à  moins  qu'il  n*j 
ait  équilibre  entre  les  deux  forces  qui  agis* 
sent  sur  chaque  tour  en  particulier.  Ainsi  ^ 
en  nommant  K  la  tension  de  la  corde  CE  y  et 
L  celle  de  la  corde  FH  y  dans  le  cas  de  Téqui-- 
libre  général^  on  a^  i*  a  cause  de  réquilà>r9 
du  premier  tour  (164)^ 

Q:K::CA:AB; 

2*  à  cause  de  l'équilibre  du  second  tour^ 

K:L::DF:DE; 

5*  à  cause  de  l'équilibre  du  troisième  tour^ 

L:P::GI:GH; 

et  ainsi  de  suite  ^  quel  que  soit  le  nombre  des 
tours.  Donc ,  en  multipliant  toutes  ces  pro-:  * 
portions  par  ordre,  on  a 

Q:P::CAxDFxGI:^XDExGH; 
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c^e8t<^à-dire  que  la  puissance  est  à  la  resis-» 
tance  comme  le  produit  des  rayons  des  cy^  - 
lindres  est  au  produit  des  rayons  des  roues. 

Par  exemple^  si  le  rayon  de  la  roue  de. 
chaque  tour  est  quadruple  du  rayon  de  son 
cylindre^  dans  le  cas  de  l'équilibre  entre  troia 
tours  ^  on  a 

Q:P::iXiXi:4x4x4,ou::  1:64. 

On  voit  donc  qu'en  multipliant  de  cette 
manière  le  nombre  des  tours ^  on  pourrait 
mettre  des  puissances  médiocres  6n  état  de 
&ire  équilibre  à  de  très-grandes  résistances; 
mais  on  n'emploie  presque  jamais  cette  dis-- 
position  9  parce  qu'elle  exige  de  trop  grandes 
longueurs  dans  les  cordes  des  premiers  tours> 
lorsque  l'espace  que  doit  parcourir  la  résis-i 
tance  est  un  peu  considérable. 

Vï. 

168.  Lorsque  l'on  veut  profiter  des  avan-  Fîg.  74. 
tages  de  cette  disposition,  i*  on  supprime  les 
cordes  qui  transmettent  le  mouvement  d'un 
tour  à  l'autre  ;  â"*  on  pratique  à  la  circonfe* 
rence  de  chaque  roue  des  dents  également' 
espacées;  5"*  on  assegÉ>le  solidement  sur 
l'arbre  de  chacune  des  roues  dentées  une  au-« 
tre  roue  pareillement  dentée  d'un  diamètre 
plus  petit ^  et  qu'on  appelle  pignon}  4*  enfin 
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on  dispose  tout  le  système  de  manière  qaê 
les  dents  de  chaque  pignon  engrènent  avec 
les  dents  de  la  roue  suivante.  Par  là  une  roue 
ne  saurait  tourner  sur  son  axe ,  à  moins  que 
son  pignon  n'entraine  la  roue  avec  laquelle 
il  engrène^  et  ne  la  fiasse  tourner  sur  son  axe; 
et  le  nombre  des  révolutions  que  chaque  pi<- 
gnon  peut  fsiire  faire  à  la  roue  suivante  est 
illimité.  Les  choses  sont  donc  dans  le  méme- 
ëtat  que  si  ce  pignon^  considéré  comme  le 
cylindre  d'un  tour^  et  la  roue  avec  laquelle 
il  engrène  ^  étaient  embrassés  par  une  même 
corde  y  conmie  dans  le  cas  précédent. 

Donc  y  lorsqu'une  puissance  Q  appliquée  k 
la  circonférence  de  la  première  roue  est  en. 
équilibre  avec  une  résistance  P  appliquée  à 
la  circonférence  du  dernier  pignon ,  la  puis-« 
sance  est  à  la  résistance  comme  le  produit 
des  rayons  des  pignons  est  au  produit  des 
rayons  des  roues. 

vn. 


I 


[69.  On  emploie  les  roues  dentées  dans  un 
très-grand  nombre  de  machines^  principale- 
ment dans  les  moulins  et  dans  les  ouvrages 
d'horlogerie.  Leui*  ol|et  immédiat  est  de  com- 
muniquer à  un  cylindre  ou  à  un  arbre  un  mou- 
vement de  rotation  sur  son  axe,  à  l'aide  da 
mouvemenijde  rotation  d'un  autre  arbre.  Pour 


M  8TÀTIQTTS.  l6f 

tela  3  n'eftt  pas  nécessaire  que  les  axes  des 
'   deux  arbres  soient  parallèles^  comme  nous 
l'avons  toujours  supposé;  il  suffit  qu'ils  soient 
dans  un  même  plan. 

1 70.  Lorsque  les  axes  des  deux  arbres  sont 
à  angles  droits ,  pour  l'ordinaiie  on  place  les 
dents  perpendiculairement  au  plan  de  la  roue^ 
comme  on  le  voit^g".  72  ;  alors  elles  peuvent  Fig.  7^ 
engrener  avec  celles  du  pignon ,  ou  avec  les 
fuseaux  de  la  lanterne  AB  qui  £ait  l'effet  d'un 
pignon;  dans  cet  engrenage  les  dents  de  la 
roue  sont  forcées  de  glisser  sur  les  fuseaux 
dans  le  sens  de  Taxe  de  la  lanterne^  ce  qui 
donne  lieu  à  un  frottement  de  plus. 

171.  En  général  9  quel  que  soit  l'angle  BAC  F»s-  73* 
que  font  les  axes  des  deux  ar)>res^  pour  que 

le  mouvement  de  rotation  de  l'un  puisse  se 
Icommimiquer  à  l'autre  au  moyen  de  deux 
roues  dentées  DEFG  y  EHIF,  et  que  les  dents 
ne  glissent  pas  les  unes  sur  les  autres  dans  le 
«ens  des  axes^  il  £aiut  que  ces  deux  roues  soient 
des  tronçons  de  deux  c6nes  DAE^  EAH^  qui 
aient  même  sommet  A ^  et  dont  les  axes  coïn- 
cident avec  ceux  des  arbres;  et  de  plus,  que 
les  dents  des  deux  roues  soient  terminées  par 
des  sur&ces  coniques  qui  aient  encore  pour 
eommet  commun  le  même  point  A. 
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VUI. 

173.  Le  cric  est  encore  une  maclime  qni 
peut  se  rapporter  au  tour. 
[.  Le  cric  sim|de  est  composé  d'une  bure  de 
fer  ABy  garnie  de  dents  à  l'nne  de  ses  &ce8, 
et  mobile  dans  le  sens  de  salongueur  an  dedans 
d'une  châsse  DE.  Les  dents  de  la  barre  en- 
grènent avec  celles  d'un  pignon  C  que  l'on 
&it  tourner  sur  son  axe  au  moyen  d'une  ma- 
nivelle F.  Les  dents  du  pignon  entraînent 
celles  de  la  barre,  et  fbntmonterle  poids  qui 
repose  sur  la  tête  A  de  la  barre,  ou  qui  est 
soulevé  par  le  crochet  B.  Cette  machine  n'est, 
comme  on  voit,  autre  chose  qu'un  tour,  et  il 
est  évident  que  dans  le  cas  d'équilibre,  et  en 
supposant  que  la  direction  de  la  puissance 
soit  perpendiculaire  au  bras  de  la  maniTelle, 
la  puissance  est  à  larésistancecommelerayon 
du  pignon  est  au  bras  de  la  manivelle. 

Dans  le  cric  composé,  les  dents  du  pre- 
mier pignon  engrènent  avec  ceUes  d'une  roue 
dentée,  et  les  deuts  du  pignon  de  cette  roue 
engrènent  avec  celles  de  la  barre.  Par  là  on 
met  la  puissance  en  état  de  faire  équilibre  à 
une  plus  grande  résistance.  Ce  cas  se  rap- 
porte à  celui  des  roues  dentées,  et  nous  ne 
nous  étendrons  pas  davantage  à  son  sujet. 
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175.  Lorsque  deux  puissances  sont  en  équi-^ 
libre  au  moyen  d'une  poulie  ou  d'un  tour,  il 
est  bien  évident  qu'on  peut  les  considérer 
comme  si  elles  étaient  en  équilibre  aux  extré- 
mités d'un  levier  dont  le  point  d  appui  serait 
dans  Taxe  du  tour  onde  la  poulie;  donc(i5i) 
ces  puissances  sont  entre  elles  réciproque- 
ment comme  les  espaces  qu'elles  parcourraient 
suivant  leurs  directions,  si  l'équilibre  étak 
infiniment  peu  troublé. 

Article  III, 

De  rÊquilibre  du  Plan  incliné. 

174.  On  dit  qu'un  plan  ABCD  est  incliné,  Fig.  ^S* 
lorsqu'il  ait  un  angle  avce  un  plan  horizontal 
ABEF,  et  que  cet  angle  n'est  pa»  droit.  * 

i?^-  Si  par  un  point  quelconque  H  prii 
sur  la  droite  AB  d'intersectionidu  plan  indiné 
et  du  plan  horizontal  on  mène  deux  perpen- 
diculaires à  cette  droite^  l'une  HK  dans  le 
plan  horizontal  /  et  l'autre  HI  dans  le  plan 
incliné,  l'angle  IHR  formé  par  ces  deux  per- 
pendiculfidres  est  la  mesure  de  l'inclinaison 
du  plan.  Le  plan  de  l'angle  IHK,  qui  passe 
par  deux  droites  perpendiculaires  à  AB,  est 
.  perpendiculaire  à  la  droite  AB;  donc  il  est 
perpendiculaire  aux  deux  plans  ABCD  et 
ABÈF,  qui  se  coupent  dans  cette  droite;  donc 


lesquelles  il  coupe  ces 
soûl  atisjii  perpeiidiculai 
entre  elles  un  augle  IIJ 
de  l'incliDaison  du  plan 
au  plan  horizontal. 

177.  Si  par  le  point  I 
cile  IL,  cette  droite  m 
de  l'angle  IHKj  elleren 
rizontale  HK  à  laquelle 
calaire,  et  elle  formera 
HtL.  L'hypoténuse  HI 
Bomme  longueur  du  pla 
en  est  la  hauteur,  et  l'ai 
la  base. 

I. 

^t-'fi-  iy8.  Lorsqu'un  corps 
seul  point  Q  un  plan  va 
poussé  par  une  force  un) 
rection  PQ,  i"  passe  par 
Q,  a*  est  perpendiculaire 
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En  effet,  on  pent  concevoir  (jne  la  force  P 
loit  appliquée  au  point  Q  de  sa  direction.  Or 
cette  direction  étant  perpendiculaire  au  plan  , 
et  par  conséquent  Ji  toutes  les  droites  QR  , 
QS,  QT,  que  l'on  peut  mener  dans  le  plan 
par  le  point  Qj  elle  est  semblablement  dis- 
'posée  par  rapport  à  toutes  ces  droites;  il  n'y 
a  donc  pas  de  raison  pour  que  le  point  Q  se 
meuve  plutôt  suivant  l'une  d'entre  elles  que 
suivant  toute  autre;  donc  ce  point,  et  par 
conséquent  tout  le  corps  restera  en  repos. 

1 7g.  Les  conditions  qu'on  vient  de  rap-  Kf-  57- 
porter  sont  toutes  deux  nécessaires  pour  que 
ie  corps  reste  en  repos:  car,  i"  si  la  direc- 
tion' PI  de  la  force  ne  passe  pas  par  le  point 
de  contact,  rien  n'empêche  le  point  G  du 
corps  qui  est  sur  cette  direction,  de  s'appro- 
cher du  plan,  et  le  corps  doit  se  mettre  en 
mouvement,  a*.  Si  la  direction  PQ  de  la  force  Fig.  ^s. 
passe  par  le  point  de  contact,  et  n'est  pas  per- 
pendiculaire au  plan,  en  concevant  toujours 
cette  force  appliquée  au  point  Q,  soit  pro- 
longée sa  direction  en  QR,  et  par  le  point 
Q  soit  menée  la  droite  QS  perpendiculaire  au 
plan;  par  lesdeux  droites  QR,  QS,  soit  mené 
un  plan  qui  coupera  le  premier  plan  ABCD 
quelque  part  dans  une  droite  HI  qui  passera 
par  le  point  Q.  Cela  posé  ,  si  Ton  représente 
ia  force  P  par  la  partie  QR  de  sa  direction  , 
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et  qu'on  achève  ïe  parallélogramme  QTRS,  à 
la  place  de  la  force  F  on  pourra  prendre  les 
deux  forces  représentées  par  QS  etQT.  Or  la 
force  QS  qui  passe  par  le  point  de  contact,  et 
dont  la  direction  est  perpendiculaire  au  plan 
ABCD,  sera  détruite  par  la  résistance  de  ca 
plan  C178]  :  mais  rien  ne  s'opposeraàractioa 
de  la  force  QT  dont  la  direction  est  parallèle 
au  plan  ;  le  point  Q  se  mouvra  donc  dans  le 
sens  QH,  et  le  corps  ne  sera  pas  en  repos. 

ri|.  n-  ^^-  U  suit  de  là  que  lorsqu'un  corps  anima 
par  la  seule  action  de  sa  pesanteur  repose  ea 
équilibre  sur  un  pian  ABCD  qu'il  touche  à  un 
seul  point  Q,  1*  le  centre  de  g;raTité  P  de  ce 
corps  et  le  point  de  contact  Q  sont  dans  une 
même  verticale  ;  a*  le  plan  ABCD  est  bon* 
zontal  :  car  le  poids  du  corps  pouvant  être 
regardé  comme  une  force  unique  appliquée 
i  son  centre  de  gravité,  le  corps  ne  peut  être 
en  repos,  à  moins  que  la  direction  de  cette 
force  ne  passe  par  le  point  de  contact  et  ne 
soit  perpendiculaire  au  plan  sur  lequel  le 
corps  est  appuyé. 

ng.  ;8.  ^^i*  1'  s^t  encore  que  lorsqu'un  corps 
animé  par  la  seule  action  de  la  pesanteur  est 
appuyé  sur  un  plan  incliné  ABCD  par  un  seul 
de  ses  points  Q,  et  que  ce  point  se  trouve 
dans  la  verticale  menée  par  le  centre  de  gra- 
vité, ce  corps  doit  tendre  à  glisser  sur  le  plan  , 
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et  la  direction  QH,  suivant  laquelle  le  point 
Q  tend  à  se  mouvoir^  est  Tintersection  du  plan 
ABCD  avec  le  plan  IHK^  qui  est  en  mêmç 
temps  vertical  et  perpendiculaire  au  plan 
incliné. 

1 82.  Ce  que  nous  venons  de  dire  d'un  corps  *'*8-  ^ 
poussé  par  une  seule  force  contre  un  plan  ^ 
doit  s'appliquer  à  un  corps  poussé  contre  une 
surÊEice  courbe  AQB  qu'il  ne  touche  qu'en  un 
point  Q;  c'est-à-dire  que  ce  corps  ne  peut 
être  en  repos  ^  à  moins  que  la  direction  de  la 
force  qui  le  pousse  ne  passe  par  le  point  Q^ 
et  qu'elle  ne  soit  perpendiculaire  à  la  sur£sice 
courbe  en  ce  point  :  car  ce  corps  peut  être 
considéré  comme  appuyé  sur  le  plan  DE  qui 
seroit  tangent  à  la  surÊice  courbe  au  point  Q« 

1 85.  On  voit  donc  que  lorsqu'un  levier  peut 
glisser  sur  son  point  d'appui^  il  ne  suffit  pas^ 
pour  qu'il  reste  en  repos  y  que  la  résultante 
des  deux  puissances  qui  sont  appliquées  à  ce 
levier  soit  dirigée  vers  le  point  d'appui;  il 
faxLi  encore  que  la  direction  de  cette  résul- 
tante soit  perpendiculaire  à  la  surface  du  le- 
vier dans  le  point  où  il  touche  l'appui. 

n. 

184.  Lorsqu'un  corps  poussé  par  une  force  pîg.  $$. 
unique  P  contre  up  plan  immobile  ABCD  est 


; 
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appuyé  sur  ce  plan  par  une  base  finie  ITXYX-j 
.  si  la  direction  PQ  de  la  force  rencontre  br 
base  quelque  part  en  un  point  Q ,  et  si  eUe  est 
en  même  temps  perpendiculaire  an  plan ,  lei 
corps  reste  en  repos  ;  car  nous  ayons  vu  (i  78) 
que  si  la  base  étoit  réduite  au  seul  point  Q^ 
le  repos  aurait  lieu  :  il  est  évident  que  les  autres 
points  d'appui  que. présente  la  base  ne  peu- 
vent pas  le  troubler. 

On  démontrera^  comme  dans  l'article  (i  79}^ 
que  ces  conditions  sont  toutes  deux  nécessaires 
pour  que  le  corps  reste  en  repos  :  l'effet  àe  la 
première  est  d'empêcher  le  corps  de  tourner 
sur  un  des  côtés  de  sa  base  ;  l'effet  de  la  se- 
conde est  de  l'empêcher  de  glisser  sur  le  plan 
ABCD. 

i85.  Si  le  corps ^  au  lieu  d'être  appuyé  sur 
le  plan  par  une  base  continue^  le  touche  sim- 
plement par  plusieurs  points  séparés  les  uns 
des  autres  y  on  peut  regarder  ces  points  comme 
les  sommets  des  angles  d'une  base  polygonale  ^ 
et  le  coi^s  est  en  repos  lorsque  la  direction 
de  la  force  qui  le  pousse  contre  le  plan,  est 
perpendiculaire  à  ce  plan,  et  qu'en  même 
temps  elle  passe  par  Vintérieur  du  polygone, 
lig.  8a.  Ainsi  le  poids  d'un  corps  pouvant  être  re- 
gardé comme  une  force  appliquée  à  son  centre 
de  gravité  P,  et  dont  la  direction  est  verticale, 
•ft  voit;i,  I*  qu'un  corps  qui  repose  par  Sybase 
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fur  un  plan  horizontal  ABGD^  ne  peut  être 
stable^  à  moins  que  la  verticale  PQ  menée  par 
le  centre  de  gravité  ne  rencontre  un  point 
quelconque  Q  de  la  base;  2"*  que  si  ]e  corps 
pose  sur  le  plan  par  un  certain  nonjbre  de 
points  d'appui 9  U^  X,  Y^  etc.  • . .  il  ne  peut 
être  stable ,  à  moins  que  la  verticale  PQ  menée 
par  son  centre  de  gravité  P  ne  passe  par  un 
point  Q  pris  dans  Tintérieur  du  polygone 
UXY^  que  l'on  formerait  en  joignanj^  les  points 
d'appui  extérieurs  par  des  droites  UX^ 
XY,YU. 

m. 

186.  Jusqu'ici  nous  avons  supposé  que  le 
corps  appuyé  contre  un  plan  était  poussé  par 
une  force  unique;  mais  il  est  évident  que  si 
le  corps  est  poussé  par  plusieurs  forces  eu 
même  temps  ^  il  ne  peut  être  en  repos ,  à  moins 
que  la  résultante  de  toutes  ces  forces  ne  satis- 
fasse aux  conditions  précédentes^  c'est-à-dire^^ 
à  moins  que  la  direction  de  cette  résultante 
ne  soit  perpendiculaire  au  plaii^  et  qu'elle  ne 
passe  par  la  base  du  corps.  Il  y  a  donc  dans 
ce  cas  une  troisième  condition  nécessaire  au 
repos  du  corps  ^  et  cette  condition  est  que 
toutes  les  forces  qui  agissent  sur  lui  aient  une 
résultante. 

Toute  la  dtforie  de  l'équilibre  d'un  co/ps 
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poussé  par  tant  de  forces  qu'on  voudra  ^  et 
appuyé  contre  un  seul  plan  résistant ,  consiste 
dams  la  recherche  des  directions  et  des*  gran- 
deurs que  ces  forces  doivent  avoir  ^ur  que 
les  trois  conditions  que  nous  venons  d'énoncer 
soient  remplies.  Nous  nous  contenterons  de 
la  développer  pour  quelques  cas  simples^  et 
,  principalement  pour  celui  où  le  corps  est 
poussé  par  deux  forces. 

IV. 

Fif.  81.  187.  Soit  donc  LUZ  un  corps  appujré  par 
une  base  UXYZ  contre  un  plan  résistant 
ABCD,  et  tiré  en  même  temps  par  deux 
forces  R ,  S.  D'après  ce  qui  précède  pour  que 
le  corps  soit  en  repos ^  il  faut,  i^  que  les  deux 
forces  R,  S  aient  une  résultante:  or  deux 
forces  ne  peuvent  avoir  une  résultante,  à 
moins  que  leurs  directions  ne  soient  dans  un 
même  plan  (10);  donc  i""  les  directions  des 
deux  forces  R ,  S  doivent  être  comprises  dans 
un  mê{ne  plan,  et  concourir  en  un  certain 
point  N. 

a*.  Il  faut  que  la  direction  PQ  de  la  résul- 
tante des  deux  forces  R,  S  ^oit  perpendicu- 
laire au  plan  ABCD  :  or  la  résultante  de  deux 
forces  est  toujours  comprise  dans  le  plan 
SKné  par  leurs  directions  ;  ^nc  2"*  le  plan 

dans 


n. 
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dans  lequel  sont  dirigée^  les  deux  forces  R^  S 
doit  être  perpendiculaire  au  plan  ABCD. 

S"".  Il  faut  que  la  direction  PQ  de  la  résul-^ 
tante  passe  par  un  point  Q  de  la  base. 

i88.  Il  suit.de  là  que  si  Tune  des  deux 
fotûe^y  par  exeniple  la  force  R,  est  le  poids 
du  corps  que  Ton  petit  <:^onsidérer  comme 
appliqué  au  centre  de  gravité  M^  et  dont  la 
direction  MR  est  verticale^  le  corps  ne  peut 
rester  en  repos  sur  le  plan  incliné  ABCD^  à 
moins  que  la  direction  NS  de  Tautre  force  ne 
soit  comprise  dans  tin  plaii  vertical^  mené 
par  le  centre  de  gravité  M,  perpendiculaire- 
ment au  plan  incliné  y  et  que  de  plus  la  direc- 
tion PQ  de  la  résultante  des  deux  forces  ne 
toit  perpendiculaire  au  plan  incliné  ^  et  ne 
passe  par  un  point  Q  de  la  base  du  corps. 

Actuellement  toutes  ces  conditions  qui  sont 
^relatives  aux  directions  des  forces^  étant  sup- 
posées remplies,  cherchons  les  rapports  que 
les  deux  forces  R,  S  et  la  charge  P  du  plan 
ont  eûtre  elles  dans  le  cas  de  l'équilibre. 


1 89.  Soît  LXtf  un  HùTps  appuyé  par  sa  base  pj    ^^ 
tJX  sur  un  plan  résistant  HI,  et  maintenu  en 
repos  contre  ce  plan  parles  deux  forces  R,  S. 
Après  avoir  prolongé  les  directions  des  deux 


la 


N 
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forces  jusqu'à  ce  qu'elles  se  soient  rencontrées 
en  un  point  N  y  soit  menée  par  ce  point  la 
droite  N P  perpendiculaire  an  plan  HL  Noua 
avons  vu  que  cette  droite  sera  la  direction  de 
la  résultante  des  deux  forces  R^  S.  Donc^  si 
Ion  représente  cette  résultante  par  la  partie 
NE  de  sa  direction  ^  etsi^  en  menant  par  le 
point  E  les  droites  £G^  £F^  parallèles  aux 
directions  des  forces  R  9  S ,  on  achève  le  pa^ 
rallélogramme  NFEG,  les  côtés  NF^  NG  r^ 
présenteront  les  grandeurs  des  forces  R ,  S. 
Donc^  en  nommant  P  la  charge  du  plan  qui 
est  égale  à  la  résultante^  on  aura 

R:S:P  ::  NF:NG  ou  FE;NE. 

Pour  avoir  les  rapports  de  ces  trois  forces 
exprimés  en  quantités  indépendantes  de  la 
construction  du  parallélogramme  NFEG^  on 
remarquera  que  dans  le  triangle  NEF  les  côtés 
sont  entre  eux  dans  le  rapport  des  sinus  des 
angles  opposés^  ou  que  Ton  a 

NF  :  FE  :  EN  :  :  sin.  NEF  :  sin.  FNE  :  sin.  NFE. 

Donc  on  aura 

R  :  S  :  P  ::  sin.  NEF  :  sin.  FNE  :  sin.  NFE. 

Or  ces  trois  angles  sont  ceux  que  forment 
entre  elles  les  directions  des  trois  forces  R, 
S^  P;  donc  ces  forces  sont  entre  ejles  chacune 
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comme  le  sinus  de  l'angle  qae  forment  les 
directions  des  deux  autres. 

On  Toit  donc  que  des  six  choses  que  Ton 
peut  considérer  dans  cet  équilibre,  et  qui 
sont  les  directions  des  trois  forces  et  leuré 
grandeurs,  trois  quelconques  étant  données ^ 
on  déterminera  les  trois  autres,  dans  tous  1m 
cas  où  des  six  choses  que  l'on  considère  dans 
le  triangle  NEF,  savoir,  les  angles  et  les  côtés  ^ 
les  trois  analogues  étant  données ,  on  pourra 
déterminer  les  trois  autres. 

190.  Si  l'une  des  forces^  par  exemple  la  Fig,  84. 
force  R,  est  le  poids  du  corps,  dont  Ja  di- 
rection est  verticale,  et  passe  par  le  centre 
de  gravité  M,  et  que  la  direction  de  la  forc# 
S  qui  retient  le  corps  en  équilibre  sur  le  plan 
incliné,  soit  parallèle  à  ce  plan,  soient  niené^ 
la  base  HK  et  la  hauteur  Kl  du  plan  incliné; 
les  triangles  rectangles  NFE,  IHR  seront 
semblables,  parce  que  les  angles  NFE,  HIK, 
dont  les  côtés  sont  parallèles  chacun  à  chacun, 
seront  égaux,  et  l'on  aura 

NF:FE:EN::HI:IK:ïUii 

donc  on  aura  aussi 

R:S:P::HI:IK:RH. 


i   ^ 


Ainsi ^  dans  ce  cas,  le  poids  du  corps  est^ 

19  •«: 
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la  force  qui  le  tie^t  en  équilibre,  coimae  laf 
longueur  du  plan  iocliné  est  à  sa  haufeur. 
Fif.  «s.  191 .  En  supposant  toujours  que  la  force  R 
,ioit  le  poids  du  corps,  sî  la  du^ection  de  la 
force  S  est  horizontale,  et  par  conséqnent 
parallèle  à  la  base  HR  du  plan  incliné,  le» 
triangles  rectan^es  NFE,  HKI  sont  encors 
semblables  ,  parce  que  les  c6tés  de  l'on  seront 
petpendiculaires  aux  c6tés  de  Tantre,  ^  l'on 
anra 

NF:FE:EN::HK:KI:1H. 

On  aura  donc  aussi 

R;S:P::HK:KI:1H. 

Donc  alors  le  poids  du  corps  est  à  la  force 
qui  le  tient  en  équîlibrej  comme  la  base  du 
plan  incliné  est  à  sa  hauteur. 

VI. 

fif-  66.  '9^*  Considérons  actuellement  l'équilibre 
d'un  corps  soutenu  par  deux  plans  inclinés. 
Soit  M  un  corps  soumis  à  ta  seule  aclion  de  la 
pesanteur,  et  retenu  par  les  deux  plans  îdcH- 
nés  ABCp,  ABEF,  qui  se  coupent  quelque 
part  dans  la  droite  A£.  SoientH,  I,  les  points 
par  lesquels  le  corps  touche  les  deux  plans , 
et  GR.  la  verticale  menée  par  son  centre  de 
graTÎté,  et  qui  sera  par  conséquent  la  direc- 
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tîoQ  de  son  poids.  11  est  évident  que  ce  corps 
ne  peut  rester  en  repos,  à  moios  que  son 
poids  R  ne  puisse  sç  décomposer  en  deux  au- 
tres forces  P,  Q,  appliquées  au  même  corps, 
et  qui  soient  détruites  par  les  résistances  des 
,  deux  plans;  ou,  ce  qui  revient  au  même,  à 
moins  que  les  directions  des  deux  forces  P,  Q, 
ne  passent  par  les  points  d'appui  I,  H,  et  ne 
soient  perpendiculaires  chacune  au  plan  in- 
cliné correspondant  :  or  la  direction  d'une 
force  et  c^es  de  ses  deux  composantes  sont 
comprises  dans  un  même  plan,  etsc  rencon- 
trent nécessairement  en  un  même  point;  donc, 
pour  que  le  corps  M  puisse  rester  en  repos 
entre  les  deux  plans  inclinés^  il  faut  que  les 
perpendiculaires  lO,  HG,  menées  par  les 
points  d'appui  I,  H,  aux  deux  plans  inclinés , 
soient  dans  un  même  plan  avec  la  verticale 
menée  par  le  centre  de  gravité  du  corps,  et 
rencontrent  eette  v»'ticale  en  -on  même 
point  G. 

igS.  Il  suit  de  là  que  pour  qu'un  corps  M 
soit  en  repos  entre  deux  plans  inclines,  indé- 
'  pendamment  de  la  position  du  corps ,  les  plans 
doivent  satisfaire  à  la  condition  que  la  droit» 
AB  de  leur  intersection  soit  horizontale.  En 
effet  le  plan  IGH^  qui  doit  contenir  ta  ver- 
ticale GR,  elles  perpendiculaires.  IG,  HG, 
aux  deux  plan»  inclinés ,  est  en  même  temps 


l82  TBAITÉ   éLlËBIENTAIRV 

Vertical  et  perpendiculaire  à  ces  deux  plans  ; 
donc,  réciproquement,  les  deux  plans  in- 
clines doivent  être  perpendiculaires  au  plan 
vertical  IGH;  donc  la  droite  AB  de  leur  in- 
tersection doit  être  jperpendiculaireàceméme 
plan,  et  par  conséquent  horizontale. 

194*  Ces  conditions,  qui  ont  pour  objet 
les  positions  respectives  du  corps  et  des  deux 
plans    inclinés,  étant   supposées  remplies^ 
jpôur  trouver  le  rapport  du  poids  R  du  corps 
aux  charges  P,  Q,  que  supportait  les  deux 
plans ,  nous  remarquerons  que  le  plan  IGH , 
Vertical  et  perpendiculaire  aux  deux  plans  in- 
clinés,  contenant  les  angles  que  ces  deux 
plans  forment  avec  l'horizon ,  renferme  tout 
ce  qui  est  relatif  à  la  question,  et  qu'on  peut  se 
contenter  de  le  considérer  seul  comme  dans 
^'K-  ^7  \2iJ1gure  87.  Soient  donc  AD,  AF,  les  inter- 
sections du  plan  vertical  IGH  avec  les  deux 
plans  inclinés;  ces  droites  forment,  avec  Vho- 
rîzontale  UZ,  ou  avec  toute  autre  horizontale 
HY  des  angles  qui  mesureront  les  inclinai- 
sons des  deux  plans.  Cela  posé,  si  Ton  repré- 
sente le  poids  du  corps  par  la  partie  GR  de 
sa  direction,  et    qu'on    achève   le  parallélo- 
gramme GPRQ,  on  aura 

R:P:Q::GR:RQ:QG. 
Or  les  Uiangles  GQR,  H  A  Y,  dont  les  côtés 


k. 
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sont  peq>endîculaires  chacun  a  chacun^ 
dooneat 

GR:RQ:QG::HY:YA:AH; 

donc  on  aura  aussi 

R:P:Q::HY:yA:AHj 

ou  enfin,  parce  que  les  côtés  du  triangle  HA  Y 
sont  proportionnels  aux  sinus  des  angles  op* 
posés,  on  aura 

R  :  P  :  Q  ::  sin.  YAH  :  siiï.  AHY  :  sin. HYA  ; 

c'est-à-dire  cpi'en  représentant  4e  poids  du 
corps  par  le  sinus  de  Tangle  que  forment 
entre  eux  les  deux  plans  iaclipés,  les  charges 
que  supportent  ces  deux  plans  spnt  entre  elles 
réciproquement  comme  les  sinus  des  angles 
que  ces  plans  forment  avec  Tbori^son. 

vn. 

195.  Enfin ,  si  un  corps  est  appuyé  par  trois  Fig  88. 
points  A,  B,  C,  sur  trois  plans  inclinés^  il 
est  évident  que  ce  corps  ne  pourra  rester  en 
repos,  à  moins  que  son  poids  P,  dont  la  di- 
rection DP  est  verticale ,  et  passe  par  le  centre 
de  gravité  du  corps ,  ne  puisse  se  décomposer 
en  trois  autres  forces  Q,  R,  S,  qui  «oient 
détruites  par  les  résistances  des  plans  inclinés; 
c'est-à-dire^  à  moins  que  les  directions  des 
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trois  forces  Q ,  R,  S^^  ne  passent  par  les  trai« 
points  d'appui  j  et  ne  soient  perpendiciilaires 
chacune  au  plan  incliné  correspondant. 

ig6.  Pour  que  le  corps  soit  en  repoa»  il  £siqt 
donc  que  son  poids  P  puisse  se  décomposer 
en  deux  forces  Q ,  X ,  dont  la  première  Q  étant 
dirigée  vers  un  des  points  d'appui  A^  perpen;^ 
diculaîrementau  plan  incliné  qui  passe  ptar  ce 
point  ^  l'autre  force  X  puisse  elle-même  se 
décomposer  en  deux  autres  R^.  S^  dirigées 
vers  les  deux  autres  points  d'appui  B^  C^ 
perpendiculairement  chacune  à  chacmi  dea 
deux  autres  plans  inclinés^ 

On  voit  donc  que  dans  ce  cas  il  n^est  pas 
nécessaire  que  les  perpendiculaires  aux  plans 
inclinés^  menées  par  les  points  de  contact  A, 
B^  C^  se  rencontrent  toutes  trois  en  un  même 
point,  ni  même  qu'elles  rencontrent  toutes 
trois  la  verticale  menée  par  le  centre  de  gra- 
vité du  corps. 

THÉORÈME; 

tig.  «^.  197.  Lorsqitwi  corps  sans  pesanteur ^  ap^ 
pujé  contre  un  plan  incliné  BC  par  un  point 
unique  Cy  est  en  équilibre  entre  deux  puis^ 
sances  Py  Q,  ces  puissances  sont  entre  elles 
réciproquement  comme  les  espaces  qu  elles par^ 
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courraient  suivant  leurs  directions,  si  Véqtàir- 
libre  était  infiniment  peu  troublé. 

DÉMONSTRATION.  Les  dcux  puissances 
P)  Q ,  étant  en  équilîbpe ,  leur  résultante  doit 
être  perpendiculaire  au  plan  incliné,  et  passer 
par  le  point  d'appui  C  (186)  ;  il  suit  de  là  que 
les  directions  de  ces  puissances  doivent  coit< 
courir  en  un  certain  point  G,  et  que  la 
droite  GC  doit  être  perpendiculaire  au  plaa 
ineliné.  Cela  posé, du  point  C  soient  abaissées 
sur  les  directions  des  puissances  P,  Q^  les 
perpendiculaires  CE,  CF  :  il  est  évident  que 
l'angle  ËCF,  supposé  invariable,  peut  être 
considéré  comme  un  levier  coudé,  aux  extré- 
mités duquel  sont  appliquées  les  deux  puis- 
sances en  équilibre  autour  du  point  d'appui  C; 
donc  on  démontrera,  comme  dans  l'art.  i5i , 
que  les  puissances  sont  entre  elles  récipro- 
quement comme  les  espaces  qu'elles  parcour- 
raient suivant  leurs  directions,  si  l'équilibre 
était  infiniment  peu  troublé. 

De  la  Fis. 

198.  Si  l'on  conçoit  qu'un  cylindre  ABCD  pi,,  g 
soit  enveloppé  d'un  fil  AGHIK.....  disposé  de 
manière  que  les  angles  FLO,  FMP,  FNQ. . . . 
formés  par  la  direction  du  fil  avec  des  droites 
menées  sur^  surface  du  cylindre  parallèle- 
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ment  à  l'axe  ^  soient  partout  égaux  entre  eux^ 
la  courbe  que  trace  le  fil  sur  la  aur&ce  du 
cylindre  se  nomme  hélice. 

1g9.Il  suit  de  là  que  si  Ton  développe  la 
surface  du  cylindre ,  et  qu'on  Fétende  sur  un 
plan^  comme  on  voit  en  abcdj  i^  le  dévelop- 
pement ah  ou  hk  d'une  révolution  de  ThéUce 
sera  une  ligne  droite^  parce  que  les  angles 
que  cette  ligne  formera  avec  toutes  les  droites^ 
telles  que  ef^  menées  parallèlement  au  côté 
àdy  seront  égaux  entre  eux.  3*.  Ce  développe- 
ment ah'  d'une  révolution  d'hélice  sera  l'hyper 
ténuse  d'un  triangle  rectangle  d^&'dontla  base 
ah  sera  égale  à  la  circonférence  de  la  hsLse  du 
cylindre^  et  dont  la  hauteur  bh'  sera  égale  à  la 
distance  de  la  révolution  que  l'on  considère 
à  la  révolution  qui  la  suit.  S"".  Toutes  les  hy- 
poténuses ah\  hk  étant  parallèles  entre  eUes, 
les  triangles  rectangles  abky  hhk. . . .  etc. , 
seront  tous  égaux  et  semblables,  et  auront 
des  hauteurs  égales.  Donc  les  intervalles  LM, 
MN....  entre  deux  révolutions  consécutives 
de  rhélice  considérée  sur  la  surface  du  cy- 
lindre sont  partout  égaux  entr<?  eux. 
>»ff-  9»  I  :200.  Cela  posé ,  la  vis  peut  être  considérée 
comme  un  cylindre  droit,  enveloppé  d'un 
filet  saillant,  adhérent  et  roulé  en  hélice  sur 
la  surface  du  cylindre.  Le  plus  souvent  la 
forme  du  filet  est  telle,  que  si  90  le  coupe 
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par  un  plan  mené  par  l'axe  du  cylindre ,  sa 
section  est  un  triangle  isocèle ,  comme  on  voit 
Jigure  92.  Maïs  dans  les  grandes  vis  que  l'on 
exécute  avec  soin,  la  section  du  filet  est 
rectangulaire,  comme  dans  l^ijig.  91.  L'in- 
tervalle constant  AB  qui  se  trouve  entre  deux 
révolutions  consécutives  du  filet,  se  nomme 
hauteur  du  pas  de  la  vis ,  ou  simplement  pcis 
de  la  vis. 

20 1 .  La  pièce  MN ,  dans  laquelle  entre  la 
vis,  se  nomme  ecrou.  Sa  cavité  est  revêtue 
d'un  autre  filet  saillant,  adhérent,  plié  de 
même  en  hélice ,  et  dont  la  figure  est  telle , 
qu'il  remplit  exactement  les  intervalles  que 
laissent  entre  eux  Les  filets  de  la  vis.  Par  là  la 
vis  peut  tourner  dans  son  écrou,  mais  elle  ne 
peut  le  faire  sans  se  mouvoir  dans  le  sens  de 
son  axe,  et,  pour  une  révolution  entière,  elle 
se  meut  daAs  le  sens  de  l'axe  d'une  quantité 
égale  au  pas  de  la  vis. 

202.  Quelquefois  la  vis  est  fîxe^  et  l'écrou 
^e  meut  autour  d'elle  :  alors,  pour  chaque 
révolution,  l'écrou  se  transporte  sur  la  vis 
d'une  quantité  égale  au  pas. 

203.  La  vis  peut  sen'ir  à  élever  des  poids, 
ou  à  vaincre  des  résistances  ;  mais  on  l'emploie 
le  plus  ordinairement  lorsqu'on  se  pi'opose 
d'exercer  de  grandes  pressions.  Pour  cela  on 
applique  une  puissance  Q  à  l'extrémité  d'une 
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lurre  qui  traverse  la  tète  de  la  vis  (  fig.  93*) 
ou  Vécvo\x{Jig.  gi  ),  seloQ  que  c'est  l'ane  on 
l'autre  de  ces  deux  pièces  qui  est  mobile  :  et 
cette  puissance^  en  &isaat  tourner  la  pièce  à 
laquelle  elle  est  appliquée,  fait  avancer  U 
tète  de  la  vis  vers  l'écrou,  on  réciproquement, 
et  donne  lien  à  ces  deux  pièces  de  comprimer 
les  objets  qui  sont  compris  entre  elles. 

Nous  nous  proposons  ici,  en  disant  abs- 
traction du  frottement ,  de  trouver  le  rapport 
de  la  puissance  Q  à  la  r^staoeeP  qui  lui  fait 
équilibre ,  en  s'opposant  au  mouvement  de  la 
pièce  mobile,  suivant  une  direction  parallèle 
à  taxa  de  la  vis  ;  et  parce  que  J'eâfêt  est  abso- 
lument le  mérae,  soit  que  la  vis  tourne  dans 
son  écrou,  soit  que  l'écrou  tourne  sur  la  vis, 
nous  nous  conlenlerons  d'examiner  ce  der- 
nier cas. 
'Vit  o'-  304.  La  vis  étant  fixe  et  dans  une  situation 
verticale,  concevons  que  l'écrou  soit  aban- 
donné k  l'aclion  de  la  pesanteur,  et  même, 
sil'on  veut,  qu'il  soitchargé  d'un  poids  étran- 
ger :  il  est  clair  qu'il  descendra  en  tournant  y 
et  qu'il  parcOHrra  tous  les  filets  inférieurs  de 
la  vis,  en  glissant  sur  eux  comme  sur  des. sur- 
faces inclinées.  Il  est  clair  aussi  qu'où  suppo-- 
sera  à  cet  elTetenerapécliaDt  l'écrou  de  tourner 
autour  de  lavis,  et  par  conséquent  en  appli- 
quant il  l'extrémité  de  la  barre  FVuuc  pui»- 
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ttnce  Q  qui  soit  dirigée  perpendiculairement 
à  cette  barre,  et  dans  un  plan  perpendiculaire 
à  l'axe  de  la  vis. 

ao5.  Supposons,  pour  un  instant,  que 
l'écrou  ne  pose  sur  la  surface  du  filet  de  la  vis 
qu'en  un  seul  point;  ce  point,  pendant  le 
mouvement  de  l'écrou,  décrira  une  hélice 
dont  le  pas  sera  le  même  que  celui  de  la  vis  ^ 
et  qu'on  pourra  concevoir  tracée  sur  la  sur- 
£ice  d'un  cylindre  dont  le  rayon  serait  égal  k 
la  distance  du  point  décrivant,  à  l'axe  de  la  vis. 
Soient  donc  ABCD  le  cylindre,  EFGHI. . .  •  pig.  ^. 
l'hélice  dont  il  s'agit^  et  M  le  point  de  l'écrou 
qui  la  décrit.  Soit  XY  la  tangente  de  l'hélice 
au  point  M  ;  par  un  point  Y  de  cette  tangente 
soit  menée  la  verticale  YZ,  égale  au  pas  de 
l'hélice,  et  dans  le  plan  vertical  XYZ  la  droite 
horizontale  XZ  :  il  est  clair  que  cette  dernière 
droite  sera  égale  à  la  circonférence  de  la  base 
du  cylindre  ABCD  (199),  ou  à  la  circonfé- 
rence du  cercle  dont  le  rayon  est  CF^  et  nous 
la  représenterons  par  cire.  CF. 

Cela  posé,  le  point  M,  que  l'on  peut  re- 
garder comme  chargé  de  tout  le  poids  P  de 
l'écrou,  sera  appuyé  sur  l'hélice  comme  s'il 
était  sur  le  plan  incliné  XY  :  ainsi,  pour  le 
tenir  en  équilibre  au  moyen  d'une  force  R 
qui  lui  serait  inmoiédiatement  appliquée,  et 
qui  serait  dirigée  parallèlement  à  XZ ,  il  fau- 


DE    STATIQUE.  I9I 

comme  le  pas  de  la  vis  est  à  la  circonférence 
du  cercle  que  tend  à  décrire  la  puissance  (*). 

206.  Puisque  la  distance  du  point  M  à  Taxe 
de  la  vis  n'entre  pas  dans  cette  proportion ,  il 
s'ensuit  que^  quelle  que  soit  cette  distance. 
Je  rapport  du  poids  P  de  Técrou  à  la  puissance 
Q  qui  lui  fait  équilibre ,  est  toujours  le  même, 
pourvu  que  cette  puissance  soit  toujours  ap- 
pliquée au  même  point. 

:jo7.  Si  le  filet  de  Técrou  est  appuyé  sur 
celui  de  la  vis  par  plusieurs  points  inégale- 
ment éloignés  de  l'axe  de  la  vis,  comme  cela 
arrive  ordinairement,  le  poids  total  de  l'écrou 
pourra  être  regardé  comme  partagé  en  poids 
partiels,  appliqués  chacun  à  un  des  points 
d'appui.  Or  la  puissance  partielle,  appliquée  i 
au  point  Y,  et  qui  fait  équilibre  à  un  de  ces 
poids  en  particulier,  est  à  ce  poids  dans  le 
rapport  constant  du  pas  de  la  vis  à  la  circon- 
férence que  tend  à  décrire  la  puissance.  Donc 
la  somme  des  poids  partiels ,  ou  le  poids  total 
de  l'écrou,  est  à  la  somme  des  puissances 
partielles,  ou  à  la  puissance  totale  Q,  dans  ce 
même  rapport, 

(*)  Ce  rapport  est  indépendant  d%  la  forme  du 
filet  de  la  vis ,  parce  qu'il  ne  s*agit  que  d'empêcher 
la  pièce  mobile  de  tourner  autour  d'une  droite  qui 
est  supposée  fixe  (art.  ao3). 
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Q  fait  tourner  la  vis  sur  son  axe,  au  moy^i 
d'une  manivelle  FG^  le  filet  entraîne  les  dent» 
qui  se  succèdent  les  unes  aux  autres,  et  il  fait 
tourner  la  roue,  malgré  la  résistance  P  qui 
s*oppose  à  son  mouvement  de  rotation. 

Lorsqu'on  emploie  la  vis  à  cet  usage ,  on 
la  nomme  vis  sans  fin. 

Pour  trouver  le  rapport  de  la  puissance  Q 
à  la  résistance  P  dans  le  cas  d'équilibre ,  sup^ 
posons  que  la  résistfmce  soit  un  poids  suspendu 
à  une  corde  qui  enveloppe  Farbre  de  la  roue. 
En  vertu  de  ce  poids^  la  dent  de  la  roue  presse 
le  filet  de  la  vis  parallèlement  à  Taxe  HF  ; 
et  si  Ton  nomme R  cette  pression^  on  a  (164) 

P:R::AC:AB. 

Actuellement  on  peut  regarder  la  pression  de 
la  dent  comme  celle  qu'exercerait  un  écrou 
poussé  par  une  force  R  parallèlement  à  Taxe' 
de  la  vis  ;  on  a ,  dans  le  cas  d'équilibre , 

R:Q::circ.FG:DE; 

donc,  en  multipliant  les  deux  proportions  par 
ordre ^  on  a 

P:Q::ACxcîrc.FG:ABxDE; 

c'est-à-dire  que  la  résistance  est  à  la  puissance 
comme  le  produit  du  rayon  de  la  roue  par  b 
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coâime  le  pas  de  la  vis  est  à  la  circonférence 
du  cercle  que  tend  à  décrire  la  puissance  (^). 

206.  Puisque  la  distance  du  point  M  à  Taxe 
de  la  vis  n'entre  pas  dans  cette  proportion  y  il 
s'ensuit  que^  quelle  que  soit  cette  dislance, 
le  rapport  du  poids  P  de  l'écrou  à  la  puissance 
Q  qui  lui  fait  équilibre ,  est  toujours  le  même, 
pourvu  que  cette  puissance  soit  toujours  ap- 
pliquée au  même  point. 

20 j.  Si  le  filet  de  l'écrou  est  appuyé  sur 
celui  de  la  vis  par  plusieurs  points  inégale- 
ment éloignés  de  Taxe  de  la  vis,  comme  cela 
arrive  ordinairement,  le  poids  total  de  l'écrou 
pourra  être  regardé  comme  partagé  en  poids 
partiels,  appliqués  chacun  à  un  des  points 
d'appui.  Or  la  puissance  partielle,  appliquée  Fîg.  91. 
au  point  Y,  et  qui  fait  équilibre  à  un  de  ces 
poids  en  particulier,  est  à  ce  poids  dans  le 
rapport  constant  du  pas  de  la  vis  à  la  circon- 
férence que  tend  à  décrire  la  puissance.  Donc 
la  somme  des  poids  partiels ,  ou  le  poids  total 
de  l'écrou,  est  à  la  somme  des  puissances 
partielles,  ou  à  la  puissance  totale  Q,  dans  ce 
même  rapport. 


{*)  Ce  rapport  est  indépendant  de  la  forme  da 
filet  de  la  vis ,  parce  qu'il  ne  s*agit  que  d'empêcher 
la  pièce  mobile  de  tourner  autour  d'une  droite  qui 
est  supposée  fixe  (art.  ao3}. 


Q  Élit  tourner  la  vis  sur  son  axe,  an  moyen 
d'une  manivelle  FG^  le  filet  entraîne  les  dent» 
qui  se  succèdent  les  unes  aux  autres,  et  il  fait 
tourner  la  roue ,  malgré  la  résistance  P  qui 
s'oppose  à  son  mouvement  de  rotation. 

Lorsqu'on  emploie  la  vis  à  cet  usage,  on 
la  nomme  vis  sans  fin. 

Pour  trouver  le  rapport  de  la  puissance  Q 
à  la  résistance  P  dans  le  cas  d'équilibre ,  sup* 
posons  que  la  résistfmce  soit  un  poids  suspendu 
à  une  corde  qui  enveloppe  Tarbre  de  la  roue. 
En  vertu  de  ce  poids^  la  dent  de  la  roue  presse 
le  filet  de  la  vis  parallèlement  à  l'axe  HF  ; 
et  si  l'on  nomme R  cette  pression,  on  a  (164) 

P:R::AC:AB. 

ActueUement  on  peut  regarder  la  pression  de 
la  dent  comme  celle  qu'exercerait  un  écrou 
poussé  par  une  force  R  parallèlement  à  l'axe' 
de  la  vis  ;  on  a ,  dans  le  cas  d'équilibre , 

R:Q::circ.FG:DE; 

donc,  en  multipliant  les  deux  proportions  par 
ordre^  on  a 

P:Q::ACxcirc.FG:ABxDE; 

c'est-à-dire  que  la  résistance  est  à  la  puissance 

comme  le  produit  du  rayon  de  la  roue  par  b 

t3 
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«n  enfonce  le  coin  en  frappant  sar  sa  tète 
avec  un  marteaa,  ou  avec  tout  autre  objet 
qui  n'a  pa»  d'adhérence  a!Vte  lui,  et  que, 
ïaos  ce  cas,  si  la  direction  CD  du  cfaoc  n'est 
pa«  perpendiculaire  à  la  snr&ce  de  la  tête, 
l'action  se  décompose  naturellement  en  deux 
autres  CH,  CE,  dont  la  première,  étant  pa'^* 
rallèle  à  la  tête  du  coin,  ne  peutavotr  d'autre 
effet  que  de  faire  glisser  le  martean  ;  et  dont 
la  seconde  ,  étant  perpendiculaire  à  la  &ce  AB, 
cat  la  seole  qui  se  transmette  an  coin  ,  et  con- 
coure à  l'effet  que  l'on  vent  produire.  Mais 
si  la  puissance  était  appliquée  au  coin  par  le 
moyen 'd'une  corde  dont  le  point  d'attache 
ne  pût  pas  glisser,  alors ,  en  considérant  cette 
puissaace ,  il  fâudiait  tenir  compte  de  sa  dî^ 
rection. 

I. 

3ta.  Soient  C ,  D,  deut  points  séparés  par  vT|.  »î 
un  coin  ABF,  et  retenus  par  une  corde  CD 
^ui  leur  est  attachée,  et  qui  s'oppose  à  leur 
écartement;  supposons  de  plus,  que  ces  points 
soient  appuyés  contre  un  plan  résistant  qui 
les  empêche  de  se  mouvoir  dans  un  sens  per* 
pendiculaire  à  la  corde,  et  qu'une  puissance 
P,  apjdiquée  perpendiculairement  à  la  tête  AB 
du  coin,  fasse  effort  pour  les  écarter  et  les 
voiiTttir  dans  le  sens  de  la  longueur  de  cette 
i3  .. 
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corde.  Cda  pose  ^  il  s'agit  de  déterminer  ^  i*  la 
tension  qui  en  résulte  dans  la  corde  CD;  a*  h 
force  qu'il  fant  appliquer  h,  l'un  des  deux 
points  C^  D^  pour  les  empêcher  de  se  mou- 
voir dans  le  sens  de  la  corde;  5'  la  pression 
que  chacun  de  ces  points  exerce  sur  le  pUn 
qui  leur  résiste. 

Il  fiiut  remarquer  d'abord  que^  â  la  direc- 
tion de  la  puissance  P  n*est  pas  telle  qu'elle 
puisse  se  décomposer  en  deux  autres  Q,  R^ 
dont  les  directions  passent  par  les  points  G^ 
D»  et  soient  pevpendicnlaives  aux  côtés  AF^ 
BF,  le  coin  tourner^  entre  les  deux  pointa 
C^  D,  jusqu'à  ce  que  cette  condition  soit 
remplie  )  et  que  ce  sera  alors  seulement  que 
la  puissance  P  produira  tout  son  effet.  Nous 
supposerons  donc  de  plus^  qu'après  avoir  mené 
par  les  points  G>  D^  les  droites  CE^  D£^  per- 
pendiculaires aux  côtés  du  coin ,  le  point  £ 
de  rencontre  de  ces  deux  droites  soit  sur  la 
direction  de  la  puissance  P. 

D'après  cela^  la  force  P  se  décomposera  en 
deux  autres  forces  Q^  R,  dirigées  suivant 
EG^  ED;  et  si  l'on  représente  cette  force  par 
la  partie  EX  de  sa  direction^  et  qu'on  achève 
le  parallélogramme  EZXY^  on  am*a 

P:Q:R::EX:EY:EZouYX; 
ou^  parce  que  les  deux  triangles  EYX  et  ABF 
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dont  les  côtés  sont  perpendiculaires  cbacua 
à  chacun^  sont  semblables^  on  aura 

P:Q:R::AB:AF:BF; 

et  par  conséquent^ 


Q 


R= 


PXAF 

AB     ' 

PxftF 
■"ÂB"' 


Le  point  C  ne  pouvant  pas  se  mouvoir  dans 
la  direction  ECH ,  à  cause  de  la  résistance  du 
plan  sur  lequel  il  est  appuyé^  la  force  Q  qui 
lui  est  appliquée  se  décomposera'  en  deux  au» 
tres^  dont  l'une  dirigée  suivant  la. droite  CI^ 
perpendiculaire  à  la  corde^  fiera  détruite  par 
Ja  résistance  du  plan;  et  dont  l'autre^  dirigée 
suivant  le  prolongement  de  DC^  sera  em- 
ployée à  tendre  la  corde.  Ainsi ,  eu  faisant 
CH=EY^  et  achevant  le  rectangle  CGHI^  les 
deux  composantes  de  la  force  Q  seront  repré-? 
sentées  par  CI  et  CG ,  et  l'on  aura 

:     Q  :  forceCI  :  forceCG  ::  CH  :  CI  :  CG  ; 

et  par  conséquent. 


force  €( 
force  CG; 


QxCI 
""CÏT"' 

QxCG 
CH     • 
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forces  sont  égales,  Tune  d'entre  elles  est  la 
mesure  de  la  tension  de  la  corde;  et  quand 
elles  sont  inégales^  l'excès  de  la  plus  grande 
sur  la  plus  petite ,  n'étant  contrebalancé  par 
rien^  ne  contribue  pas  à  tendre  la  corde  ^  et 
n'a  d'autre  effet  que  de  l'entraîner  dans,  le  sens 
de  sa  longueur. 

Donc^  i*la  tension  de  la  corde  CD  sera 
égale  à  la  pluspetite  des  deux  forces  CG^  DK. 

â*«  La  corde  sera  entraînée  suivant  sa  Ion-- 
gueur  et  dans  le  sens  de  la  plus  grande  des 
deux  forces  CG,  DK;  ensorte  que  pour  s'op- 
poser à  ce  mouvement^  il  faudra  appliquer 
à  l'un  des  deux  points  C  ^  D^  une  force  é^le 
à  la  différence  de  ces  «deux  forces  et  dircc-* 
tement  opposée  à  la  plus  grande. 

3*.  Les  pressions  exercées  par  les  deux 
points  C  ^  D^  sur  le  plan  qui  les  retient^  seront 
•égales^  la  première  à  la  force  CI^  la  .seconde 
à  la  force  DM. 

n. 

:2i5.  Si  les  côtés  AF,  BF  du  coin  étant  ^«-Q^ 
égaux  9  la  tête  Afi  est  parallèle  à  la  corde  qui 
retient  les  deux  points  C^  D^  et  qu'en  même 
temps  la  direction  de  la  force  P  soit  per- 
pendiculaire sur  le  milieu  de  AB ,  i  *  le  coiu 
ne  tournera  pas^  parce  que  les  droites  CE  ^  DE , 
menées  par  les  deux  points  d'appui  perpeu- 
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Nous  ne  ferons  pas  d'application  de  la 
théorie  du  coin  à  l'usage  que  l'on  peut  faire 
de  cet  instrument  pour  fendre  des  corps  y 
parce  que  dans  cette  circonstance  la  résis- 
taBCe  que  l'on  doit  vaincre  est  toujours  in-" 
connue^  et  qu'il  est  inutile  de  connaître  le 
rapport  de  cette  résistance  à  la  puissance  qui 
lui  ferait  équilibre. 

LËMME. 

di4-  Si  des  sommets  B^  C  des  deux  angles  Fig.  99* 
^un  triangle  on  abaisse  sur  les  côtés  opposés 
les  perpendiculaires  BEj  CDj  ces  perpendi^ 
culaires  seront  entre  elles  réciproquement 
comme  les  côtés  sur  lesquels  elles  seront  aèais" 
sées}  c*est^dire  que  Von  aura 

BE:CD::  AB:AC. 

DÉMONSTRATION.  En  cousidéraut AB 
comme  la  base  du  triangle^  la  perpendiculaire 
CD  en  sera  la  hauteur^  et  la  sur£aice  du  triangle 

5era —.  Pareillement^  en  prenant  AG 

pour  la  base  y  la  surface  sera ;    donc 

on  aura  les   deux  produits  égaux  AG  X  BE 
s=ABxGD^  ce  qui  donnera  la  proportion 

BE:GD:;  AB:AC. 

14 


les  perpendiculaires  AH,  aG,  on  aura  évi- 
demment £e=:  Ga  et  Di/=AH. 

Gela  pose ,  les  puissances  P,  Q  étant  en 
.équilibre,  elles  sont  entre  elles  comme  les 
c^tés  du  coin  auxquels  elles  sont  appliquées; 
on  aura  donc  (^12) 

P:Q::AB:AC; 

et  a  cause  des  triangles  semblables  ABC ,  F^  A^ 

P:Q::Fa:FA; 
donc  (ai 4)  on  aura 

P:Q::aG:AH; 

et  par  conséquent , 

P  :  Q  ::  Ee  :  J)d. 

Donc . . .  etc. 

ai 6.  Nous  avons  vu  que  la  proposition 
analogue  a  lieu  dans  l'équilibre  de  toutes  les 
machines  que  nous  avons  considérées.  En  sui-* 
vaut  la  même  marche ,  on  pourrait  démontrer 
directement  que  lorsque  deux  puissances  se 
font  équilibre  au  moyen  des  points  d^appui 
que  présente  une  machine  quelconque  y  elles 
sont  entre  elles  réciproquement  comme  les 
espaces  qu'elles  parcourraient  suivant  leurs  di-* 
raclions,  si  V équilibre  était    infiniment   peu 
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rig.ioo.  ai5.  Lorsipiedeux  puissmices^P^  Q^  saàt 
appliquées  aux  faces  ÂB,  AC  i^mcoin  doàl 
la  troisième  face  BC  est  àppvff^  conire  un 
plan  résistant  MN^  et  ifue  ces  deux  puissance^ 
sefant  équilibre  au  mojén  dé  la  résistance  du 
plauj  elles  sont  OfUre  elfes  réciproquement 
comme  les  espaces  qi/ elles  parcourraient  sêÙ'^ 
cant  leurs  directions  ^  si  ^éqmtibre  était  infi^ 
niment  peu  troublé.. 

DÉMONSTiLàTioir.*  Puisqu  les  puistHUEices 
P»  Q9  ^^^^  ^^  équilibre  9  leurs  directions  sont 
perpendiculaires  aux  feces  du  coin  auxquelles 
elles  sont  appliquées  (i79)«  Actuellement  sup* 
posons  qu*ea  vertu  d'un  dérangement  dans 
Téquilibre^  le  coin  glisse  sur  le  {flan  résistant  ^ 
et  prenne  la  position  infiniment  voisine  abc} 
et  soit  prolongée  la  direction  QE  jusqu'à  cis 
qu'elle  rencontre  £i^  eh  e  :  il  est  évident  que 
les  petites  droites  E^^  D^^  seront  les  espacefc 
que  les  puissances  auront  parcourus  suivant 
leurs  directions.  Enfin  soit  menée  Aa^ 
soient  prolongées  C A ,  ba ,  jusqu'à  ce  qu'elle^ 
se  coupent  quelque  part  en  F  ^  et  des  points 
Af  a,  soient  baissées  sur  les  prolongemens 


perpendiculaires  AH,  aGy  on  anra  évi- 
demment  EezszGa  et  Di/=AH. 

Gela  posé ,  les  puissances  P,  Q  étant  eu 
..^équilibre ,  elles  sont  entre  elles  comme  les 
'  c^tés  du  coin  auxquels  elles  sont  appliquées; 
on  aura  donc  (^i^) 

P:Q::AB:AC; 

et  a  cause  des  triangles  semblables  ABC ,  FaA^ 

P:Q::Fa:FA; 

donc  (ai 4)  on  aura 

P:Q::aG:AH; 

et  par  conséquent  y 

P  :  Q  ::  Ee  :  Dd. 

Donc...  etc. 

ai 6.  Nous  avons  vu  que  la  proposition 
analogue  a  lieu  dans  l'équilibre  de  toutes  les 
jmachines  que  nous  avons  considérées.  En  sui- 
vant la  même  marche ,  on  pourrait  démontrer 
directement  que  lorsque  deux  puissances  se 
font  équilibre  au  moyen  des  points  éC appui 
que  présente  une  machine  quelconque  y  elles 
sont  entre  elles  réciproquement  comme  les 
espaces  qi^ elles  parcourraient  suivant  leurs  di-- 
rfiçtions,  si  l'équilibre  était    infiniment   peu 


ni 
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